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THE THEORY OF INTEGRATION* 


BY 
G. BALEY PRICE 


1. Introduction. There are several types of integration for numerically- 
valued functions, one of which is associated with the ideas and methods of 
Cauchy, Riemann, and Lebesgue, another of which is connected with the 
method of Perron, and so on. This paper will be concerned with the integra- 
tion of functions with values in a Banach space by methods in the Cauchy- 
Riemann-Lebesgue tradition. 

Numerous other studies of integration in abstract spaces have been made 
in recent times. Noteworthy among these are (a) papers by Graves [1],t 
Bochner [1], Dunford [1], and Gowurin [1]; (b) a paper by Birkhoff [1]; 
(c) and other papers by Birkhoff [2], Dunford [2], and Pettis [1]. In spite 
of the fact that the theories of integration in both (a) and (b) are develop- 
ments of the ideas of Cauchy, Riemann, and Lebesgue, there is an underlying 
unity of method in the four papers in (a) which groups them and distinguishes 
them from the paper in (b). The Lebesgue integral for numerically-valued 
functions can be developed by either of these two general methods, but for 
functions with values in a Banach space they are not equivalent. 

The purpose of the present paper is to study the two general methods used 
in (a) and (b) for integrating functions with values in a Banach space, to de- 
termine their interrelations and limitations, and to generalize and extend 
them. 

We proceed to describe the extensions and generalizations obtained. 

(1) Generalized convex sets. One of the important contributions made by 
Birkhoff [1] was in showing the fundamental importance of convex sets in the 
theory of integration. In §2 further properties of convex sets are established. 
In §3 generalized convex sets are defined and their properties established. 
These sets form an extensive class which includes convex sets; they have all 
the properties of convex sets needed in integration. 

(2) Generalized measure functions. By using the generalized convex sets 
described in (1), it is shown in §§8—19 that the values of the measure function 
in both Bochner’s and Birkhoff’s integral, which they assumed to be numbers, 
may be bounded transformations with certain restrictions. The use of the gen- 
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eralized convex sets thus enables us to obtain an integral more general than 
that of Birkhoff. 

(3) Measurable functions. A definition of measurable function is given in 
§14, and the properties of this class of functions are established in §15. It is 
shown in §19 that this class includes the measurable functions of Bochner as 
a proper subclass, and necessary and sufficient conditions that a measurable 
function be measurable in the sense of Bochner are established. In §16 a suffi- 
cient condition that a measurable function be integrable by the method of 
Birkhoff is established.- 

(4) The Darboux theory of the upper and lower integral. In Part V the prop- 
erties of the Riemann-Stieltjes integral in abstract spaces are established. It 
is shown in §21 that there is a closed convex set which replaces the upper and 
lower integral for numerically-valued functions. In §25 it is shown that, at 
least in certain cases, the extreme points of this convex set (see Price [1 ]) 
are the exact analogues of the upper and lower integrals themselves. 

(5) A new class of Riemann-Stieltjes integrable functions. In §§22-24 a new 
class of integrable functions and their integrals are studied. The values of 
these functions are sets instead of a single element in a Banach space; their 
integrals, of the Riemann-Stieltjes type, are closed convex sets. The integrals 
of these functions are additive in an extended sense (see Theorem 23.11). 

(6) A new class of measurable functions of the Bochner type. It is shown in 
§26 that Bochner’s method can be used to define measurable and summable 
functions whose values are sets in a Banach space; the integrals of these 
functions are closed convex sets and have the properties of the Lebesgue in- 
tegral. 

(7) A new class of measurable functions of the Bochner-Dunford type. It is 
shown in §27 that the method used by Bochner and Dunford can be extended 
still further to define measurable and summable functions whose values are 
sets in a Banach space; the integrals of these functions are closed convex sets 
and have the properties of the Lebesgue integral. This integral is the most 
general one obtained with the properties of the Lebesgue integral. 

For numerically-valued functions there is only one Lebesgue integral—an 
integral which includes all others of the Cauchy-Riemann-Lebesgue type. 
There are many ways of developing the theory of this integral, but all meth- 
ods lead to the same result. It is natural to ask whether the same is true for 
functions with values in a Banach space. The answer is in the negative. Birk- 
hoff [1, p. 377] showed that his integral includes those of Graves and 
Bochner. But the integral of Bochner does not include that of Graves; an 
example given by Graves [1, p. 166] proves this fact. The integrals of Bochner 
and Dunford are known to be equivalent (see Dunford [3, p. 475]). The situa- 
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tion is changed radically, however, by the extensions given above. Neither 
the original Birkhoff integral nor the generalization of it described in (2) in- 
cludes the generalized Bochner integral of the functions in (6); furthermore, 
neither the Bochner integral nor its extensions (see (2) and (6) above) include 
the generalized Bochner-Dunford integral of the functions described in (7). 
The generalization of the Bochner integra) in (2) is the Gowurin integral; the 
generalized Birkhoff integral in (2) overlaps the Gowurin integral, but neither 
includes all cases of the other. It appeers therefore that the extensions of the 
various methods associated with the Cauchy-Riemann-Lebesgue processes of 
integration lead not to one theory in abstract spaces, but to several. 

As for methods and technique, there is one new element in the present 
case. The Hausdorff distance between sets in 2 Banach space is introduced 
(see §2); with this metric these sets become the elements of a complete metric 
space. In §4 the convergence of infinite series whose terms are elements of this 
metric space is studied; the types of convergence are numerous. Birkhoff also 
studied infinite series whose terms are sets in a Banach space, but without 
the Hausdorff metric. In §5 the interrelations of the various types of conver- 
gence introduced in §4 are examined, and in addition they are compared with 
Birkhoff’s unconditional summation of complexes (see Birkhoff [1, pp. 361- 
364 ]). In §6 a theorem is proved which is fundamental in Birkhoff’s method 
of integration; it is an extension of one given by Birkhoff [1, p. 364]. It is 
this theorem which requires the introduction of convex and generalized con- 
vex sets in Birkhoff’s method of integration. 

The use of the Hausdorff metric does not lead to a more general integral 
of the Birkhoff type (see Theorem 12.2), but it does make possible the gen- 
eralizations listed under (4), (5), (6), (7) above. Furthermore, its use seems to 
simplify the details of some proofs, and to permit all of them to be stated in 
more familiar form and language. 

The paper closes with applications of some of the results on integration 
to Fourier series and singular integrals. It is shown that the limit of the 
Fejér integral under very general conditions represents the value of the func- 
tion—even when the values of the function are sets and it is impossible to 
establish the usual connection between the Fourier series and the Fejér inte- 
gral. It is shown that the Fourier series of a function of bounded total variation 
converges to the usual value. It is necessary to construct a new proof of this 
theorem since the mean value theorems usually used are lacking. 


Part I. GENERALIZED CONVEX SETS 


2. The algebra of complexes. We shall first explain the notation to be 
used. Let 8 be a Banach space, that is, a space of type (B) (see Banach [1, 


4 G. B. PRICE (January 


p. 53]), with elements f, g, - - -. whose norms are ||/||, ||g||, - - - . Let F denote 
a set or complex of elements f and aF the complex of elements af when a 
is any real number. If R is any set of real numbers 7, let RF denote the set 
of elements rf, r 2 R, fe F. By the sum F,+ - - - +F,, or >-iF;, is meant the 
complex of elements fi+ - -- +/n, fi Fi. The closure of F is F. The convex 
hull of F is C[F], and the closed convex hull is C[F |. The closure of F+G will 
be represented also by F+*G. Further details will be found in Birkhoff [1, 
pp. 358-365 ]. 

Throughout the paper a set F ¢% is understood to be bounded unless 
there is a statement to the contrary. 


(2.1) Derinition. Let F;, F2 be two sets in B. Let d, be the upper bound of 
distances from points of F, to F, and d, the upper bound of distances from points 
of F, to F,. The larger of the numbers d,, dz is called the distance D(Fi, F2) be- 
tween and 


This definition of distance between two sets in a metric space was intro- 
duced by Hausdorff [1, pp. 145-146]; it has been used by Blaschke [1, pp. 
59-66 |. 

The diameter D(F — F, 0) of a set F is denoted by p(F). 

The following relations are consequences of the above definitions: 


(2.2) D(F,, F2) = D(F2, Fi); 

(2.3) D(F,, F2) 2 0; 

(2.4) D(F, F2) = 0 equivalent to F; = F2; 

(2.5) D(F,, F3) S D(Fi, F2) + D(Fo, Fs); 

(2.6) D(aF,, aF2) = | a| D(F,, Fe) for every real number a; 
(2.7) D(F,, F2) = D(Fi, Fs); 

(2.8) +Fr,Git--- +G,) S DiGi) + + Dn, Ga); 
(2.9) D(C|F,], Di, 

(2.10) D(F +Gi, F +G2) < DG, G); 

(2.11) p(F:) S p(Fi + Fa). p(Fi) + p(F2) = 1, 2); 
(2.12) e(C[F]) =  D(C[F], 0) = D(F, 0). 


The first six of these relations follow at once from Definition 2.1; (2.11) 
and (2.12) were given by Birkhoff [1, pp. 368, 360]. Furthermore, (2.10) 
follows at once from (2.8) and (2.4). It can be shown by means of examples 
that the inequality may hold in (2.10). We shall give proofs of (2.8) and (2.9). 

Proof of (2.8). Let e€>0 be given. Then it is possible to choose either a 
point (fit --- +fn)e(Fit --- so that 


| 
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d(frt + fy Git 2 + Fy 

or a point (gi+ --- +g.) e (Git --- +G,) so that 

d(gi + + gn, Fit + F,) = D(Fit+ + F,,Gi+ +Gn) — €, 


where d(f, F) represents the distance from f to the set F. It follows from Defi- 
nition 2.1 that this choice is possible. Without loss of generality we may as- 


sume that the first case occurs. Then we can hold fi, - - - , fn fixed and choose 
points Gi,---,g,eG, so that 

— gil] < D(Fi, Gi) + €/n,-- — < D(Fn, Ga) + €/n. 
Then 


+ + fn) — (gr +--+ + — gil] + — gall 
< D(F,, Gi) + + Gn) + €. 


But since 


DP. + --- +F.,Git--- +faGit--- +G,) 


we see that 
D(Fi + +F,,Git--- +G,) S D(Fi,Gi) + D(Fi,G,) + €. 


Since ¢ is arbitrary, (2.8) follows and the proof is complete. 

Proof of (2.9). The distance of a point of F, from C[F,] does not exceed 
its distance from F, since F, £C[F,]. Then the parallel set to C[F,] at the 
distance D(F,, F2), that is, the set of all those points at distance from C [F;] 
equal to or less than D(F,, #2), is a convex set which contains F2. Then the dis- 
tance from any point of C[F,] to C[F;] is equal to or less than D(Fi, F:). 
In the same way we show that the distance from any point of C[F,] to C [F2] 
is equal to or less than D(F,, F2). Then (2.9) follows from Definition 2.1, and 
the proof is complete. 

It is possible to give an example in which D(C[F,], C[F2])<D(Fi, F:2). 

With the distance introduced in Definition 2.1, the complexes F are the 
elements of a complete metric space (see Price [3]). Two complexes Fi, F2 
are metrically identical when their closures coincide in the point-set sense. 


(2.13) THrorem. Jf F,,---, are convex sets and a,---, @, are any 
real numbers, then >.*a,F; is a convex set, and 


1 


This theorem was given by Birkhoff [1, pp. 359-360]. 
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(2.14) THeorem. /f Fi,---, F,, Fi: cB, are sets which are compact in 
and if a,,--~- , @, are any real numbers, then 


1 


The proof is omitted. 


(2.15) THrorem. Let F,,---, Fr, Fi: ¢B, be convex sets. If g is any ex- 
treme point of the convex set i, then and gi, -- , gn are extreme 
points of F,,--- , F, respectively. 


A point of a convex set is an extreme point if it is not an interior point 
of any segment which belongs to the set (see Price [1, p. 57]). Since g is a 
point of there exist points , gn, gi such that 
Suppose that one of the points g:,--- , gn, Say gi, is not an extreme point. 
Then there exist two points g/, gi’ in F, such that g:=6g/ +(1—4)g’, 
0<0<1. Then g=6g’+(1—6)g’’, where g’ =aigi +a2g2+ +4ngn, 
=aigi’+dego+ - ~~ +4ngn, and g is not an extreme point. This contradiction 
establishes the theorem. 


(2.16) THEeorem. /f R is a closed inierval of real numbers, and if F cB is 
closed, then RF is closed. If in addition R does not contain the number zero in 
its interior, and if F is convex, then RF is convex also. 


(2.17) Corottary. Jf R, R’ are arbitrary closed intervals of real numbers, 
and if F is the set R'f, f a “ed element in %, then RF is closed and convex. 


The conditions of neith. ’ eorem nor the corollary are necessary. 


(2.18) THrorem. /f R is any set of numbers such that zero is not an interior 
point of its closed convex hull C[R], and if F is any set in B, then C[RF | 
=C[RIC[F]. 

If ro e R, then roF € C[RF] because of the convexity properties of C[RF]. 
Again, if 7; is a limit point of points of R, then nF £7C[F] § C[RF] because 
C[RF}| is closed. Finally, let C[R]=(a<r<). Then by the statements just 
made, aC[F] £C[RF], BC[F] £C[RF]; hence, because of the convexity once 
more, C[R|C[F]£C[RF]. Also RFEC[RIC[F] and, by Theorem 2.16, 
C[RI|C|F] is closed and convex. But C[RF] has no proper subset with these 
properties, and therefore C[RF]=C[R]C[F]. The proof is complete. 


(2.19) CoroLiary. Let Ri, Re be two sets of numbers such that zero is not 
an interior point of C[R,|, C[Re|, and let F,, F2 be two arbitrary sets in 8. Then 


(2.20) C[RiFi + ReF2] = + C[Re]C [Fe]. 
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This corollary follows at once from the theorem and C[RiFi+R2F:2] 
=C[R.Fi]+C[R2F2] (see Birkhoff [1, p. 360]). 


(2.21) THEoREM. Let Ri, R2 be two sets of numbers such that zero is not an 
interior point of C([Ri|, C[Re], and let F be any set in B. Then 


(2.22) C[Ri|C[F] + = C[R:i + ReICIF); 
(2.23) D(C[R:JC[F], C[Re|C[F]) < D(C[Ri], C[Re])DCIF], 0). 


Proof of (2.23). Consider the distance from any point nf ¢ C[Ri|C[F] to 
C[R:|C[F]. We can find a point e C [Re] such that | r1—r2| < D(C [Ri], C[Re]). 
Then the distance from rf to C[R:]C[F] does not exceed 


— ref|l < | — S$ DC[Ri], C[R2)DCIF], 0). 


In the same way it can be shown that the distance from points of C[R:]C[F] 
to C[R:|C[F] does not exceed the same number. The proof is then com- 
plete. 

3. Generalized convex sets. In this section we shall establish the funda- 
mental properties of a linear operator whose domain and range are sets F c &. 

Let & be the normed linear space of linear transformations T whose 
domain is 8 and whose range is in B. Thus if T e T and a, b are real numbers, 
we have 7f B, T(af+bg) ||Tf|| -||f||. If T:, then 
T,T2 and also belong to The identical transformation J belongs 
to f. 


Let ¢ denote a set of elements of T: t=(7i,---, T,). Here T; e T, and 
r=r(t) is a positive integer. 

(3.1) Deriniti0on. The product tite of ty and te, where th =(T1:),i=1, 1, 
and te =(T>2;),7=1, is t=(T:T2;), ¢=1, and j=1, 


Let C* denote a set of elements ¢ which satisfies the following hypotheses: 
(3.2) Hyporuesis. ¢ e C* implies --- +T7,=I. 
(3.3) t, C* implies tit, C*. 


(3.4) Hyporuesis. There exists a constant W, depending only on C*, such 
that for every t e C* and any set of points fi,--- ,f-inB 


When Hypothesis 3.4 is satisfied, we shall assume that W represents the 
lower bound of the constants for which (3.5) holds. The W-property of a set 
of transformations ¢ was first studied by Gowurin [1]. We shall say C* is of 
bounded variation if there exists a constant V such that for every ¢ e C*, 
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>3||4:|| < V. Hypothesis 3.5 is weaker than bounded variation and is implied 
by it. The convex operator C has V =1 and W =1. 

It should be remarked that if 4, % satisfy Hypothesis 3.2, then hf, auto- 
matically satisfies the same hypothesis. 

We shall use C* also to denote an operator as explained in the following 
definition. 

(3.6) DeriniTI0n. The transform of a set F ¢ B by C*, denoted by C*[F ], is 
the set of all points fi, where F and t=(T,, - - - , T-) eC*. If F is the null 
set, C*[F | is the null set. 

The fundamental properties of this operator are given in the following 
theorems and corollaries. 

(3.7) Turorem. C*[F+G]=C*[F]+C*[G]. 

(3.8) Corottary. Let Ti, Tz be any two numbers, or more generally, any 
two elements of = which commute with all the transformations T; in t e C*; then 
C*([T,F +T.G]=T,C* 

(3.9) THeorem. F £G implies C*[F] £C*[G]. 

(3.10) THrorem. F £C*[F]. 

(3.11) Tueorem. [F.]. 

(3.12) Corotrary. C*[C*[F]]=C*[F]. 

(3.13) THeorem. t=(T,,---, T,) C* implies - - - 
+T,C*|F}. 

(3.14) Turorem. D(C*[F,], C*[F.]) <WD(h,, F:). 

(3.15) D(F, 0) <D(C*[F], 0) SWD(F, 0), and also D(F, 0) 
< D(C*[F], 0) < D(F, 0)+Wp(F). 

(3.16) THEorem. p(F) <p(C*[F]) <Wo(F). 

From (3.8), (3.9), and (3.15) it follows that C* is a homogeneous, addi- 
tive, monotone, and bounded operator. It should be remarked that the proofs 
of (3.7)—-(3.13) do not depend on Hypothesis 3.4; only the proofs of (3.14)- 
(3.16) depend on this third hypothesis. Theorems 3.14-3.16 are generaliza- 
tions of properties of the convex operator C already given in (2.9) and (2.12); 
the latter can be obtained from the former by setting W =1. 

Proof of (3.7). Since the transformations 7; in ¢ e C* are linear by hy- 
pothesis, it is clear that C*[F+G] £C*[F]+C*[G]. Thus we have only to 
show that C*[F]+C*[G] €C*[#+G]. 

Let Tifi, 7 be any two points in C*[F], C*[G] respectively. The 
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proof will be completed by showing that }°77if:+)_772g;, an arbitrary 
point of C*[F]+C*[G], is identical with 


rl r2 


(3.17) Dd TuTeilfi + 

i=1 j=l 
which is a point of C*[F+G] by Hypothesis 3.3. The proof follows from the 
fact that 


> [Toifi + > Taifi + > 


j=l j=l j=l 


Ti E + > | 


t=1 j=1 


rl 
t=1 j=1 
where (3.2) has been used in the transformations. The proof is complete. 
The proofs of the remaining theorems and corollaries are left to the reader. 
A trivial example of an operator C* is formed by the set of elements ¢ 
where ¢ is a set of positive rational fractions with even denominators whose 
sum is 1. A more interesting example is the following one in the space of 
square matrices of order 2. The norm of a matrix is the square root of the 
sum of the squares of its elements. Let ¢ be the r matrices 


a; 0 
0 


where 0 Sai, B: <1, >>a;=)_:8;=1. A transformation T is here matrix multi- 
plication. The set of all such elements ¢ forms an operator C* which satisfies 
Hypotheses 3.2, 3.3, 3.4. This operator is of bounded variation with V =2. 
It therefore has the W-property, and it can be shown that 2”*<W<2.A 
similar operator C* exists in the space of square matrices of order m; in this 
case V=n and <n. 

It is necessary to observe also that there are methods for constructing 
operators C*. Let {7} be a class of transformations with the following prop- 
erties: 


(3.18) Hypornesis. {r} impliest e {rt} andr ~0 imply that has 
an inverse 11,---, {t} and (11+ --- imply that 
(rit --- +7,) has an inverse (11+ -- +7,)—1 eT. 

Let 7, - - -,7,beanyrelementsin {r};let be [(r1+ - - - +7,)-!n, -- -, 


tively and C;* the set of all such ¢ and ¢’. Then C¢* satisfies Hypothesis 3.2. 
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In the usual way we can form the smallest set C* which contains C¥* and is 
closed with respect to the multiplication defined in (3.1). Then C* satisfies 
Hypotheses 3.2, 3.3 and is a homogeneous, additive, and monotone operator. 


(3.19) THEorem. Let C* be the operator formed from {r} as described, and 
let r1,--- , tT, be any elements in {r}. Then for any set Fc 
(ri +7,)C*[F] = :C*[F] + --- +7,C*[F]. 
From Theorem 3.13 we have 


from which the theorem follows. 

In the future C* will be used to denote an operator which satisfies Hy- 
potheses 3.2, 3.3, 3.4 and is therefore additive, homogeneous, monotone, and 
bounded. 


(3.20) DerrniTion. A set F ¢ S such that F =C* |F | will be called convex C*. 
It follows from Corollary 3.12 that every set C*[F'] is convex C*. 


‘Part II. INFINITE SERIES 


4. Convergence of infinite series. We shall now consider various types of 
convergence of the infinite series 


(4.1) fe B; 
k=l 

(4.2) > Fi, 
kewl 


As stated in §2 the space with elements F ¢% is a complete metric space. 

(4.3) Derrnition. The series (4.1) converges unconditionally to f eB if and 
only if every rearrangement a of all the terms of the series gives a series >-y fack) 
which converges to f. 

(4.4) Derrnition. The series (4.2) converges strongly unconditionally to the 
sum F ¢ & if and only if every series oy fx, fx © Fx, converges unconditionally and 
F is the locus of the sums of these series. 

These two definitions have been given by Birkhoff [1, pp. 361-362]. 

(4.5) Derinition. The series (4.2) converges normally if and only if the 
series D(F;, 0) converges. 

(4.6) Derinition. The series (4.2) converges regularly if and only if for each 
€>0 there exists an N =N(c) such that 0) <e, p=0. 


a 


1940] THEORY OF INTEGRATION 11 


It can be shown that this definition is equivalent to the following one. 


(4.6) DeFIniTION. The series (4.2) converges regularly if and only if for 
each €>O there exists an M=M(e) such that D(>-"F,, 0) <¢e,n=m=M. 


(4.7) Derinition. The series converges and has the sum F if and 
only if for each there exists an N=N(ce) such that F)<e, n=N. 


It follows from (2.7) that the sum of a convergent series is not uniquely 
determined. We agree, however, that the sum of a convergent series shall be 
taken as a closed set; with this convention the sum is unique. 

Since we have associated two sums with the series }-/°F;, it will be con- 
venient to introduce notation for them. If the series converges in the sense 
of Definition 4.7, its sum will be denoted by )0/F;. If }o °F; converges 
strongly unconditionally in the sense of Definition 4.4, we indicate its (strong) 
sum by 


(4.8) Derinition. The series >0°F, converges weakly unconditionally to 
F <% if and only if every rearrangement a of all the terms of the series gives a 
series Fac) which converges to F. 


(4.9) THEorEM. A necessary and sufficient condition that >-y fi. be uncondi- 
tionally convergent to f is that to every €>0 there correspond an integer N such that 
the sum n of any finite set of terms of > <fx including fi,---, fw satisfies 
<e. 

(4.10) THEoREM. A necessary and sufficient condition that >-* fx be uncon- 
ditionally convergent to f is that for each «>O there exist an M such that 
M <k(1)<k(2)< --- <k(r) implies 


+ fee + <e. 


(4.11) THEorEM. A necessary and sufficient condition that >. converge 
strongly unconditionally is that to each €>0 there correspond an M such that 
M <k(1)<k(2)< --- <k(r) implies 


D(Fiay + Fea) + + Few, 0) <e. 


These theorems have been given by Birkhoff [1, pp. 361-362]. 

(4.12) THEorEM. A necessary and sufficient condition that >-*F, con- 
verge (see Definition 4.7) is that for each e€>O there exist an N such that 

The proof follows easily from properties of the distance function given in 
§2. The proof that the condition is sufficient depends on the fact that the 
space with elements F ¢% is a complete metric space. 


| 
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(4.13) THEOREM. A necessary and sufficient condition that (4.2) be weakly 
unconditionally convergent to F is that to every €>0 there correspond a number N 
such that the sum ® of any finite set of terms of (4.2) including Fi, --- , Fw 
satisfies D(®, F) <e. 

This theorem is entirely similar to Theorem 4.9. 


(4.14) THEOREM. A sufficient condition that >- °F, be weakly uncondition- 
ally convergent to F is that for each €>0O there exist an M such that M <R(1) 
<k(2)< --- <k(r) implies 


D(Fiay + + 0) <e. 


We have 
k=1 k=1 k=1 k=l k=n+1 


provided only that m2=n2M. From Theorem 4.12 it follows that )) °F; con- 
verges and has a sum F; then D(>_7'F;, F) S¢, m= M. Now consider any re- 
arrangement Fac) of >»; Fx. We have 


M M 

Fea F) < o( + o( > Fi; <et+e 
k=l k=l k=1 k=l 

for all v which are so large that >-F 2.x) contains Fy, - - - , Fy. Thus the series 

converges and has the sum F. The proof is complete. 

If each set F; in (4.2) consists of a single element f;,, weak unconditional 
convergence and strong unconditional convergence are identical and identical 
with unconditional convergence of (4.1) as defined in (4.3). 

(4.15) If >> is strongly unconditionally convergent, and if F, 
is convex C* for all k, then the sum S>° °F; is convex C*. 

(4.16) THEorem. If >> °F; converges, and if F,, is convex C* for all k, then 
the sum F;, is convex C*. 


We have 
o( 


En) 


-ofe[ of $e) 


wo( > Fi, Fs) < We 
1 1 


IIA 
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for all n=N. Since the sum }>*F, is a closed set by agreement, we have 
°F, °F; |. The proof is complete. 

5. Relations between various types of convergence. We shall now ex- 
amine the relations between the various types of convergence defined in §4 
and also the relations between the convergence of the two series 


(5.1) 


(5.2) 


(5.3) THEOREM. The series (5.2) converges normally if and only if (5.1) con- 
verges normally. 


The proof follows from (3.15). 


(5.4) THEorEM. Normal convergence implies strong unconditional conver- 
gence. 


The proof follows from Theorem 4.11 and (2.8). 


(5.5) THEOREM. The series >. and °C* converge strongly un- 
conditionally if and only if >-°F, converges strongly unconditionally. 


The proof follows from Theorems 4.11, 3.15 and 


D(C* + + C* [Fee], 0) = D(C* + + [Fee], 0) 
= D(C*[Fia) + Fie], 0). 


This theorem was given by Birkhoff [1, p. 363]. 

(5.6) THEOREM. Strong unconditional convergence implies weak uncondi- 
tional convergence and regular convergence. 

The proof follows from Theorems 4.11, 4.14 and Definition 4.6. 

(5.7) THEOREM. The series (5.2) converges regularly if and only if (5.1) con- 
verges regularly. 

(5.8) THEOREM. Jf a series converges regularly or weakly unconditionally, 
it converges. 

If a series converges regularly, the sequence of partial sums is a Cauchy 
sequence. 

(5.9) If converges, then > “C*|F,] converges and 


The proof follows from 


{ 
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o( En) 


> Fi, Df). 
1 1 


(5.10) 


IIA 


(5.11) THeorem. If °F, converges weakly unconditionally, >. °C* [F;] 
converges weakly unconditionally. 


The proof follows from Theorem 4.13 and (5.10). 


(5.12) If >> is strongly unconditionally convergent with the 
sum S >°*F,, then it is weakly unconditionally convergent and 


> Fi = 
1 


From Theorems 5.6 and 5.8 it follows that }>*F;, converges; let its sum 
be F. Take any point f e F. We shall show that 


From f ¢e F=)_°F, it follows that corresponding to a given e>0 there exists 
an WN; such that 


(5.13) < «/2, n= 


Here d(g, G) denotes the distance from g to G. Since }> °F, is strongly uncon- 
ditionally convergent, it follows from Theorem 4.11 that there exists an in- 
teger such that N2<k(1)< --- <k(r) implies D(Figy+ - 0) 
<e/2, and therefore 


(5.14) 


| 
¢/2, fieF;. 


Let N be the larger of the numbers N;, Ne. From (5.13) it follows that there 
exists a sum f, Fy, such that 


if N 
(5.15) || < ¢/2. 

1 
The points fi, - - - , fy are chosen once for all and then held fixed. Then choose 
points fii, arbitrarily from - - - and consider the series 


Since is strongly unconditionally convergent, the series 
converges and has asum ge But 


bed 
| 
— | 
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fe 


N+1 


<e 


by (5.15) and (5.14). Since f eF, ge S>_ °F; and eis arbitrary, it follows that 
FSS 
We prove next that 


Let fx Fx, be an arbitrary point of Corresponding to any 
given e>0 we can find an M such that D(>-'F;, F) <e for n=M. This fact 
and the definition of distance imply F) <¢, n=M;; hence, F) 
=d(g, F)<e. Since e>0 was arbitrary, d(g, F) =0; since F is closed, ge F. 
Then 


S>-FiSF. 


1 


This inequality completes the proof that 
=F =S) 
1 


and the proof of the theorem. 


(5.16) THEoREM. If the series °F; converges strongly unconditionally, then 
1 1 1 
1 


It follows from Theorems 5.5 and 4.15 that >> °C* [F, ] and >> °C* [F; | con- 
verge strongly unconditionally to sets convex C*. It is obvious that 


(5.17) C*|F;| C*|F; |. 


By Theorem 5.6, >.”F; converges weakly unconditionally, and by Theorem 
5.12 it converges to the sum 


hence, by Theorems 5.11 and 5.9, >. *C* [F, ] converges weakly unconditionally 
to the sum Furthermore, >>“C*[F,] and *C*[F,] converge 


1940] 15 
| 
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weakly unconditionally to the same sum. Thus *C* ] and °C* [F, ] con- 
verge strongly unconditionally to S }-°C*[F;] and S }>C*[F,], and weakly 
unconditionally to C*[S>>*F;,]. It follows from Theorem 5.12 that 


Then | “°F; ]. The remainder of the proof follows at once 
from this fact and (5.17). 

This theorem was given by Birkhoff [1, p. 363]. 

6. An intersection theorem for series. The principal object of this section 
is to establish Theorem 6.4 and two further theorems which give conditions 
under which its hypothesis are satisfied. This theorem is called an intersection 
theorem because of its application in the theory of integration. First, we shall 
state another theorem, whose proof we leave to the reader. 


(6.1) THeorem. If the series and >> °G,, Fx, converge, then 
7G, If converges regularly, then >. Fx, converges reg- 
ularly, and >.°G, £>.°F;. 


Let {7} be a class of transformations 7 which satisfies Hypothesis 3.18 
and has the additional property that the sum of any unconditionally conver- 
gent series of transformations in {7} is a transformation in {7}. Let C* be 
the operator formed from {7} as explained at the end of §3, and let it satisfy 
(3.2), (3.3), (3.4). 


Consider the infinite series 


(6.2) 


(6.3) 


t,j=1 
where the F; and F;,; are sets in 8 and the 7; and 7;; are elements in {7}. 


(6.4) THEorem. Let the series (6.2), (6.3) satisfy the following hypotheses: 

(6.5) >0°r.F; converges strongly unconditionally; 

(6.6) ri; converges unconditionally, for all i; 

(6.7) F; and F;; are convex C* for all i, 7; 

(6.8) Fi; £F; for all i, 7; not all F;; are vacuous; each F; is bounded. 

Then the following conclusions can be drawn: | 

(6.9) converges strongly unconditionally; 

(6.10) each row >. ;ri;:F i; of (6 3) converges strongly unconditionally to a set 
contained in 7;F;; 
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(6.11) the series >> .;7:;F i; can be summed by rows; 

(6.12) 

Let M be chosen so that M <k(1)< --- <k(r) implies - - 
+7irF ivr), 0) <€/(2W), where W is the constant in (3.5). Such an M exists 
by the hypotheses of the theorem and Theorem 4.11. Let K denote the maxi- 
mum of the M finite numbers D(F;, 0), - - - , D(Fu, 0). Then choose N so that 


(6.13) rail] < €/(2MK) (¢=1,2,---,M), 


where the summation is with respect to 7 and over any finite number of terms 
with 7 >N. Such an N exists by Theorem 4.10 and (6.6). 

Now consider any finite sum of terms in )\;,7i;F;; with i=2>M+1 or 
72N+1. This sum can be broken into two parts, the first of which has 
4<M,j7=N+1, and the second of which has i= M +1. Consider the first one. 
We have 


i 


by (2.8), (6.8), (6.7), and Theorem 3.19. Then from (6.13) we have 


|| 0) < —— K S¢/2. 
( ) de ¢/ 


We proceed to show that the second part of the sum is also less than €/2. 
From (6.8) we have 


i i i 
From (6.6), the hypotheses on {7} stated above, and the manner of construct- 


ing the operator C*, it follows that >> ;(r:;7:-!)7.F; £ C* [r:F; (+) 0], where 
(+) denotes a logical sum rather than a vector sum. Then 


D( ij, 0) (+) 0], 0) 
D(o] 0) |,0) 


IA 


IIA 


IA 


wo( (+) 0) 0) 


< 
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by Theorems 3.7 and 3.15 and the original choice of M. From (2.8) it then 
follows that D(>>>°7;;Fi;, 0)<e, where the sum is any finite sum with 
i=>M-+1 or j2N+1. By Theorem 4.11 the series is strongly un- 
conditionally convergent. The proof of (6.9) is thus complete. 

We turn now to (6.10). From Theorem 4.11 and the result just estab- 
lished, it follows that every row >. :;7:;Fi; converges strongly unconditionally. 
Furthermore, ij = Fi as a result of hypotheses 
(6.7), (6.8) and Theorem 3.19. Now by letting J-~, we see from (6.6) that 
the second part of the statement in (6.10) follows. 

We proceed to prove (6.11). Let F denote the weak sum of >> ,;7;;F;;. Since 
this series converges unconditionally, we can find an m, and m so large that 


(6.14) D( > > ii, < ¢/2 


j=l 
for r=m, s2m. Next, by Theorem 4.11 and the conclusion (6.9) that 
> i;7:;F i; converges strongly unconditionally, there exists an mz, mz such that 


(6.15) d riiFii, 0) < €/2, 


where the summation is extended over any set of terms outside of the rec- 
tangle 1 <i<me2,1<j7<m2. Let M (N) be the larger of m, mz (m, m2). Then 


p( > iF ij, > > iF ij, > 


i=l j=l i=l j=l i=1 j=1 


+ D( > Til ij, 


i=l j=l 
< v( TijF ij; 0) + 
i=l j>n 


<¢/2+6¢/2=€ 


provided m=M, n=N by (2.5), (2.8), (2.4), (6.14), (6.15). This inequality 
establishes (6.11). 
The final conclusion (6.12) now follows from (6.10), (6.11) and the first 
statement in Theorem 6.1. The proof of the entire theorem is thus complete. 
This theorem is an extension of one first given by Birkhoff [1, p. 364]. 


(6.16) THEorem. Jf the series >,*||7;|| converges, and if the sets F; are uni- 
formly bounded, then the series >. ; converges strongly unconditionally, that 
is, hypothesis (6.5) is satisfied. 


The proof follows from Theorem 4.11. 
(6.17) If >> is a finite sum, then hypothesis (6.5) is satisfied. 
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7. Summation of infinite series. We shall now extend some well known 
theorems on the summation of infinite series to series of the form >> fn. 

Let S denote the sequence g:, gz, - - - of elements in B. Let (A) denote the 
following infinite array of numbers: 


Gea, ° °° » Oak, y 
G2, » Vik, ’ 


Set A,(S) =>ox. ,aingr. We say S is summable to the sum A(S) when each of 
the series A;(S) is convergent and A ;(S)—>A(S). The method 4 is called regu- 
lar if every convergent sequence is summable by that method to its limit. 


(7.1) THEoREM. In order that the method A be regular, it is necessary and 
sufficient that the following conditions be satisfied simultaneously: 


(7.2) >| < M, $= 1,2,---; 
k=1 

(7.3) lim ax = 0, k = 1, 2, : 

(7.4) lim dan = 1. 


k=l 


The statement of the theorem is identical with the well known theorem 
for sequences S whose elements are numbers (see Banach [1, pp. 90-91 ]). The 
reader will prove without difficulty that the conditions stated ure sufficient. 
By considering sequences of the form bi, bef, - - - , where f is a fixed element 
in B and ji, bs, - - - is a sequence of numbers, and applying the known theo- 
rem for sequences whose elements are numbers, we see that the conditions 
stated are necessary in the present case also. 


(7.5) If the series >. *f, is summable C,, that is, by Cesdro means 
of order k, and if f,=O(1/n), then >. °f, is convergent. 


The proof of this theorem is the same as for a series of numbers (see Knopp 
[1, pp. 486-487 ]). 


Part III. A THEORY OF INTEGRATION 


8. Abstract space 9%. We shall now consider a space which will be the 
domain of functions to be studied presently. We assume that 2 is an abstract 
space with elements x and sets X. In addition we shall suppose that there is a 


4 
{ 
4 
} 
| 
; 
7 
| 
| 
‘ 
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completely additive class of sets ¥ in % with the foliowing properties: (1) the 
empty class belongs to ¥; (2) if X belongs to X, the complement of X does 
also; (3) the sum of a sequence { X,,} of sets selected from the class ¥ belongs 
also to the class ¥. We shall say that a set (¥) is measurable (X). Finally, 
we shall suppose that there is a measure defined for the class of sets ¥. A 
function of a set r(X) will be called a measure (X) if it has the following prop- 
erties: 

(8.1) 7(X) is defined for every set in ¥; r(X) e T; if r(X) 0, then 7r-1(X) 
exists and e Tf. 

(8.2) r(>o°X,.) =>-*7(X,) for every sequence of sets (¥) no two of which 
have points in common; the series >> °r(X,,) converges unconditionally. 

Then 7(X) is called, for every set X measurable (¥), the measure of X. 

We shall not require that the measure of the entire space be finite. We 
shall admit the case in which the measure 7(X) of certain sets X in & is 
“infinite” and not a proper transformation in T. In particular, let {X,} bea 
denumerable disjoint decomposition of & into sets X, of ¥ with measure 
7(X,). If 
| =o 


im | (3 | 


n=1 | 


for every arrangement a of the sets in { X,,} and for every such decomposition 


{X,} of %, we shall say that the measure of % is “infinite,” and we shall 
consider that (8.2) is satisfied. 

We shall now describe the construction of the operator C* to be used in the 
future. Let Xi, -- - , X, be any finite number of disjoint sets in ¥ with meas- 
ures r(X;), -- -,7(X,) orm, - - - , 7, for short. Let ¢’ be [(r1+ - - - +7,)-!n1, 

C¥# the set of all such #, ¢’. Then C* is formed from C¥ as indicated in §3. We 
see that C* automatically satisfies Hypotheses 3.2 and 3.3, and we now make 
the following further assumption, which is an additional hypothesis concern- 
ing the measure function 7(X): 

(8.3) C* is a bounded operator, that is, C* satisfies Hypothesis 3.4. 

We observe that if the measure function 7(X) satisfies (8.1), (8.2), (8.3), 
then the operator C*, formed as just described, has all the properties assumed 
in any of the theorems given above. In particular, the assumption was made 
in §6 that the sum of any unconditionally convergent series of transforma- 
tions in {r} is a transformation in {7}; this property is a consequence of 
(8.2). Hypothesis 3.18 follows from (8.1), (8.2). 

Finally, if the measure 7(X) of a set X in X is a positive number m(X), 
the ordinary convex operator C can be substituted in all later developments 
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for the operator C*. In this special case it is clear that for any set F, 
C*[F]£C[F], and that C has all the desired properties. 

We shall associate a second measure function »(X) with the class of sets %. 
More precisely, let X be any set in ¥ and {Y,}, Y, e ¥, any disjoint decom- 
position of X. Then 


(8.4) »(X) = sup 

{y,,} n=l 
If 7(X) is a positive numerically-valued measure function m(X), then 
v(X) =7(X) for every X in %. 

It can be shown that »(X) is a measure function with the properties speci- 
fied above. In particular, »(X) has the following properties: (a) v(X) is defined 
for every set X e ¥ and »(X) =0; (b) if { X,.} is any denumerable set of disjoint 
sets of ¥, then v(>>°X,) =>. 

The total variation »(M) of r(X) over % may be finite. On the other hand 
it may happen that v(%) is infinite, but that there is a decomposition of % 
into a denumerable set {X,} of disjoint sets of ¥ such that »(X,) is finite, 
n=1, 2,---. These are the only two cases which we shall consider in the 
future. 

We shall say a certain property holds almost everywhere (%, 7) [or (X, v) ] 
and mean thereby that the property in question is satisfied in % except at the 
points of a set X e X with 7(X) =0 [or »(X) =0]. It is clear that almost every- 
where (X, v) implies almost everywhere (X, 7) but not conversely. 

9. Functions. We shall now describe the class of functions whose integrals 
we shall consider. 

Let %& be the space described in §8. For each x in Y let F(x) be a bounded 
set in 8. Then F(x) is a function whose integral we shall consider in §§10—13 
and 20-27. In §§14-19 we shall consider a class of functions f(x) which will 
be defined as measurable. Here for each x in Y, f(x) is a single element in 8. 
For the present, however, it is not necessary to restrict ourselves either to 
measurable functions or to single-valued functions. 

10. Integral ranges. Let a function F(x) with domain & be given. Let A, 
denote a decomposition of % into a denumerably infinite sequence { X¥} of 
disjoint sets X* each of which is measurable (¥) and has a measure 7(X#). 
The product A,A; of two decompositions A,, A: of 2 is the decomposition of Y% 
into the sets X} X7 which are nonvacuous. 

Consider the series 


(10.1) D 


| 

} 
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corresponding to the decomposition A,, where F(X¥#) is the point-set sum of 
the sets F(x), xe X#. 

(10.2) Derrnirion. If each set F(X *) is bounded, and if the series (10.1) 
is strongly unconditionally convergent, the sum (10.1) will be called the integral 
range I(F, UX, Ax) of F(x) with respect to the decomposition A,.. 

(10.3) THErorem. the integral ranges I(F, UX, Ai), UA, Ac) exist, then 
I(F, U, AAs) also exists. 

The proof follows from Definition 10.2, Property 8.2, and (6.9) in Theo- 
rem 6.4. 

(10.4) THEOREM. Any two integral ranges of F(x) overlap. More precisely, 
if I(F, U, Ar), U, Se), 7(F, U, Aide) are integral ranges of F(x) with respect 
lo A, A», then 


I(F, U, AAs) SI(F, A, Ai) I(F, A, Ae). 


Let the sets in Ay, A, be {X;}, {X?}. Then the sets in are { X) X? }. 
Let and F; of Theorem 6.4 be identified with r(X) and C*[F(X?) ], and 
r;; and F;; with r(X}X?) and C* [F(X;X?) ]. We verify that all the hypothe- 
ses of Theorem 6.4 are satisfied. Then from (6.12) we have at once that 
I(F, A, AiAe) £7(F, A, Ai). The remainder of the proof follows by symmetry. 

This section follows closely results given by Birkhoff [1, pp. 366-367 ]. 


11. Integrable functions and their integrals. We proceed now to the defi- 
nition of integrable function and integral of an integrable function. 


(11.1) Derririon. A function F(x) will be called integrable if and only 
if the inferior limit of the diameters of its integral ranges is zero. 


(11.2) Turorem. Jf F(x) is integrable, then the intersection of the integral 
ranges of F(x) is a single element (X) [yF (x)dr(x) of B. 

(11.3) Derinition. The element (%) [qF(x)dr(x) of Theorem 11.2 is called 
the integral of F(x) over %. 

(11.4) THEorem. F(x) is integrable if and only if to every «€>0 there corre- 


sponds a decomposition A under which the series >- (X:)C*[F(X;,) ] is strongly 
unconditionally convergent and its sum has a diameter less than e. 


These definitions and theorems are similar to ones given by Birkhoff [1, 
p. 367]. 

12. Relation to an integral of Birkhoff. In the special case in which the 
measure function 7(X) is a positive numerically-valued function m(X), it is 
possible to compare the integral (¥) /y/(x)dr(x) which we have just defined 
with an integral J (F) given by Birkhoff [1, p. 367]. In the case now under con- 
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sideration, therefore, the operator C* reduces to, or may be replaced by, the 
ordinary convex operator C. 
Birkhoff has defined the integral range J,(F) of F(x) relative to A to be 


(12.1) Js(F) = |. 


His definition of the integral J(F) is identical with that given in Definition 
11.3. 

(12.2) THEorem. the measure function is a numerically-valued 
function m(X) and if C* is replaced by C, then I(F, %, A)=Ja(F) and 
(x)dm(x) =J(F). 

By Definition 10.2 


(12.3) I(F, A) = 


We observe first from Theorem 5.5 that >> C [m(X;)F(X;) ], which is the same 
as (12.3), converges strongly unconditionally if and only if >> m(X,)F(X,) 
converges strongly unconditionally. Hence, the existence of either of the in- 
tegral ranges implies that of the other. 

Next, by Theorem 5.12 we have 


(12.4) m(Xi)F(Xi) = S 


Again, by Theorem 5.6, we see that the existence of /(F, 1, A), Js(F) implies 
that m(X;)C [F(X,) ] and m(X,)F(X;) are weakly unconditionally con- 
vergent. Finally, from Theorem 5.9 we have 


(12.5) m(Xi)C[F(X,)] = c| |, 


whence, substituting from (12.4) we obtain 


m(X;)C|F(X;) | - > m(X,)F(X;) | 


(12.6) 
-t [s |. 


Then (12.1), (12.3), (12.6) show that J(F, X, A)=J,(F). From the identity 
of the integral ranges there follows at once the identity of the integrals. The 
proof is complete. 

It follows from this theorem that the integral defined in §11 genuinely 
includes that of Birkhoff and reduces to his in a special case. 


; 
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13. Properties of the integral. We shall now give the principal properties 
of the integral defined in §11. 

(13.1) THEorEM. (First theorem on additivity.) Jf X is in X, and if 
(X) fy (x)dr(x) exists, then (X)fxF(x)dr(x) exists. If A is a decomposition of A, 
and if (X) (x)dr(x) exists, then >> (%) fx F(x)dr(x) converges unconditionally 
and 


(13.2) (X) Peary = (%) Jf 


(13.3) THeorem. (Second theorem on additivity.) (%) /x,F(x)dr(x) exists 
for all sets X; of a decomposition A of UX, and if >> :(X)fx,F (x)dr(x) converges un- 
conditionally, then (X)[yF(x)dr(x) exists, and the relation (13.2) holds. 

(13.4) THEorem. (Theorem on distributivity.) Jf Fi(x), Fe(x) are inte- 
grable over A and T,, T; are transformations in I which commute with all elements 
of then T\F\(x)+T2F2(x) is integrable, and 


2 2 
i=1 

(13.6) THEorem. (Theorem on integration of sequences.) If the functions 
F,,(x) are defined and integrable over A, if the F(x) tend uniformly to a limit 
function F(x), and if r(X) has bounded total variation v(A) over A, then F(x) 
is integrable and 


(13.7) lim F,(x)dr(x) = f F(x)dr(x). 


(13.8) THErorem. (Law of the mean.) Jf the measure r(A) of A is finite, then 
(13.9) (X) F(x)dr(x) = r(Wf, f eC*[F(M)]. 
(13.10) Corotrary. If F(x) is bounded in % and r(X) is finite, then 

(13.11) | (X) F(x)dr(x) | < D(C*[F(D], 0). 


The proofs of the first four of the above theorems can be supplied from 
proofs of similar theorems given by Birkhoff [1, pp. 367-372]. The proof of 
Theorem 13.8 follows from (10.1) and Theorem 3.19. Each integral range is 
contained in r(%)C*[F() ]. Then the intersection of all the integral ranges 
is a point r(%)f in r(X)C*[F(M) ] and (13.9) follows. Corollary 13.10 follows 
from (13.9). 
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(13.12) THroreM. Let F(x) be defined in %, bounded, and equal to the zero 
element in B almost everywhere (¥, r). Then (%)fyF(x)dr(x) exists and equals 
the zero element. 


Part IV. MEASURABLE FUNCTIONS AND THEIR INTEGRALS 


14. Measurable functions. We turn now to a consideration of a class of 
functions to be known as measurable. 

(14.1) Drrrnition. Let f(x) be a single-valued function whose domain is 
and range is in 8. We shall say that f(x) is measurable (X) if and only if for 
every foe B and r>0 the se E,||| f(x) —fol| Sr] is measurable (X). 

We shall consider only functions which, although they may be un- 
bounded, have only finite values. 

The definition of measurability in (14.1) can be extended to functions 
whose ranges are in metric spaces. 

(14.2) THEorem. Jf f(x) is measurable, then for all fe 8 and r>O the 
following sets gre measurable (): 


E,[||f(x) fll <r], = fo). 
(14.3) Jf for all fo and r>0 the set E.\| f(x) —fol| <r] (or 


E, {|| f(x) —fol| =r], or f(x) —fol| >r]) is measurable (X), then f(x) is meas- 
urable (%). 


We shall have occasion to consider functions of another kind. Let T be a 
bounded linear transformation with domain % and range in % and norm ||7]]. 
The space T with elements T is a normed vector space. Let T(x) be a function 
such that T(x) e T for x e A. The definition of a function T(x) measurable (X) 
can be obtained by replacing f(x) and fo in Definition (14.1) by T(x) and To. 
‘Then f can be replaced by T in Theorems 14.2 and 14.3. A function whose 
values are real numbers and which is measurable (%) is a special case both 
of functions f(x) and T(x) which are measurable (%). 


(14.4) Derinition. Let f(x) be a function with domain % and range in B. 
We say f(x) is separable if and only if the set f(X) is separable. The term 
almost separable (%, r) [or (X, v)] will have its usual meaning. 


15. Elementary properties of measurable functions. In this section we 
shall establish the fundamental properties of measurable functions. 

(15.1) THrorem. Jf f(x) is measurable (%), then the real-valued function 
|| f(x)|| is measurable (X). 
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Since f(x) is measurable, the set £,|||f(x)—O|| <r] or E.[||f(x)|| <r] is 
measurable. 

(15.2) THeorem. Let f(x) be measurable (X). Let N be any positive number, 
and let a function fy(x) be defined as follows: fy(x) =f(x) when ||f(x)||<.N and 
fx(x) =0 when || f(x)|| >N. Then is measurable (X). 

Let X, be the set on which fy (x) =0. It is measurable (¥) by Theorem 14.2. 
Then the proof follows from the identities 


E,|||fv(x) — foll < = — < < N] + Xo, 
or E,||| f(x) — fol| 


The first statement holds in case the sphere || f—fo|| <7 contains the zero ele- 
ment, the second in case it does not. 


(15.3) THeorem. Jf fi(x) and fo(x) are measurable (%), and if one of the 
functions, say fi(x), is separable, then f,(x) +fo(x) is measurable (X). 


Let S denote the open sphere || f—fi|| <r, where fo e B and,r>0 are arbi- 
trary but fixed. To prove that f,(x)+/2(«) is measurable, it is sufficient to 
prove that E,[f:(x)+/2(«) e S| is measurable (see Theorem 14.3). 

From the hypothesis of the theorem it follows that there is a denumerable 
set of points gi, ge, - - - which is dense in the range of f,(x). Let S;(é.) denote 
the open sphere with center g; and radius &, where & is a rational number 
such that 0<é, <r. Let S/ (r—£,) denote the open sphere with center fo—g; 
and radius r—&,. 

The proof of the theorem will be complete when we have established the 
following identity 


(15.4) E.[filx) + fo(x) S|] = > e Ez [fo(a) e Si (r — 


i=l & 


The proof of this identity will depend on the following lemma, whose proof we 
leave to the reader. 

(15.5) Lemma. The vector sum S;(&.) +S/ (r—&) of the open spheres S; and 
S/ with centers g; and fo—g; and radii & and r—&, is the open sphere S with 
center fy and radius r. 

From this lemma it is immediately obvious that the set on the left in 
(15.4) contains the set on the right, and we have to establish only the opposite 
inequality. Let x» be any point of the set on the left in (15.4), that is, a point 
such that f;(o) +fe(x0) e S. We shall show that there is an 7 and a & such that 


xo e E,[filx) e Ez[fo(x) Si (r — 
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Since S is open, 
(15.6) + fo(x0) — foll = <r. 
Choose &, as a rational number such that 
(15.7) 0 < (r —p)/2. 
Next, since the set gi, g2,--- is dense in the range of fi(x), there exists a 
point g;, such that 
(15.8) || — gigll < Eng. 
Thus S;,(é.,) contains f,(%o). Then S4,(r—&,) contains for the contrary 
assumption gives || — (fo—gi,)|| and 
p = ||fa(x0) + fo(xo) — foll =| || fa(x0) — (fo — — — gall | 
||fal0) — (fo — — || — geal 
> — &,) — = 7 — 2k, 
>r—(r—p) =p. 
We are able to drop the absolute value signs because || fe(x0) — (fo—gi)|| >7/2 


and || f:(*0) —gis|| <r/2 by (15.7), (15.8). The assumption has led to a contra- 
diction; hence, Si,(r —&,) as well as fi(%o) e S;,(&,). Therefore 


Xo E,[fi(x) Si,(Ex,) ]- Ez[fo(x) Si,(r = |, 


and any point contained in the set on the left in (15.4) is also contained in 
the set on the right. This statement completes the proof of the identity (15.4) 
and the proof of the theorem. 

(15.9) THrorem. Let f(x), fo(x), -- - be a sequence of functions measurable 
(X) defined on X such that lim f,(x) exists and equals f(x) for x e A. Then f(x) is 
measurable (%). If the functions f,(x), fo(x),--- are separable, then f(x) is sepa- 
rable. 


To prove the theorem we must show that E,||| f(x) —fol| <r], for arbitrary 
foe Band r>0, is a set (X). Let €1, &, - - - be a monotone decreasing sequence 
of positive numbers whose limit is zero. Set 


X,(€) = — r + — fll Sr tel---, 


It is clear that X is measurable, and that we have to prove only that 


E,{||f(x) —fol| <r] =X. 
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Let x» be any point of f(x) —fol| <r]. Then to each € of 4, -- - 
there corresponds an N = N (fo, r, xo, €) such that || f,(x0) —fol| Sr+efor n=N. 
Then x, « Xw(e) and therefore to each X(e) and finally to X. Conversely, sup- 
pose x e X. Then x» belongs to each X(e), and there exists an N = N (fo, 1, o,€) 
so that x» e Xy(e). Thus || f.(x0) —fol| for n= N. Then || f(x0) <r+e, 
and since this is true for each e, we have ||f(x0)—fo| <7. Therefore 
xo e E,{|| f(x) —foll <r]. 

It is obvious that f(x) is separable under the conditions stated. The proof 
is complete. 

It was pointed out in §14 that the definition of measurable function which 
we have given applies equally well to functions with values in a metric space. 
It may be added now that Theorem 15.9 holds also for functions of this 
kind. 

At this point we shall establish the relation between functions which are 
measurable (¥) and almost separable and two other classes of measurable 
functions. A function f(x) on & to B is called a step-function if and only if 
f(x) is constant on each of a finite number of disjoint sets of ¥. Then f(x) is 
measurable (Bochner) if and only if it is almost everywhere the strong limit 
of a sequence of step-functions (see Bochner [1]). A measurable function 
which has only a countable number of distinct values will be said to be count- 
ably-valued. A function f(x) is weakly measurable if and only if u(f(x)) is 
measurable for every linear functional u(f) (an additive, continuous, real- 
valued function) defined in 8 (see Pettis [1, p. 278]). A necessary and suffi- 
cient condition that f(x) be measurable (Bochner) is that it be weakly meas- 
urable and almost separable (Pettis [1, p. 278]). 


(15.10) THEorEM. A function f(x) is measurable and almost separable if 
and only if it is the limit almost everywhere of a sequence of step-functions, that 
is, if and only if it is measurable (Bochner). 


First, a necessary and sufficient condition that an almost separable func- 
tion f(x) be measurable is that the set E.[ f(x) « G] be measurable for every 
open set G in %. The condition is sufficient by Theorem 14.3, and we shall 
prove that it is necessary. Without loss of generality, we may assume that 
f(x) is separable; then f(%)G contains a denumerable dense set g1, go, - - - . By 
considering the set of open spheres which are contained in G, have rational 
radii, and have centers at the points g;, we see that E.[ f(x) eG] is the sum of 
a denumerable number of measurable sets and is therefore measurable. Sec- 
ond, the class of measurable and almost separable functions contains the 
class of functions which are measurable (Bochner) and is contained in the 
class of weakly measurable functions. It is clear that a step-function is meas- 
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urable and separable; then by Theorem 15.9 a function which is measurable 
(Bochner) is measurable and almost separable. Next, the set E;[u(f) <uol, 
where u(f) is a linear functional defined in %, is an open set G in %. Since 
E.[u(f(x)) <uo]=£E.| f(x) « G], which is a measurable set by the first step in 
the proof, it follows that an almost separable, measurable function f(x) is 
weakly measurable. Third, it is known that for almost separable functions 
the class of functions which are measurable (Bochner) is the same as the class 
of functions which are weakly measurable (see Pettis [1, p. 278]). Then the 
three classes of functions considered in the second step of the proof coincide. 
The proof is complete. 


(15.11) CoroLiary. An almost separable function is measurable if and only 
if it is the uniform limit, except possibly on a set of measure zero, of measurable 
countably-valued functions. 


This corollary follows from the last theorem and a result of Pettis [1, p. 
279, Corollary 1.12]. 

The following corollary is a generalization of the familiar theorem that 
the product of two measurable functions whose values are numhers is a meas- 
urable function. 


(15.12) Coroxiary. Jf T(x) and f(x) are defined on UA, T(x) « f(x) B, 
are measurable (X), and have separable ranges, then T(x)f(x) is measurable (%) 


and separable. 


(15.13) Lemma. Jf & has finite measure r(X) and if {f,(x)} is a@ sequence 
of finite measurable functions on A, converging on this set to a finite measurable 
function f(x), there exists, for each pair of positive numbers ¢€, n, an integer N and 
a measurable subset X of % such that ||r(X)|| <n and ||f,(x) —f(x)|| <¢ for every 
andxeXA-X. 


(15.14) Ecororr’s THEOREM. Jf % has finite measure r(X) and if {fn(x)} 
is a sequence of finite measurable functions defined on X that converges almost 
everywhere (X, 7) on this set to a finite measurable function f(x), then there exists, 
for each e>0, a subset V of X such that ||\r(X-—Y)|| <e, and such that the conver- 
gence of {fn(x)} to f(x) is uniform on Y. 


The proofs of Lemma 15.13 and of Egoroff’s theorem are similar to those 
given for functions whose values are numbers (see Saks [1, pp. 17-18 ]). 

16. Integrals of bounded, measurable, and almost separable functions; 
an existence theorem. We shall now prove a theorem which states sufficient 
conditions for the existence of the integral which was defined in §11. This 
theorem is a generalization of the familiar one that a function which is 
bounded and measurable on a set with finite measure is integrable. 
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(16.1) ExIsTENCE THEOREM. Let f(x) be defined in U, measurable (%), al- 
most separable (X%, r), and bounded: 


(16.2) < K, 


Let the measure function r(X) satisfy (8.1), (8.2), (8.3), and let the measure 
7(A) of U be finite. Finally, let r(X) have the following property: if X:,---, Xr 
are any r disjoint sets of ¥, and if fi,--- ,f, are any r points in B, there exists 
a constant W’ such that 


(16.3) 


max 
\| 1 


Then the integral (%) fy f(x)dr(x) exists. 


Let Xo e X be the set such that r(X,) =0 and f(&—X_) is separable; let 
£1, g2,:-~ be the denumerable dense set in f(&%—Xo). Let S* be the closed 
sphere || f—g,|| <1/k. For a fixed k let sets X# be defined as follows: 


X# = — Xo)-E.[f(x) 


XF = — Xo)-E.[f(x) eS#] — 
j=1 


for i=2,3,---. Then for a fixed the sets Xo, X*#,--- form a decom- 
position A, of %, and A,, k=1, 2,--- , is a sequence of decompositions of Y. 
Corresponding to A, we have the series 


(16.4) r#C*[f¥], 


where 7} , f* have been written for the longer expressions r(X#¥), f(X¥). Since 
7(%) is finite by hypothesis, and since }>2,7# converges unconditionally by 
(8.2), for any e>0, there exists an M such that M <i(1)< --- <i(r) implies 
+ Let S denote the sphere ||f|| <K. Then by 
(16.2) and Theorems 3.9, 3.19 we have 


From this result and Theorem 3.15 we have 


k k k k k k 
DtiC* [fia] + + [fi], 0) S + 0) 
<«WK/WK 


By Theorem 4.11 the series (16.4) therefore converges strongly uncondition- 


30 
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ally. Then by Definition 10.2 the sum of (16.4) is an integral range J(f, %, Ax). 
To complete the proof, it is sufficient, by Theorem 11.4, to show that for 
each e>0 there exists a decomposition A; of %& corresponding to which the 
diameter of the integral range J(f, %, Ax) is less than e. 
Let J, denote I(f, &X, A). Then from the definition of the diameter of a 
set and (2.5), we have 


p(Ix) = DU, — 1, 0) < D (1, — Ik, > rEC*[fF > r#C* !) 


i=1 


i=1 


Next, by (2.8) and (2.6) we have 


i=1 i=1 


First choose k so that k>4WW’/e, and let it be held fixed thereafter. Then 
since f* is contained in the sphere S*# with diameter 2/k, we see that the 
second term in (16.5) does not exceed 


(16.6) w’'D(C*[f* — fF], 0) S 2WW’'/k < 


But for a fixed k the first term in (16.5) can be made less than €/2 by taking n 
sufficiently large. We observe that (16.6) is independent of ». We have thus 
shown that it is possible to choose k so that p(J;) <¢. The proof is complete. 


(16.7) Corottary. Let f(x) be defined in A, measurable, almost separable 
(%, +) and bounded. Let the measure function r(X) satisfy (8.1), (8.2), (8.3), 
and lei the measure r(X) of UX be finite. Finally, let r(X) have bounded total 
variation v(X) over A, Then the integral (%) fy f(x)dr(x) exists. 


17. Properties of integrals of bounded, measurable functions. In §13 we 
have given a number of properties of the integrals of integrable functions. 
In this section we shall give certain additional properties possessed by the 
integrals of bounded measurable functions but not by those of integrable 
functions in general. 


(17.1) THrorem. (Lebesgue’s convergence theorem.) Let the measure (2) 
be finite. Let f,(x), fo(x),--- be a bounded sequence of functions, defined in YX, 
which are measurable (X) and integrable, and which approach almost everywhere 
(X, 7) an integrable limit function f(x). Then 


(17.2) lim (%) fa(x)dr(x) = @ f(x)dr(x). 


n— 
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The proof can be given in the usual way by means of Theorems 15.9, 
13.4, and 13.1, Lemma 15.13, and Corollary 13.10. 

(17.3) Corottary. Let r() be finite. Let fi(x), fe(x),--- be a bounded 
sequence of functions, defined in X, which are measurable (X) and almost separa- 
ble (%, r) and approach almost everywhere (%, r) a limit function f(x). Then f(x) 
is integrable and the relation (17.2) holds. 

From Theorem 15.9 it follows that f(x) is measurable (¥), and it can be 
shown without difficulty that it is amost separable (X, r). The remainder of 
the proof follows from Theorems 16.1 and 17.1. 

(17.4) THEoreEm. /f f(x) is defined in UA, bounded, measurable (X), and inte- 
grable, and if r(X) has bounded total variation v(X) over A, then (X) ful| f(x)||dv(x) 
exists and 


(17.5) | | 


< (%) f 


By Theorem 15.1 the function || f(x)|| is measurable (¥). The existence of 
(¥) full f(«)||dv(x) then follows from Theorem 16.1. Next, consider the integral 
range (16.4). We have 


t= 1 


< 0) + 


< DXF) sup, + 2Wv(M)/k. 


t=] 
By taking the limit as k, we obtain (17.5). The proof is complete. 


(17.6) Corottary. f(x) is defined in bounded, measurable (X), and al- 
most separable (, r), and if (¥) fy||f(x)||dv(x) exists, then (17.5) holds. 


There exists a denumerable decomposition {X,} of % into sets of ¥ such 
that v(X,,) is finite for all m (see §8). Then by the theorem, (17.5) holds for 
each set X,. The remainder of the proof follows from Theorem 13.1. 

18. Summable functions and their integrals. In the preceding two sec- 
tions we have treated the integrals of bounded, measurable (%), and almost 
separable (¥, 7) functions. We shall now indicate briefly how these results 
can be extended to unbounded functions. 


(18.1) Dermirion. A function f(x), defined in A, is said to be summable if 
and only if it is measurable ana almost separable (X, r) and (X) ful| f(x)||dv(x) . 
exists. 


| 
t=1 
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Let u(x) be a real-valued and positive function defined on % which is 
summable (v). Let fi(x), fe(a), --- be a sequence of functions defined on & 
each of which is bounded and measurable (X¥), almost separable (X, 7) and 
which approach f(x) almost everywhere (X, v) and satisfy ||f,(x)|| <u(x), 
xe A. Then (X) fy fn(x)dr(«) exists for every n by Theorem 16.1. Furthermore 
lim ,..0(%) Jy fn(x)dr(x) exists, for we have 


| (X) J foarte) — (%) In(x)dr(x) | S — 


< (%) J, 2u(x)dv(x). 


There exists a set A, measurable (¥), such that 9{—A has finite measure (vy), 
and such that (X)[42u(x)dv(x)<e/2. Also, by Egoroff’s theorem and the 
known properties of summable functions, (%) fm(x) —fn(x)||dv(x) <€/2 
for all m, n sufficiently large. Thus for all m, n sufficiently large || (X) fa.fm(x)dr(x) 
—(X) fafn(x)dr(x)|| <€, and the limit exists as stated. Finally, an argument 
used by Bochner [i, pp. 266-267] shows that this limit is unique. More pre- 
cisely, let v(x) and gi(x), go(x),--- have the properties specified above for 
u(x) and fi(x), fe(x), --- . Then 


lim (X) &n(x)dr(x) = lim J f,(x)dr(x). 

Let f(x) be a summable function, and let fy(x) be the truncated function of 
f(x) asin Theorem 15.2. Then fy(x), WN =1, 2, - - - , has all the properties of the 
sequences just considered. It follows therefore that limy.. (X)fafw(x)dr(«) 
exists and is unique. 


(18.2) Derinit1on. Let f(x), xe%, be summable, and let {f,(x)}, 
\|f.(x)||< u(x), be any sequence of functions, each of which is defined in X, 
bounded and measurable (X), almost separable (X, 7), and which approach 
f(x) almost everywhere (%, v). Then the integral of f(x) over U, denoted by 
(X) faf(x)dr(x), is defined by 


(18.3) f f(x)dr(x) = lim fa(«)dr(x). 
n— 
The integral of a summable function is effectively defined since the se- 
quence of truncated functions forms one sequence of the needed type. 
We shall omit the proofs of the following two theorems. 


(18.4) THrorem. Jf f(x) and g(x) are summable, then f(x)+g(x) is sum- 
mable, and 
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x) [f(x) + g(x) ]ar(x) = (%) fl)dr(x) + (x)dr(x). 


(18.5) CONVERGENCE THEOREM. /f fi (x), fo(x),--- is a sequence of sum- 
mable functions on A which approaches almost everywhere (X, v) a function f(x), 
and if there exists a summable function u(x) such that ||f,(x)||<u(x) for 
n=1,2,--- and xe %, then f(x) is summable and 


(18.6) lim (%) = f(x)dr(x). 


n-> 


19. Comparison with the measurable and summable functions of Bochner 
and Gowurin. Other measurable and summable functions have been treated 
by Bochner [1] and Gowurin [1]. Bochner, however, considered only the case 
in which the measure function is numerically-valued. In Theorem 15.10 we 
have shown that a function is measurable and almost separable if and only if 
it is measurable (Bochner). Furthermore, it follows from the results in §18 
that the classes of functions which are summable and summable (Bochner) 
are one, and that their integrals are the same in the two cases. Other results 
on the relations of the various integrals are given by Pettis [1, p. 292]. 

There are functions which are measurable but not measurable (Bochner) ; 
one simple example is the everywhere discontinuous, Riemann integrable 
function given by Graves [1, p. 166] (see Price [2, §4]). 

Gowurin’s results are patterned after those of Bochner. In his treatment 
of the Radon integral (see Gowurin [1, pp. 264-265]), which is the part of 
his paper most closely related to §§14-18, his results are more general than 
those obtained above in some respects, and less general in others. In particu- 
lar, his treatment includes only totally measurable functions f(x), where a 
totally measurable function is bounded and the limit of a uniformly conver- 
gent series of functions g,(x), ge(x), - - - . On the other hand, some of the re- 
strictions placed on the measure function r(X) in §8 are not needed for 
Gowurin’s results. The limit theorems given above (Theorems 17.1, 18.5) are 
better, disregarding the stronger hypotheses on r(X), than that obtained by 
Gowurin [1, p. 265]. 


Part V. RIEMANN-STIELTJES INTEGRALS 


20. Definitions and hypotheses. We proceed to develop the theory of the 
Riemann-Stieltjes integral. Much of it can be obtained by specializing the 
general results in Part III. For the sake of simplicity, the exposition will be 
given for functions defined on a linear interval and a numerically-valued 
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measure function; from the preceding part of the paper obvious extensions 
will occur to the reader. 
We collect our hypotheses here. 


(20.1) Hyporuesis. F(x) is defined on U: aSx<b; F(x) cB. 

(20.2) Hypornesis. D(C [F(«) ], 0) <K, x 

The measure function m(J) is a numerically-valued, additive, non-de- 
creasing function of intervals J ¢ %: 

(20.3) Hypotuesis. m(I)=0, J 0<m(M) <M, a constant. 

(20.4) Hypotuesis. m(I,+J2) =m(I1)+m(I2) for any two nonoverlapping 
intervals I,, I, on A. 


We denote by J both an interval and its length. Occasionally it will be 
assumed that m(/) is continuous: 


(20.5) Hyporuesis. For every «>0 there exists an n such that m(1) <e for 
every I UX for which I <n. 


Since the measure function is numerically-valued, we shall replace the 
operator C* by the ordinary convex operator C as explained in §8. Further- 
more, A; will now denote a decomposition of % into a finite number of non- 
overlapping intervals {7#}, i=1,--- ,m. The integral range of F(x) over U 
with respect to the decomposition A,, is 


IF, As) = = SAT 


i=1 i=1 


where >,* denotes the closure of the sum (see Definition 10.2). Theorem 6.17 
shows that Theorem 10.4 still holds. The definitions and theorems of §11 
apply to the present integral fp F(x)dm(x), which corresponds to one called 
the generalized Riemann-Stieltjes integral by Hobson [1, vol. 1, p. 547]. We 
shall now define a set in 8 which generalizes the upper and lower generalized 
Riemann-Stieltjes integrals (see Hobson [1, vol. 1, p. 546]). 


(20.6) DrEFinitI0n. A set RS[ SF (x)dm(x) | such that 


p(rs| f |, I(F, 


as k— for every sequence of decompositions A,., k=1, 2,- ~:~ , for which as 
ko max; I{-0 will be called the Riemann-Stieltjes integral set of F(x) on %. 


In the remainder of the paper we propose to study some of the fundamen- 
tal properties and applications of both /?F(x)dm(x) and RS[ ry F(x)dm(x) |. 
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21. Darboux’s theorem and other results. We shall give first a theorem 
which generalizes for RS[ fp F(x)dm(x) | the well known theorems of Darboux 
for upper and lower Riemann integrals (see Hobson [1, vol. 1, pp. 462-463 ]). 

As a matter of notation, let A’: {7/* } (i=1,--- , m), R=1, 2,---, de- 
note a sequence of consecutive decompositions of A, that is, a sequence in 
which A;’,; can be obtained from A; by subdividing one or more intervals. It 
will be assumed for all sequences A,, that max; , max; //*-0 as 


(21.1) THrorem. Let F(x) and m(1) satisfy Hypotheses 20.1—-20.5. If there 
exists a set G ¢ B such that D(G,I(F,U, as k-& , then D(G, I(F, A, Ax)) 
—0 as k—~ for every sequence of decompositions A,, Az,---, and G is the 
Riemann-Slieltjes integral set RS (x)dm(zx) 

Although not difficult, the details of the proof are long and will be omitted. 


(21.2) Turorem. Let F(x) and m(J) satis/y Hypotheses 20.1—20.5. If F(X) 
is compact in B, then RS[f-F(x)dm(x) | exists. 

To prove the theorem we shall show that there exists a set G such that 
D(G, I(F, A, Ad ))-0 as ko. It will then follow from Theorem 21.1 that 
RS [fF (x)dm(x) ] exists and is identical with G. 

From Theorem 10.4 and the fact that the decompositions are consecutive, 


(21.3) I(F, AL) 2I(F, UW, 


Since F(%) is compact in 8 by hypothesis, it follows that C [F (2) | is compact 
(see Mazur [1] or Price [1, §7]). From this fact it follows that each set in 
(21.3) is compact. Under these conditions Cantor’s theorem states that the 
product G of the sets in (21.3) is not null (see Sierpifiski [1, p. 30] or Haus- 
dorff [1, p. 129]). Finally, since each set of (21.3) is closed and convex, G is 
closed and convex. 

We shall show next that D(G, /(F, as . Suppose that this 
limit is not zero. Since G£/(F, AM, A’), R=1, 2,-- - , the distance from any 
point of G to /(F, A, A) is zero. Then for some e>O there exist sets 
A), k=1, 2,--- , such that the distance from each point of G; 
to G is € or greater, for otherwise the limit would be zero. For each k the set 
G, is closed, compact, and non-null, and G,2G.,2 ---. Then by Cantor’s 
theorem the product G’ of the sets G, is non-null. Finally, the distance from 
any point of G’ to G is at least e. But since G’£G, this is impossible, and 
therefore D(G, /(F, %, A; as ~. The proof is complete. 


(21.4) Corottary. The Riemann-Stieltjes integral set is closed and convex. 


(21.5) THrorem. Let F(x) and m(J/) satisfy Hypotheses 20.1—-20.4. A neces- 
sary and sufficient condition that RS[ if F(x)dm(x)| exist is that for every se- 


3 
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quence of subdivisions A,, k=1,2,--- , of U the sets I(F, UA, Ax) form a Cauchy 
sequence. 


A necessary condition that a sequence converge is that it be a Cauchy 
sequence; the necessity of the condition stated in the theorem then follows 
from Definition 20.6. Also the condition is sufficient. Consider the two se- 
quences of subdivisions A;,, A;*. Since the space whose elements are sets in 8 
is complete in the Hausdorff metric (see §2), each of the Cauchy sequences 
I(F, U, Ax), 1(F, A, A*) has a limit. If these limits are not the same, the se- 
quence of decompositions A;, Ay*, As, As*, - - - leads to a sequence of integral 
ranges which is not a Cauchy sequence. This fact contradicts the hypothesis. 
The proof is complete. 

22. Existence theorems. We shall now give two theorems which state 
sufficient conditions of another type for the existence of f F(x)dm(x) and 
RS (x)dm(x) ]. 

First, we shall give a definition of continuity. Let J be a closed interval 
on &. Then the fluctuation @(F, J) of F(x) on J is the diameter p(F(/)) 
=p(C[F(J)]) of F(Z). In terms of the fluctuation we can define the saltus 
w(F, xo) at a point x e A. Let J; be a closed interval of length 2k whose mid- 
point is xo, the proper modification being made in case Xp is an end point of 2. 
The limit of ®(F, J;,) as k-0 exists and is unique, and is w(F, xo) by definition. 
We shall say that F(x) is continuous at x if and only if w(F, xo) =0. Thus if 
F(x) is continuous at xo, F(x) denotes a single element in %. 

With this definition of continuity, we have the following theorem. 


(22.1) THEorEM. Let F(x) and m(J) satisfy Hypotheses 20.1-20.4. If the 
variation of m(I) over the points of discontinuity of F(x) is zero, then the Rie- 
mann-Stieltjes integral f F(x)dm(x) exists. 


The proof of this theorem can be patterned very closely after a well known 
existence theorem for the Riemann-Stieltjes integral of a numerically-valued 
function (see Hobson [1, pp. 542-544]). In the present case the proof is some- 
what simpler than that given by Hobson as a result of the general theorems 
proved above (see §§10, 11). We show that p(I(F, %, A,)) 0 as ke for an 
arbitrary sequence A,, k=1, 2,--- . It follows that Is F(x)dm(x) exists, and 
that /(F, F(x)dm(x) for an arbitrary sequence A,. 

The corresponding theorem for the Riemann integral in abstract spaces 
was first proved by Graves [1]. 

We shall now give a second definition of continuity and from it obtain 
another existence theorem. The two definitions of continuity are distinct, and 
they lead to different existence theorems. 

The fluctuation ®(F, 7) of F(«) on the closed interval J is defined by 
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(22.2) dF, 1) = sup D(C [F(a1)], C[F(+2)]). 

21,22 
The saltus w(F, x0) of F(«) at xo e Y is defined in terms of this fluctuation in 
the usual way. Finally, F(x) is continuous at x» e 4 if and only if w(F, xo) =0. 
A point of continuity of F(x) according to this definition may be a point of 
discontinuity according to the first definition. 


(22.3) THeorem. Let F(x) and m(J) satisfy Hypotheses 20.1-20.4. If the 
variation of m(I) over the points of discontinuity (in the second sense) of F(x) 
is zero, then the Riemann-Stieltjes integral set RS [LF (x)dm/(x) | exists. 


As a result of Theorem 21.5, this theorem will be established if we show 
that /(F, U, Ax), R=1, 2,--- , is a Cauchy sequence for every sequence of 
decompositions A,. The analysis used in establishing this fact is similar to 
that in the proof of Theorem 22.1 and is omitted. 

The conditions stated in Theorems 22.1, 22.3 are sufficient but are not 
necessary (see Graves [1]). 

23. Properties of the Riemann-Stieltjes integral set. We shall first in- 
vestigate the additive properties of RS[°F(x)dm(x)] with respect to inter- 
vals and functions. 

It will be convenient to use F +*G to denote the closure of F+G. 


(23.1) THeorem. If RS[f-F(x)dm(x)] and RS [/-F(x)dm(x) exist, a<c 
<b, then RS[f-F(x)dm(x) | exists and RS 


Let %1, denote the intervals aS<x<c, c<x<b. By (2.7), (2.8) we have 


c b 
D f | +*RS | f F(x)dm(x) |, I(F, AZ) 
+* Uy ai")) < p(rs| f | 1(F, %, at)) 


b 
+ p(rs| f |. I(F, %s, au"), 
from which the proof follows. 


(23.2) THeorem. /f integrals RS[ i(x)dm(x) ], RS[ F2(x)dm(x) ], and 
{ +F2(x)}dm(x) exist, then 


f F(x) + }dm(2) 


_ 
| 
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Let G(x) =F, (x)+F2(x). Then £ F,(J)+F,(/) for any interval J %. 
The proof follows from this fact and the properties of the convex operator C. 

(23.3) THrorem. Let u(x), v(x) be numerically-valued functions such 
that u(x) 20, v(x)=0. For each x eX let F(x) be a convex set in B. If 
RS (x)dm(x)] and RS [fo(x)F (x)dm(x)| exist, then RS { u(x) 
+v(«) }F(x)dm(x) | also exists, and 


RS if { u(x) + | 


(23.4) 
= RS lf { u(x)F(x) + o(2)F(2)} dm) |. 


(23.5) Tueorem. Let u(x), v(x) be functions defined on % whose values 
are numbers but otherwise arbitrary. For each xe % let F(x) be an element 
in B. If ] exist, then {u(x) 
+0(x) } F(x)dm/(x) | exists and (23.4) holds. 

The proofs of these two theorems are omitted. 

We shall now examine analogues of removing a constant from under the 
sign of integration. 


(23.6) THEOREM. Let T be a continuous linear transformation with domain and 
range B which has an inverse T- with the same properties. If RS [LF (x)dm(x) | 
exists, then RS[f,TF(x)dm(x) ] exists and equals T {RS [LF (x)dm(x)]}. 


The corresponding theorem for the Lebesgue integral was proved byBirk- 
hoff [1, pp. 370-371 ]. 


(23.7) THrorem. Let u(x) =0 be a bounded, numerically-valued function 
defined on X, and F an arbitrary bounded set in B. Let m(1) satisfy Hypotheses 
20.3, 20.4. If RS[f’u(x)dm(x) ] exists, then RS[f-u(x)Fdm(x) ] exists and equals 
RS [f-u(x)dm(x) JC [F]. 


From the definition of the integral range in §20 and Theorems 2.18, 2.21 
we have 


I(u(x)F, U, Ax) = [u(T# )F = 


(u(x), Ai)C[F}. 
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Next, by Theorem 2.21 we have 
b 
p(Rs f CIF], [(u(x)F, A, 


< p(rs[ , I(u(x), A, D(C|F], 0). 


Since J(u(x), UX, A.) u(x)dm(x) | as ko and F is bounded, the proof 
follows. 

(23.8) THEorem. Let u(x) be a bounded, numerically-valued function defined 
on X; let m(I) satisfy Hypotheses 20.3, 20.4; and let f be an arbitrary element 
of B. If RS[f, u(x)dm(x) | exists, then RS[ S’u(x)fdm(x) | exists and equals 
RS u(x)dm(x) |f. 

The proof follows from Corollary 2.17. , 

We shall now prove the analogue of the inequality Sou(x)dx — J,v(x)de| 
< {| u(x) —v(x)| dx for numerically-valued functions u(x), v(x). 

(23.9) THEOREM. Let F,(x), F2(x) and m(J) satisfy Hypotheses 20.1—20.4. 
If RS[f,Fi(x)dm(x) |, i=1, 2, exist, then 


p(Rs | , RS | f }) 


< ham. 


a 


(23.10) 


The integral on the right in (23.10) is the upper generalized Riemann- 
Stieltjes integral of a numerically-valued function (see Hobson [1, p. 546]). 
To prove the theorem, we observe first that 


+ D(I(F,, Ax), I (Fo, Ax)) 


+ D(I(Fe, A, Ax), Rs| f 


Then by (2.6), (2.7), (2.8), and the definition of J(F, U, A.) we have 
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Finally, we observe that 


sup D(C|Fi(x)], C[Fe(x)]). 


From these facts the proof follows. 

The next theorem states a sufficient condition that the Riemann-Stieltjes 
integral set be additive (see Theorem 23.2). In it and in its proof, we shall 
understand fluctuation, saltus, and continuity in the second of the two senses 
of §22 (see (22.2)). 


(23.11) THrorem. Let F,(x), F2(x), and m(Z) satisfy Hypotheses 20.1—-20.4, 
and let the variation of m(I) over the points of discontinuity of F(x) and F;(x) 
be zero. Then 


rs| {F,(x) + Fa(s)} 


(23.12) 
= Rs| f +* Rs| f Fa(s)am() |, 


the existence of these integrals following from Theorem 22.3. 


The proof of this theorem depends on the following two lemmas, whose 
proof we leave to the reader. 


(23.13) Lema. If I) is defined by (22.2), then I) <®(Fy, 1) 
+(F», /). 

(23.14) Lemma. Let Fi(x), F2(x) be constant, that is, let F\(x)=F,, Fo(x) 
=F, for all x e XU. Then the relation (23.12) holds. 


We proceed to the proof of the theorem. Let ¢ and ¢ be any positive 
numbers. Then with each point £ of 2 we can associate an interval J of length 
not greater than ¢ such that ®(F;, J) <w(F;, £)+¢€/2, i=1, 2 (see Hobson 
[1, pp. 466-467 |). Then by Lemma 23.13, ®(F,+Fo, J) < +w(Fs, +e. 
By the Heine-Borel theorem a finite number of these intervals cover Y%. 
Finally, we can replace these overlapping intervals by a finite set of non- 
overlapping intervals J such that in each of them ®(F,+F:2, 7) <w(F,, £) 
+w(F2, £)+¢, where é is either an interior or end point of J (see Hobson 
[1, pp. 466-467 ]). Let »<¢ be the length of the shortest of these intervals, 
and let their end points be a=x)<a1< <x,=b. 

Let two functions G(x), Ge(x) be defined on as follows: G,(x) =F 
for R=1,2,---, mand i=1, 2. Set G(x) =G,(x) +G,(x). 

Let A(e) be the closed set of points of 2 at which the saltus of either F(x) 
or F,(x) is greater than or equal to e. With each point x e A (e) associate the in- 


‘ 
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terval x—pXx<x+ p. These intervals coalesce to form a finite number of 
nonoverlapping intervals contained in &%; denote them by A(e, p). The set 
A(e) is the inner limiting set of the sets A(e, p) as p—0. Since the variation 
of m(I) over A(e) is zero by hypothesis, it is possible to choose p so that the 
variation of m(Z) over A(e, p) is less than an arbitrary positive number ¢’. 
Choose ¢ so that <p; then also n<p. Then if one of the intervals J contains 
a point of A(e), it is contained entirely in A (e, p). Let %, denote the sum of the 
intervals J which contain no point of A(e) and %; the sum of the remaining 


ones. Then m(%:) <¢’. 
We can now establish (23.12) by showing that the distance between the 
sets on the two sides of the equation is zero. By (2.5) we have 


p(rs| { + Fx(2)}dm(a) |, Rs| | 
+* Rs| 
(23.15) < p(rs| F(x) + Fx(2)}dm(s) Rs| 


+ |, Rs] | 


By Theorems 23.1, 22.3, and (2.8) the first term in the right-hand member 
of (23.15) does not exceed 


p(rs| f { Fy(x) + Fa(a)}dm(x) |, Rs| G(a)am(x) 
+ p(Rs | f {Fi(x) + Fo(x) }am(x) DS | f _G(a)am(s) 


By Theorem 23.9 and the results above, the first term here does not exceed 


(23.16) 


D(C[Fi(x) + Fe(x)], C[G(x)])dm(x) f [w(F1, + w(Fe, + €]dm(x) 


S 3em(U1) S 3em(A). 


The upper integral of Theorem 23.9 is an ordinary integral here by Theorem 
22.1 and the hypotheses of the present theorem. Also by Theorem 23.9, (2.5), 
Hypothesis 20.2, and the results ahove, the second term in (23.16) does not 
exceed 
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f D(C|Fi(x) + Fo(x)], C[G(«) ])dm(x) < f 4Kdm(x) < 4K¢’. 


Thus the first term in the right-hand member of (23.15) is less than 
3em(X) 
Now consider the second term in the right member of (23. 15). By Lemma 
23.14 and the definition of G(x) we have RS x G(x)dm(x) ]= RS[f'Gi(x)dm(z) ] 
+*RS [-G2(x)dm(z) ]. Then by (2.7) and (2.8), the second term in the right- 
hand member of (23.15) does not exceed 


D(rs| f Rs| }) 


as before we can show that this expression does not exceed 3em(M)+4K¢’. 

Collecting results, we see that the left-hand member of (23.15) is less than 
6em(A)+8K¢’; since m(A), K are constants and e, ¢’ are arbitrary, it is there- 
fore zero. The proof is complete. 

We turn next to a theorem of a different type. Let T denote an element 
of E (see §3). We shall consider a transformation T(x) which depends on the 
real parameter x. Then || [7(x1) —T (x2) ]f|| x2)]|f||. We shall say that 
T(x) is continuous in x at x» if and only if for each ¢>0 there exists a 5(o, €) 
such that C(x, x0) <e for |x—x0| <6(xo, €). 


(23.17) THrorem. Let F(x) and m(1) satisfy Hypotheses 20.1-20.4, and let 
T(x) be continuous in x on the closed interval 4. Tf RS LiF (x)dm/(x) | exists for 
every interval cS x<d on A, then RS T (x) F(x)dm(x) | also exists. 


First we approximate to T(x) by a sequence T,(x), m=1, 2,---, such 
that T,,(x) is constant on subintervals of %. Then the proof is completed by 
means of Theorem 23.1, a slight extension of Theorem 23.6, and Theorem 
13.6. 

24. Improper integrals. Let F(x) and m(J) satisfy Hypotheses 20.1, 20.3, 
20.4, and let F(x) be boundedexceptatx =c,a<c <b. IflimRS ], 
lim RS[?,..F (x)dm(x) exist as €, independently, then we say that the 
improper integral RS[f’F(x)dm(zx) ] exists and that its value is the closure of 
the sum of these limits. If 


b 
tim f D(C|F(x)], 0)dm(x), tim f D(C|F(x)], 0)dm(x) 
a 
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exist as €, €:—0 independently, we shall say that the improper integral 
RS [LF (x)dm(x) | converges absolutely. Similar considerations apply if there 
are any finite number of points of & at which F(«) is unbounded. 


(24.1) TuHEorem. Let T(x) satisfy the hypotheses of Theorem 23.17. If 
RS[[’F(x)dm(x)| is an improper integral which converges absolutely, then 
RS LT (x)F (x)dm(x) | exists and converges absolutely. 


25. Extreme integrals. We shall show that there are certain points of the 
Riemann-Stieltjes set RS[ IF (x)dm(x) ] which are exact analogues of the up- 
per and lower Riemann-Stieltjes integrals of a numerically-valued function. 

Let F(x) be a function defined and bounded on % which has its values in 
n-dimensional euclidean space but is otherwise arbitrary. By Theorem 
2.14 and §20, we have J(F, Assume that 
RS[ IF (x)dm(x)] exists. Then the closed convex set RS [LF (x)dm(x) | has 
at least two extreme points (unless it is a single point), and they are limit 
points of extreme points of /(F, UM, Ax) (see Price [1, §9]). Furthermore, if g 
is an extreme point of J(F, A,), then and by Theorem 2.15 
gi is an extreme point of C[F(/;*)], i=1, --- , m:. Moreover, the extreme 
points g; are contained in the closure of the sets F(/#). Finally, the set 
RS | (x)dm(x) ] is the closed convex hull of its extreme points. 

For a numerically-valued function, the set 


(25.1) I(u, Ax) = DS 
has exactly two extreme points, and they are 


(25.2) >| sup >| inf u(x) m(I 


i Leek; i ze 
Also, supze1,+ “(x) and inf, e7, u(x) are extreme points of the set C[u(TF) | 
and belong to the closure of u(/*). Moreover, the limits of the two extreme 


points (25.2) of (25.1) are 


a a 


the twoextreme integralsof RS ]. Finally, theset RS [ [2u(x)dm(x) ] 
is the interval bounded by—that is, the closed convex hull of—the points 


foamy, 


a a 


These results hold at least in n-dimensional euclidean space and possibly 
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in more general spaces (see Price [1, §9] and Theorems 2.14, 2.15 above). 
It was in connection with the results of this paragraph that the author 
rediscovered extreme points of convex sets. 


Part VI. OTHER MEASURABLE FUNCTIONS 


26. An extension of Bochner’s results. We shall now show how the pro- 
gram of Bochner can be carried through in a more general case. 

Let F(x), G(x), - - - denote functions defined for x in & whose values are 
sets in B. Let m(X) be a numerically-valued, nonnegative measure function 
defined for sets X in ¥. Let G(x) denote a function which takes on only a finite 
number of values, that is, a function for which there exists a finite decomposi- 
tion of into sets X;, - - - , X,of ¥ with G(x) =G; forx e X;,i=1,---,r. 
A function F(x) will be called measurable if there exists a sequence G,(x) of 
these functions such that lim, ... D(F(x), G,(x)) =0 almost everywhere (X, m). 


(26.1) Derrntri0n. faG(x)dm(x) °C [G;]m(X)). 


With this definition, we see that the integral of G,(x)+G.(«) exists, and 
that fa {Gi(x)+Ge2(x) }dm(x) = fyGi(x)dm(x) +* fyGo(x)dm(x). The real-val- 
ued function D(G(x), 0) is measurable. From (2.5) we have | D(F(x), 0) 
—D(G,(«), 0)| < D(F(x), G,(x)), from which it follows that D(F(x), 0) also 
is measurable. We see then that [4D(G(x), 0)dm(x) exists, and from (2.8) it 
follows that D(/aG(x)dm(x), 0) < faD(G(x), 0)dm(x). 

We shall say that the measurable function F(x) is summable if D(F (x), 0) 
is summable. Let u(x) be a positive, real-valued, summable function; 
and let {F,(x)} be a sequence of bounded, measurable functions such that 
D(F,(x), 0) <u(x) for all x. By arguments similar to those in §18, we can 
show that if F(x) is summable and F,,(x)—>F(x) almost everywhere (%, m), 
then lim /aF,,(x)dm(x) exists and is unique. We define /4F(x)dm(x) to be the 
closure of lim /aF,(x)dm(x); it is therefore a closed convex set. Summable 
functions and their integrals have the following properties: 

(26.2) D faF (x)dm(x), 0) faD(F(x), 0)dm(x); 

(26.3) if F(x) is constant and equal to F, then [4F(x)dm(x) =C[F |m(Q); 

(26.4) if c, ce are constants and F,(x), F2(x) are summable functions, then 


f { 1(x) + coF’2(x) } dm(x) = af F,(x«)dm(x) +* af F,(x)dm(x); 


(5) if M=Xi+X2+ --- and X,,X,=0 for then 


= f F(2)dm(x); 
a 1 Xn 
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(26.6) if the summable functions F(x), F2(x), - - - on % have a summable 
real-valued bound u(x), that is, if D(F,.(x), 0) < u(x) for all , and if lim F,,(x) 
exists for almost all x, then lim /qF,(x)dm(x) = fylim F,,(x)dm(x). 

27. A more general class of measurable functions. Bochner [1] and Dun- 
ford [1] have obtained extensive classes of measurable functions from classes 
of finitely-valued functions and continuous functions respectively. It is possi- 
ble to show by means of examples that a more general class of measurable 
functions can be obtained by starting from a more general class. We shall 
describe such a class of functions. 

Let G(x), Gi(x), - - - be functions defined on <b whose values are 
sets in 8. Let ® be a class of these functions with the following properties: 

(27.1) G(x) e ® implies D(G(«), 0) is bounded and continuous except pos- 
sibly on a set of measure zero. 

(27.2) G(x) e implies RS[/’G(x)dx] exists; 

(27.3) G(x), Go(x) e implies Gi(x) +G.(x) e ®. 

(27.4) G,(x), G.(x) 2 ® implies the points of discontinuity of D(G,(x), 
G2(x)) are a set of measure zero at most. 

(27.5) G(x), Go(x) & implies RS[f. {Gi(x) +G2(x) \dx]=RS dx] 
+*RS 

The extension of the class ® and the determination of the properties of 
the integrals of functions in the extended class are left to the reader. 


ParT VII. FOURIER SERIES 


28. Fejér’s theorem. For functions f(x) which are measurable and almost 
separable, the fundamental results for singular integrals hold as for numeri- 
cally-valued functions. The proofs are so similar that they need not be re- 
peated here (see Hobson [1, vol. 2, chap. 7] and Bochner [1, §7]). We shall 
give certain results for the Fejér integral of functions F(x), however. 

Let F(x) be defined for —7 <x <7 and elsewhere by F(x+27) =F(x); the 
values of F(x) are sets in B. Let RS[/;F(é)dt] exist for every interval J con- 
tained in —2<tSrz, and if it is an improper integral, let it be absolutely 
convergent. The Fejér integral corresponding to this function is 


1 * sin? [m(x — t)/2] 
sin? [(x — #)/2] 


The existence of this integral, not only for the interval indicated but also for 
every interval contained in it, for all m and x follows from the hypotheses 
concerning F(x) and Theorem 24.1. 


(28.2) THEorEem. The limit as m—~@ of the Fejér integral (28.1) exists for 
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each value of x for which C|F(x+9)]| exist, and the value of this limit is 
(1/2) [F(«—0)]}. 

The proof of this theorem follows the general outline of the proof of the 
corresponding theorem for numerically-valued functions. In the course of the 
proof it is necessary to use (2.5), (2.6), (2.7), the second definition of continu- 
ity in §22, and Theorems 23.1, 23.7, 23.9. The details are somewhat long and 
will be omitted. 

Let f(x) satisfy all the hypotheses imposed on F(«) above; in addition let 
f(x) for each x be an element in &, and let its points of discontinuity form a 
set of measure zero. Then /”,f(t)dt exists, and Theorem 28.2 holds for f(x). 
Let elements a,, 5, in 8 be defined by 


1 1 
(28.3) ad, = —{ f(t) cos nt dt, b, = —f f(t) sin nt dt 
TJ 


for n=0, 1, 2,--- . These integrals exist by Theorem 24.1. With these coeffi- 
cients we form the Fourier series 


(28.4) ao/2 + >> (a, cos nx + by sin nx). 


n=1 


The investigation of the summation by Cesaro means of order one (see Knopp 
[1, chap. 13]) of (28.4) leads in the usual way to Fejér’s integral (28.1). 
Theorems 23.5, 23.6, and 23.11 enable us to make the necessary transforma- 
tions. Then from Theorem 28.2 we have the following theorem. 


(28.5) THEOREM. Let f(x) have the properties just specified. Then the Fourier 
series (28.4) associated with f(x) is summable C, at all points x at which the two 
limits f(x +0) exist, and its sum C, is (1/2) [f(x+0)+f(x—0) ]. 


Bochner [1, §7] has obtained a more general result by using the Lebesgue 
integral rather than the Riemann integral. In the present case a theorem more 
general than (28.5) might be expected, in particular, a theorem for functions 
F(x) rather than f(x), the series (28.4) having sets rather than elements as 
coefficients, corresponding to the greater generality in Theorem 28.2. The 
more general result is lacking because of the restrictive hypotheses in Theo- 
rems 23.3, 23.5, and 23.11. It seems therefore that there may be functions 
which can be represented by the limits of their Fejér integrals but which can- 
not be represented by their Fourier series. 

29. A theorem on the Fourier coefficients. Bochner [1, §7] has shown 
that the coefficients a,, b, in (28.3) tend to zero as n— for any function 
which is measurable and almost separable. The following generalization of a 
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well known theorem has a certain amount of interest because it is necessary 
to construct a new proof. 


(29.1) THEeorem. Let f(x) be a function defined on X whose values are ele- 
ments in B; let f(x) have bounded total variation on A. Then as > 


b 
(29.2) f f(x) sin Ax dx, f f(%) cos Ax dx 


are 

Since f(x) has bounded total variation on %, its points of discontinuity 
are denumerable and of the first kind only; hence the integrals in (29.2) exist 
by Theorem 22.1. We shall set up a sequence of subdivisions of the interval 2% 
which can be used in constructing the integral L(x) sin Ax dx. On the x axis 


mark the points 2rm/(2*), m=0, +1, +2,---. The intervals or parts of 
intervals of this subdivision of the x axis which lie on & will be taken as the 
intervals of the decomposition A, of 1, k=1, 2, - - - . The decompositions of Y 


have been chosen in such a way that the zeros of sin Ax on % coincide with 
end points of intervals. Let the end points of intervals of A, taken from left 
to right be x*,7=0, 1, - - - , m, and let Ax denote the length of the interval 
< x < 

It is clear that 
f f(x) sin Ax dx < | > sin Axe 
(29.3) 


1 


b 
f(x#) sin -f f(x) sin Ax dx 
a 


Since £ f(x) sin \x dx exists, for each €>0 it is possible to find a ko such that 
b | 

(29.4) sin Ax? -f f() sin Ax <e 
Nog a 


for k=ko (see Definition 11.3). 
Next consider the first term in the right-hand member of (29.3). Set 
s,=sin --- +sin fori=1,2,--- , m. Then 


= sil f(ar*) f(x#)| + so[f( x2) f(x#)] 
5 


from which it follows that 
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| sin dab < | — 


From the definition of s; it follows that |s;| </d for i=1, 2, -- - , m. Then 
since f(x) has bounded total variation on %, there is a constant V such that 


Collecting results from relations (29.3), (29.4), and (29.5) we have 
I f(x) sin Ax dx||<aV/A+e. Since e€ is an arbitrary positive number, it 
follows that || f’ f(x) sin Ax dx|| <+V/X. These results and similar considera- 
tions for the other integral in (29.2) complete the proof. 

30. Fourier’s theorem. From Theorems 7.5, 28.5, and 29.1 we have the 
following theorem. 


(30.1) FouRIER’s THEOREM. Let f(x) be defined on —3rSx<z and else- 
where by f(x+2r)=f(x); let the values of f(x) be elements in B. If f(x) has 
bounded total variation on —a <x <7, then the Fourier series (28.4) associated 


with f(x) converges for each value of x to (1/2) [f(x+0)+f(x—0) J. 
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POLYNOMIALS* 
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INTRODUCTION 


In 1912 S. Bernstein proved a theorem on trigonometric polynomials 
which has been considered by various authors during subsequent years. For 
our later purposes it is convenient to formulate this theorem in terms of 
harmonic polynomials as follows: 


I. Let u(x, y) be a real harmonic polynomial of the nth degree which satisfies 
the inequality | u(x, y)| <1 in the unit circle x°+-y* <1. If 1 denotes the positive 
tangential direction at an arbitrary point (x, y) of the unit circle x?+y?=1, we 
have 


(1) y?=1. 


The equality sign holds only if u(x, y) =cos n(@—¢o) for x+y" =1, where (1, ¢) 
are the polar coordinates of the point with the cartesian coordinates (x, y) on the 
unit circle, and oo is arbitrary real. 


Ten years ago I proved the following theorem, which is more informative 
than I:f 


II. Let u(x, y) be a real harmonic polynomial of the nth degree which satis- 
fies the inequality | u(x, y)| <1 in the unit circle x*+y?<1. Then 


(2) | grad w| = (uw? + < n, x? + y? <1. 


The equality sign holds for the same polynomials as in 1; it holds only for x?+y" 
=1ifn>1. 


In the present investigation I am dealing with the three-dimensional ana- 
logue of the last theorem. The following result holds: 


* Presented to the Society, September 8, 1939; received by the editors September 6, 1939. 

t See the literature quoted in the introduction of the paper referred to in the next footnote. 

t G. Szegi, Uber einen Satz des Herrn Bernstein, Schriften der Kénigsberger Gelehrten Gesell- 
schaft, 1928, pp. 59-70. See also S. Bernstein, Sur un théoréme de M. Szegi, Prace Matematyczno- 
Fizyczne, vol. 44 (1937), pp. 9-14. 
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III. Let u(x, y, z) be a real harmonic polynomial of the nth degree which 
satisfies the inequality | u(x, y, z)| <1 in the unit sphere x°+y?+2? <1. We as- 
sume n=4. Then 


| grad w| = + + u2)'? 


1 1 (— 1)" 0 if n even, 
1 3 2n —1 — 1 ifnodd, 


y+2? sl. 


IIA 


(3) 


The equality sign holds only for the polynomial u(x, y, 2) whose boundary 
values on the unit sphere x?+~y"+2?=1 are of the form +cos ny; here y ts the 
spherical distance of the variable point (x, y, 2) on the unit sphere from a fixed 
point P, of this sphere. 

For these polynomials the equality sign holds only at Py and at the point 
diametral to Pp. 


The bound p, in the inequality (3) is the precise one. We have p,~n7m/2 
asn—~, 

The proof follows an argument very much similar to that used in the 
proof of my former Theorem II. The underlying idea is due essentially to 
M. and F. Riesz; these authors dealt, of course, only with the inequality (1) 
of S. Bernstein. In the present case the chief difficulty is to prove the positiv- 
ity of the trigonometric polynomial 


Pn-v 
cos cos (n — v)@ 


Pn 


4) M,(0) =1+ { 


+ [(n — v)/n] sin nO sin (n — nol 


for all real values of 0. 
Unfortunately, my proof for (3) fails if »=2 or n=3. In these cases the 


less precise inequality 
(3’) | grad < 21/2n 


can be obtained. We notice that 2'/?.2 =2.82 - - - whereas pp =8/3 =2.66 - - -, 
and 2'/?.3=4.23 --- whereas p;=21/5=4.20. 


FIRST PART OF THE PROOF 


1. It is sufficient to prove (3) for x=y=0, z=1. For the other points of 
the unit sphere the statement follows by a simple rotation, for the interior 
points by considering u(kx, ky, kz), OSk<1. 

If we introduce polar coordinates r, 6, ¢ (in the usual notation), we have 
for u(x, y, 2) =U(r, 0, 
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(5) | grad w| = {U2 + + ((r sin 1/2, 


so that our inequality (3) is equivalent to the following statement: Let a, 8 
be arbitrary real constants, and 


(6) K = cosa-U, + sin a cos B-r' Us + sin a@ sin B(r sin 
then 
(7) | K| < pn. 

2. Representing u(x, y, z) = U(r, 0, @) in the form 


(8) U(r, 0, = Aod(r, 0) + > (A,(r, 6) cos + B,(r, @) sin vp), 


v=] 


we have 


A,(r, 0) = sin’ dP.” (cos 
(9) 
B,(r, 0) = sin’ (cos 6)r’, 
where a,, and b,, are real constants; P,(cos 0) is Legendre’s polynomial in the 
usual notation. 
For x =y=0, z=1, orr=1, 0=0, we find 
OAg 
or p=l 
0A 1 OB, 


— cos ¢ + — sin 
06 06 


= PS (1) cos + sin 


p= 


lim ((r sin 
im 7 sin = =— 
a6 a0 


= Pi (1)(— au sin + by cos ¢), 


B= 1 


so that 


K = cosa), + sin @ cos (¢ + Pi (aus 
u=1 


(10) n 
+ sin a sin (¢ + B) >> Pi (1)d,1. 


p=l 


53 
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3. According to the orthogonality property of the surface harmonics, we 
have 


6’, $’)P,(cos 6’) sin 6’d6’d. 
(1, 0’, ’)P,(cos 6’) sin = ——— ayo, 
0 2u + 1 
f f U(1, 6’, sin (cos 6’). sin 0’dé'd¢’ = 
so that 
+r n 
K = U(1, 6’, ¢’) @ + 1) P,(cos 6’) 
(11) 


+ sin a cos (¢ — ¢’ + B) (2u + 1) sin 6’ P (cos sin 6’d6'd¢’. 


p=l 


In these integrals, 0<0’ <7, +7. 
4. Now, we introduce the Fourier expansions 


1 n 
— sin 0 >> u(2u + 1)P,(cos 8) 
4 


= p, cos 8+ pocos 206+ --- + 


(12) 
—rsin?@ + (cos 6) 
8 
= o¢,sin@0+ 
Since 
f sin @P,(cos @) cos = f sin? (cos sin = 0, 
0 0 


the coefficients p,, ¢,, 1<v<n, depend only on 7; that is to say, for a fixed 
value of v, they are independent of ». Consequently, we find from (11): 


+r +r 
U(1, 6’ 400s a >> p» cos v6’ 


27? v=1 


+ 2 sin a cos (¢ — ¢’ + a> o, sin . 


Here both 6’, ¢’ run from —7z to +7; we use the fact that 


+r 


U(1, 6’, 


(13) 
| 
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is a cosine polynomial of the mth degree, ard also that both integrals 


cos 
U(1,0’,¢’). de’ 
sin 


+r 
represent sine polynomials of the mth degree. 


SECOND PART OF THE PROOF 


The basic idea of this part is similar to that used in the proof of II (see 
the Introduction). 
1. We write (13) in the form 


1 +r +r 

K =— U(A, 6’, p(6’ 

13") ( ¢’) {cos a: p(6’) 
+ 2 sin a cos (¢ — ¢’ + 
where 
(14) p(0’) = > p» Cos v6’, o(0’) = o, sin v6’. 
y=1 vel 

Let us put 
(15) p, cos a cos n§’ + 20, sin a cos (¢ — ¢’ + B) sin 6’ = R cos (nb! — 4), 


where R>O, 6 real, and R, 6 are independent of 6’; obviously, R and 6 depend 
on a, B, We have 


(16) R= { p2 cos? a + 40,2 sin? a cos? (6 — ¢’ + B)} 12, 
Furthermore, for 1<»<n-—1, 
Pn—» COS a cos — + sin a cos (¢ — ¢’ + B) sin (m — 
= (pn»/pn)R cos cos — 6) — (v6’ — 

+ sin 6 sin { — 6) — — 8)}. 
Adding to this expression 
(pn—»/pn)R cos cos { — 5) + — 

— (on-»/on)R sin 6 sin { — 5) + (v6’ — 8)}, 

we obtain 
2R cos — 5) { (pn—»/Pn) cos 6 cos — 5) — (an-»/on) sin 5 sin — 6)}. 


Consequently, since U(1, 6’, o’) is a trigonometric polynomial of the nth de- 
gree in 6’, 
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+r 
U(1, 0’, ¢’)-R cos — 5) 
(17) 


+ cos cos — 6) sin 6 sin (vo’ — 


v=1 on 


2. We now replace cos (”é’—6) by 


{ 1— 1— 


4r (1 — 2r cos — 6) +P? 


and obtain in the usual manner* 


+r 
U(1, 6’, 
r—1—0 f ¢) 


K = lim 


1 — 2r cos —5) +r? 1+ 2r cos —5) 


{1 +2 ( 
v=l Pn 


cos 6 cos — 4) 


sin 6 sin (v6’ — 5)) 
(18) 1 +f 
= — 6’, {i+ ~ cos 5 cos (v6’ — 6) 
v=l Pn 
— —— sin 6 sin — 
on 
1 
von ="cos 6 cos (v6’ — 8) 
v=1 Pn 
Can 


~ sin 6 sin — 


on 


The summations >.’, >,’’ are extended over the modulo 27 incongruent val- 
ues of 0’ for which n6’ —5=0 and 7, respectively. (These particular values of 0’ 
depend, of course, on a, 8, ¢, ¢’, n.) For these values 


-1420 (= 


cos 6 cos (vé’ — 6) — — sin 6 sin (v6! — s)) 


on 


— sin sin (n — = M,(6’). 


on 


cos n@’ cos (n — v)6’ + 


* Szegi, loc. cit., p. 64. 
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Since o,=m (see (29)), this is the same trigonometric polynomial of order 
2n—1 as defined in (4). It depends only on n. 
Consequently, 


1 +r 
— 6, do" 
_, 
(19) 
1 +r 
J _, 
Here and in the next section, }-’ and >.”’ have the meaning given above. 
3. In the last part of the proof we are going to show that M,(6’) >0 for 


all real values of 6’. Anticipating this result, we obtain from (19) 
1 +r 1 +7 
(20) |K|<— f + — >’RM,(6') dd’. 
_, 


But we easily see that the trigonometric polynomial /,,(6’) does not contain 
any term with cos n@’ and sin v6’, and also that its absolute term is 1. Hence 


(21) = = 1, 
n n 


so that on account of (16), 


1 +r 1 +r 
ikis—f Rio’ + — f Rdg’ 
us 


(22) 


1 +r 
= (p,2 cos? a + 40,2 sin? a cos? ¢’)!/2d’. 
By means of Schwarz’s inequality 


1 
(p,2 cos? a + 40,2 sin? a cos? ¢’)dd’ = p,2 cos? a + 20,2? sin? a p,?, 
Td 


provided that p,? = 20,2. This is the case for n= 4 (see (30)). For these values 
of n, the inequality | K| <p, is proved. 

4. The preceding argument, combined with (30), shows that |K| <pn 
holds provided that sin? a>0. Now let sin? a=0, cos a=1; then 6=0, R= pn. 
In this case (19) reads as follows: 


K="y've — (0). 
2n 2n 


Here U(0’) 0’, ¢’)db’, and the sums >>’, are extended 
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over the modulo 27 incongruent solutions of the equations 76’ =0 and 7, re- 
spectively. Taking (21) into consideration, we see that K =p, holds if and 
only if U(6’) =cos n6’ for the special values of 6’ mentioned. Since the cosine 
polynomial U(6’)—cos n6’ vanishes for the values 6’=0, 2r/n,---,7 
(for which cos 6’ assumes +1 distinct values), it must vanish identically, 
that is, U(@) =cos 

Similarly K = —p, holds if and only if U(@) = —cos n#. 

Considering the case U(@) =cos we write again =k7/n, k an in- 
teger. This furnishes 

1 +r 
U(1, 6’, = (— 1). 

Since | U(1, 6’, 6’)| <1, we find U(1, 0’, ¢’) =(—1)* identically in ¢’. Con- 
sequently, by use of the notation (8), (9), we have for the values of @’ men- 
tioned before, A,(1, 0’) =B,(1, 0’) =0, v=1, 2, - - - , m, or if sin 0’+0, 


(cos “=> by» Ps” (cos 6’) = 0. 

These equations hold in particular for 0’ - - - , (n—1)m/n, so that 
A,(1, 6) and B,(1, @) must vanish identically for v greater than or equal to 2, 
and A,(1, @) =const. sin 76, B,(1, 6) =const. sin 20. Finally, U(1, 0, ¢) =cos 8 
+c sin n0 cos (¢—¢o), ¢ and ¢» constant, and as a consequence of | U| <1 we 
find c=0. 

CALCULATION OF AND 
1. The constants p, and a, involved in the previous considerations, can 

be calculated in various ways. A comparatively simple procedure is based on 
the well known formulas 


lim {Q, (u + ie) — Qn (u — ie)} = — ixP, (u), 
(23) 

lim {Q,!(u + ie) — QO, (u — ie)} = — inP, (u), 

e>+0 


where —1<u<-+1 and Q,(é) denotes Legendre’s function of the second kind. 
Let z=re®, 0<r<1, 0<0@<z7; then (23) can be written as follows: 


2 
P,,(cos 6) + z)), 


— 


(24) 2 
(cos 0) = — lim SQ, + 


r-1-0 


so that 
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1 n 
= sin ‘>> + 1)P,(cos 
= lim — —— — + + 2) 
4 2% T pat 


n 


1 — 
lim ® { D + + , 


p=1 


(2u + (cos 6) 


ri-0 8 


r—1—0 162? 
Now Q,((z+27-)/2) is a power series of z starting with 2+’; therefore 
is a power series starting with z*. Adding to the sums on 
the right-hand side of (25) the corresponding terms with u>n, we do not in- 
fluence the coefficients of z, 2, - - - , 2". From this, we conclude that the n 
first coefficients of the expansions (12) agree with the corresponding coeffi- 
cients of 
i-s<s 
(26) 
(1 — = 
g(z) = — ——— + 
162? p=0 
In particular, p, and a, are the coefficients of 2” in the power series expansions 
of the functions (26), regular for |z| <1. 
2. In order to compute the functions (26), we start from the classical 
formula 


1 


+ 00,8) +E Qu + 
p=0 


p=n+1 


n 


1 
(un + 10,8) + — 


(2u + 1)Q,(8) + 


Here §=(z+z-1)/2, |z| <1, is in the complex plane cut along the segment 
[—1, +1]. Now 
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u=1 


> u(Q,-1(E) — Q,(€)) Q,(), 


so that from the well known integral representation of Q,(), by use of the 
generating function of P,(#), 
1 1 +1 P(t 2-3/2 +1 (4 — f)-1/2 


2u + 1)0, 


2-1/2 2 1/2 
tan ( ) 
(— — 1)3?? 


23/2 
= arc tan (. ) 


(1 — z)8 
423/2 
= arc tan (z!/?), 
(1 — 2)? 
Consequently, 
f(z) = arc tan (21/2) = —— log ———_ 
(1 — z)? (1 — 3)? 24 1 — és*/2 
= (2v+ >> 
v=0 
(28) 
n= (2n 
v=1 2p 1 
(- 1 +4 0, even, 
1 3 2n — 1 — 1, nodd, 


which agrees with the expression in the right-hand member of the inequality 
(3). 


3. A simpler argument furnishes from (27) 


Dd (2u + (&) = — — 1)? = — 42°(1 — 2)-4, 


p=0 
1 /1+ 2\? 
z)=>— On =H. 
s(2) 


(29) 


4. It can be easily seen that 
(30) Pn > 2126, forn = 4. 


x 
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Indeed, we write 


where e, =0 or —1, according as is even or odd. If m is even, we find, n=4, 


1 


Pn-1 1 1 Pn-1 
2n 2%m—1) wm 2n—1) 


> 2-12, 


Apparently, (30) does not hold for n=1, 2, 3. Indeed p;=1, p2=8/3, 
p3= 21/5, 0, =1, 02 =2, 03=3. 
Positivity oF M,,(6) 


Let n=2. The remaining part of the proof is devoted to the discussion of 
the trigonometric polynomial (4), that is, of 


n—1 
M,(6) = 25 cos cos (n — + sin sin (n — 
p n 


v=0 n 


where the symbol >-* indicates that the term v =0 must be multiplied by 1/2. 
We want to show that M,(6) >0. 
1. Let 0<@<z. For the function f(z) in (28), we have f(0) =0, so that 


n—1 1 n—1 
cos (x — v)@ = — f(z) {2 > *2” cos (n — nol dz 


v=0 


1 
(31) — {cos nO + 2>> 2 cos (n — nol dz 
vel 


1 f(z) (1 — 2?) cos n@ + 22 sin 6 sin 0 


wi 1 — 2z cos 6 + 2? 


az. 


In an arbitrary domain not containing z = —1, the function f(z) has the only 
singularity z = +1; an additional singularity of the last integrand is at z=e*"*. 
The integrand being single-valued around z= +1, e**®, we can choose as a 
contour the following: A “large” arc |z| =R, |arg z| <7—e, and (approxi- 
mately) the segment —R, —1 of the negative real axis, counting twice and 
encircling z= —1 in the negative sense. The residues at z= +1, e*** have to 
be taken into consideration. 


61 
Pn 1 (- En 
+ 4 —,; 
2n 3 2n — 1 2n 
2n 
If mis odd, n=5, 
— 
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Now, since f(z) =O(|z|-"”) as s-2% (compare the second form of f(z) 
given in (28)), the contribution of the large arc can be disregarded. The resi- 
dues furnish 


(1 — cos 6 + 22 sin sin 
1 — 22 cos 0+ 2? 
(1 — cos n6 + 2e* sin n@ sin 


8 


d 
fa + arc tan (z!/?) 
; 


The first term is 
(— + (Qn + — 1/2) 2 sin n@ sin 2 cos 
2(1 — cos 6) 2 2(1 — cos @) 
(nx — 1) sin 6 sin + cos 


4 sin? (6/2) 


For the calculation of the second term, we note that for 0<0<7 


1 
{log cot [(@ + r)/4] + ix/2} 
(1 — 
(33) 
cos (6/2) 


= ——_ fi 
tain? 7 log cot )/4] /2} : 


so that the second term of (32) is 
— m cos (6/2) 
2M { ( — ei(n+1)8) | (e%) = 
4 sin? (6/2) 
Finally, we consider 
1 f(z) (1 — 2?) cos n@ + 22 sin sin 0 


(34) — 
2rid _« gntl 1 — 2z cos 6+ 2? 


dz. 


On the “upper” border of the line — ©, —1 we have, z= —t, 1<t<+, 


| 
whereas on the “lower” border, iz must be replaced by —i. Consequently, 
(34) will be 


1 


—n—1/ 
2 (t + 1)? 1+ 2tcosé+ 


so that 
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(nx — 1) sin sin + cos — cos (6/2 
2>°*pn_» cos (n — = - 
4 sin? (6/2) 


v=0 


+ 
2 J: iP 1+ 


(35) 


2. According to a well known formula, 
py in (2n — 1)(0/2 in (2 1)(0/2 
1+ cos + cos n0 (6/2) 
ven 2 sin (6/2) 2 sin (6/2) 
= sin n@ cot (6/2), 


so that 


n-1 
2>°*(n — v) sin (n — v)0 > sin + sin 


v=6 v=1 
sin 0 


n cos nO cot (6/2) + 2 sin? (6/2) 
This leads, in view of (35), to the following important representation: 


(max — 1) sin sin 6 + cos — x cos (6/2) 
co 
4 sin? (0/2) 


s no 


pnrM,,(0) 


(36) + cos no f 
1 


(t+ 1)? 1+ 
(0/2) + pn sin? 
— 3fn Sin cot 
2n sin? (6/2) 


3. Now, we 4rst establish the inequality 


| (— 1)" — 1 
(37) | ——————_ cos J dt\< 
| 3 1 (t+ 1)? 


Indeed, 


— f-lpid) | —1 
1+ 


f 
t+1 4J, 4n 


4. Next, we proceed to a discussion of the quantities p,. If s, denotes the 


63 
| | 
| dt. 

and 
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nth partial sum of the series 1/1—1/3+1/5— -- - , and e,=0 or —1 accord- 
ing as 7 is even or odd, we have 


1 v—1 
2ns, + €, = 2n (« 4- >> + €, 


v=n+1 2p 1 


1 1 


1 1 
Qn+ 5 2n+7 


We compare the last series with 


Pn 


1 1 1 1 1 1 1 
2\2n 22n+4 2 \Qn+4 2n+8 4n 
Since 
i fi 1 1 
2\2n 2In+4 2n+1 2n + 3 
6 3 
1)(2n + 3)(2n + 4) 
we find 
(38) pn = + + (— 1)"*1/2 + bn = — 1) + dn, 
where 
=(- 1 + 1 4 ) 
(39) 4 \n4 (nm + 2)4 (n + 4)4 


3 1 3 “dz 3 1 1 1 


Incidentally, sgn 6, =(—1)". 
5. Returning again to (36), we obtain 


(nx — 1) sin n@ sin 6 + = cos nO — x cos (6/2) 


prM (8 os n@ 
4 sin? (0/2) 
1) sin 2n0 wee sin? 43! 
— — 1) sin 2n8 cot (6, 
(40) sin? (6/2) 


— cos (6/2) cos — sin? 


= 6,/ 
4 sin? (0/2) * 
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where 
lar |< +6 in cot (0/2) + 
4n 2 2n sin? (0/2) 

(41) 
4n 6 Mn 4n 


or, according to (39), 

(42) | 60 | < 3/(4m) + 3/n?. 
6. In order to prove the positivity of (40), we distinguish two cases. 
(a) Let (1/2) cos (6/2) <1. Then 

(43) m(1 — cos (6/2)) — (1 — d?2), 


where \ varies between —1 and +1, has a minimum at A\=(1/2)m7 cos (6/2) 
which is r—n-!— (1/4)nx* cos? (0/2). Therefore, we only have to show that 


a — n-! — (1/4)nx? cos? (6/2) 3 3 


4 sin? (0/2) 4n 


Since —n-!—nz?/4 <0, the expression on the left-hand side is a decreasing 
function of cos (0/2), so that its minimum is attained for cos (0/2) =2/n7. But 


1 3 3 
r(1+—) 
nr 


n? 


this inequality is true for m= 3. 

(b) Let (1/2)mz cos (0/2) >1. Then (43) is decreasing and its minimum is 
reached for \ = +1, which is r(1 —cos (0/2)). Therefore, it is sufficient to show 
that 
3 3 


8 4n n? 


a(1 — cos (6/2)) 
4sin? (0/2) + cos (6/2)) 


which is true for n= 4. 

It remains to show that for n=2 and n=3, we have 7/8>|6, |, or using 
(41), 2/8>1/(4n)+4n|6,|. Since p2=8/3, ps=21/5, we find from (38) 
0<6.:=19/6—7, 0< —6;=32/2—47/10, so that the statements are 
+64(19/6—7), Both inequalities can easily be 
verified. 
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ON MEASURABLE STOCHASTIC PROCESSES* 


BY 
WARREN AMBROSE 


In recent years probability theory has been formulated mathematically 
as measure theory; in the case of stochastic processes depending upon a con- 
tinuous parameter the measures considered are defined on certain subspaces 
of the space of all functions of a real variable.t This formulation of stochastic 
processes depending upon a continuous parameter gives rise to certain meas- 
urability problems, and it is with these measurability problems that this 
paper is concerned. In particular we shall be concerned with conditions under 
which there will exist what Doob has called a measurable stochastic process. 
In §1 we give the necessary mathematical formulation of the notion of a 
stochastic process. In §2 we obtain general conditions for the existence of a 
measurable process, while in §3 we use the results of §2 to obtain conditions 
upon the conditional probability functions which are necessary and sufficient 
for the existence of a measurable process. In §4 we prove a theorem which is 
essentially due to W. Doeblin concerning the existence of a special sort of 
measurable process in case the conditional probabilities satisfy certain regu- 
larity conditions. 

1. Mathematical formulations. We shall denote by © the space of all real- 
valued functions of a real variable. We introduce a topology on Q by defining 
neighborhoods as follows: if 4, - - - , t, is any finite set of real numbers and if 
- - -,b, aresets of real numbers satisfying — © Sa;<b;S 
(i=1,---, m), then the set of elements x(#) of @ which satisfy 
a; <x(t;) <b; (é=1, --- , m) is a neighborhood. Next we consider a probabil- 
ity measure P(M), defined on the Borel field of sets determined by the col- 
lection of neighborhoods;§ we shall suppose the domain of definition of the 
measure P(M) to be so extended that if P(M)=0 for a certain set M, then 
P(N) is defined for every subset N of M. The sets for which P(M) is defined 
will be called P-measurable. If N is any set in Q, we define its outer P-meas- 


* Presented to the Society, September 8, 1939, under the title Some properties of measurable 
stochastic processes; received by the editors June 5, 1939. 

t See [2] and [5]. Numbers in square brackets refer to the bibliography at the end of this paper. 

t See [2, p. 113]. 

§ The Borel field of sets determined by a given collection of sets is the smallest collection which 
contains the sets of the given collection and which has the further properties: (1) if M belongs to the 
collection, then so does the complement of M, (2) if M,--+,Mn,+++ belong to the collection, then 
so do); ,.M sand Il.” ;. A measure is a completely additive nonnegative set-function; a probability 
measure is a measure for which P(Q)=1. 


66 


| 


STOCHASTIC PROCESSES 67 


ure, denoted by P(N), to be the lower bound of numbers of the form P(M), 
where M ranges through the P-measurable sets including NV. 


DEFINITION. Let 2’ be a subset of Q for which P(Q’) =1. If M’ is the inter- 
section of Q' with a P-measurable set M, then we define the probability measure 
P'(M’) by P'(M') =P(M).* The space Q' together with the probability measure 
P'(M") is a stochastic process.t 


For brevity we shall sometimes speak as though the space ’ were itself 
the stochastic process; a reading of the context in which the term occurs will 
eliminate any ambiguity of meaning. We shall sometimes use the symbol w 
and sometimes the symbol x(#) to denote a point of Q, using the latter symbol 
when we wish to emphasize the fact that a point of Q is a function of a real 
variable. If w is the function x(#) and if s is a real number, then the symbol 
x(w) will denote the value of x(¢) for t=s; this function x,(w) is fundamental 
in the measurability conditions that follow. 

Let T denote the space of real numbers ¢; let TX’ denote the product 
space of T with a space ’; then if measure is taken as Lebesgue measure, 
we can define a measure in this product space so that the measure of the direct 
product of a Lebesgue measurable set and a P’-measurable set is the product 
of their measures.{ It is readily seen that a set in TX’ is measurable if and 
only if it is the intersection of 7'X Q’ with a set which is measurable in T x 0. 


DerFiniTIon. The stochastic process consisting of 2’ with a P'-measure on 
it is measurable if x,(w) is measurable on T XQ’. 


The measurability of this function x,(w) is of fundamental importance in 
theorems about stochastic processes. For example, it makes possible certain 
applications of the Lirkhoff ergodic theorem. 

2. A general condition for the existence of a measurable stochastic proc- 
ess. In this section we shall obtain a necessary and sufficient condition (on 
a P-measure) that © contain a measurable stochastic process. We shall then 
use this condition to derive an important necessary and sufficient condition, 
due to Kolmogoroff, for the existence of a measurable process. 


Lema 1. Let x-space be any space on which a measure is defined, and let E 
be any set lying in x-space. Suppose that f(x) is a real-valued function, defined 


* It is shown in [2] that the value of the function P’(M’) is independent of the particular choice 
of the set M used in representing M’ as the intersection of 2’ and a P-measurable set. 

t This definition (as well as the definition of a measurable stochastic process which follows) is 
that given in [2]; see pp. 109-110 and p. 113. Also we remark that this is not the most general defini- 
tion of a stochastic process but only a definition of the type of stochastic process to be studied in 
this paper. 

t For a discussion of measures in product spaces see [6]. 
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on E, with the property that for every real number k, the x-set (lying in E) for 
which f(x) >k is the intersection of E with a measurable x-set. Then f(x) can be 
so defined for x in the complement of E that it will become a measurable x-func- 
tion. 


Proof. By hypothesis we know that for every rational number r there is a 
measurable x-set N(r), such that 


z[f(x) > r] = N(r)-E.* 


We now define the measurable x-sets M(r) by M(r) =>-,-2-N(r’), and it is ob- 
vious that 


z[f(x) > r] = M(r)-E. 
We define f(x) for x lying in the complement of E as follows: 


f(x) for xe M(r) 
=0 for >, M(r). 


It is readily verified that f(x) becomes a measurable x-function when so ex- 
tended. 


THEOREM 1. The space Q contains a measurable stochastic process if and 
only if P-measure is so defined that there is a measurable function on TXQ 
which for each fixed t equals x,(w) at almost all w-points. 


Proof. We shall first show that if there is a measurable stochastic process, 
then there is a function f(t, w) of the sort mentioned in this theorem. Suppose 
that 2’ is a measurable stochastic process; since the function x,(w) is measur- 
able on TX’ and since this means that for every real number & the set in 
T XQ’ for which x,(w) >& is the intersection of TX’ with a measurable set 
in TXQ, we can apply Lemma 1 to this function (taking the x-space men- 
tioned in that lemma to be 7 XQ and taking 7X’ for the set E). This 
lemma tells us that there is a measurable function on TXQ, g(t, w), which 
equals x,(w) on TX’. Now for fixed ¢ the function g(t, w) is a measurable 
w-function except possibly for a ¢-set whose measure is zero. We define the 
function f(t, w) to be equal to g(t, w), except for ¢ in this exceptional set; for 
these exceptional ¢-values we define f(t, w) to be equal to x,(w). Then the func- 
tion f(¢, w) is measurable on T X Q and is also P-measurable for zach value of ¢. 
We see that for each ¢ the functions f(t, w) and x:(w) are equal at almost all 
w-points since they are both P-measurable and they are equal on 0’. 


* The symbol -[f(x)>r] denotes the set of x-points for which f(x) >r. 
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Next we shall show that if there is a measurable function on T XQ, as 
mentioned in the theorem, then 2 contains a measurable stochastic process. 
Doob has shown* that if f(¢, w) is a measurable (¢, w)-function and if ¢,(é) is 
defined by ¢,(#) =k2-" for (k—1)2-"<ésSk2-*, then there is a real number c 
and an increasing sequence of integers {a,} such that 

lim f(¢.,(#) + c, w) = f(t + w) 


no 


at almost all (¢, w)-points. This implies that for almost all ¢ 


P( tim (Ga, (t) + ¢,w) = »)) = 1 
and hence (since the functions f(t, w) and x,(w) are equal, for fixed ¢, at almost 
all w-points) that for almost alli ¢ 


P( tim +0) = = 1, 
and hence, according to a theorem of Doob,f 2 contains a measurable sto- 
chastic process. 

The next theorem which we shall prove enables us to obtain from Theo- 
rem 1 a condition found by Kolmogoroff to be necessary and sufficient for 
the existence of a measurable stochastic process; first, however, we introduce 
a few preliminary notions. 

If fw) and g(w) are P-measurable functions, we define the distance be- 
tween them to be 


f | arc tan f(w) — arc tan g(w) | dP. 
Q 


Now let f(é, w) be a (¢, w)-function which is P-measurable for each ¢. We con- 
sider the related function ®(¢) whose value for each ¢ is the w-function f(t, w). 
Using the above definition of distance in the space of P-measurable functions, 
we see that the range of ®(#) is a metric space. We shall say that ®(#) is meas- 
urable if the origin of any sphere in its range space is Lebesgue measurable. 


THEOREM 2. ®(t) is approximately continuous almost everywhere if and only 
if there is a measurable function on T XQ which for each t equals f(t, w) at almost 
all w-points.t 


Proof. Suppose first that @(¢) is approximately continuous almost every- 
* See [2, p. 113]. 


t See [2, p. 115]. 
t This theorem is a generalization of a theorem due to Doob; see [4, p. 757]. 
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where; from a lemma of Doob* it follows that there is a ¢-set 7) of measure 
zero such that the range of ®(¢) for ¢¢ Ty is separable. This means that there is 
a sequence of real numbers, {a,}, such that the sequence of w-functions 
{ f(an, } is dense in the family of w-functions { f(t, w) }, We can find for 
each function of this sequence a separable collection of P-measurable sets 
with respect to which it is measurable. Hence it follows that there is a single 
separable collection of P-measurable sets with respect to which every func- 
tion of the sequence {/(a,, w)} is measurable. Then, since every member of 
the family { f(t, w)}, £¢ To, can be approximated by members of this sequence, 
it follows that every member of the family { f(t, w)}, ¢# To, is measurable with 
respect to this separable collection of sets. 

Because we are assuming ®(#) to be approximately continuous almost 
everywhere, it follows immediately that for any P-measurable set M, the 
t-function f1 arc tan f(t,w)dP is approximately continuous almost everywhere 
and hence is measurable. This fact and the fact established in the preceding 
paragraph together imply, by Theorem 1 of [4], that there is a measurable 
function on T XQ which equals f(t, w), for each fixed ¢, at almost all w-points. 

We shall now show that if there is a measurable function on T XQ which 
is so related to f(t, w), then ®(¢) is approximately continuous almost every- 
where. We shall show this by showing that ®(¢) is measurable and that there 
is a t-set T) of measure zero such that the range of ®(#) for ¢¢ To is separable. 
To show that ®(#) is measurable we must show that for any sphere S in the 
space of P-measurable functions the ¢-set for which @(¢) belongs to S is meas- 
urable; that is, we must show that if g(w) is any P-measurable function and k 
is any real number, then the /-set for which 


f | arc tan f(t, w) — arc tan g(w)| dP < k 


is measurable. If fo(¢, w) is the function which is measurable on T XQ and 
equals f(t, w), for each fixed ¢, at almost all w-points, then the function 
| arc tan fo(t, w) —arc tan g(w)| will be a measurable (¢, w)-function so that, by 
Fubini’s theorem, 


f | arc tan f(t,w) — arc tan g(w) | dP =f | arc tan fo(t, w) — arc tan g(w) |dP 


* See [4 p. 755, Lemma 1}. The portion of the lemma which we use can be stated (where ®(¢) 
still represents the w-function f(t, w)): &(¢) is approximately continuous almost everywhere if and only 
if &(¢) is measurable and there is a ¢-set 7) of measure zero such that the range of ®(¢), for ?# To, is a 
separable space. 

t A collection of P-measurable sets {Ma} with characteristic function {¥a(w)} is said to be 
separable if the w-functions {¥_(w)} form a separable space with the metric defined above. 
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is a measurable ¢-function; hence the ¢-set defined by the above inequality is 
measurable. 

By Theorem 1 of [4] we see that there is a t-set J) of measure zero and a 
separable collection F of P-measurable sets such that for ¢¢ To, f(t, w) is meas- 
urable with respect to F. This means that there exists a sequence of P-measur- 
able sets {M,,} with characteristic functions {¥,(w)}, such that if N is any 
set belonging to F, with characteristic function y(w), then there is a subse- 
quence {yW.,(w)} of such that 


f | arc tan Wa,(w) — arc tan | dP—0, 


It is readily seen that the collection of linear combinations, with rational co- 
efficients, of these functions {y,(w)} is dense in the family {f(t, w)}, ¢¥¢ To, 
and hence that the range of ®(¢), ¢¢ To, is separable. 

We are now able to obtain the Kolmogoroff theorem for the existence of a 
measurable process: 


THEOREM 3. Q contains a measurable stochastic process if and only if P- 
measure is so defined that for every €>0 and almost all t 


P(| x(t + h) — x(t)| > 


as h approaches zero on an h-set, which may depend upon t but not upon e, having 
density 1 ath=0.* 


Before proving this theorem we restate it as follows: 2 contains a measur- 
able stochastic process if and only if P-measure is so defined that x(t) is ap- 
proximately continuous in P-measure at almost all ¢-points. 

Let @(¢) be the function whose value for each ¢ is the w-function x;(w). 
Then from Theorems 1 and 2 we know that there is a measurable process if 
and only if ®(¢) is approximately continuous almost everywhere, that is, if 
and only if for almost every ¢ there is an h-set of density 1 at s=0 such that 


f | arc tan x44(w) — arc tan | dP > 0 


as h approaches zero on that h/-set. This condition is equivalent to the condi- 
tion that for every «>0 


P(| arc tan x144(w) — arc tan x(w)| > 0 


and hence to the condition that for every «>0 


* Kolmogoroff has not yet published his proof of this theorem; it is stated in a footnote on page 
757 of [4]. 
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P(| x(t + h) — x(t)| 


so that the approximate continuity almost everywhere of ®(¢) is equivalent 
to this condition of Kolmogoroff; hence this condition is necessary and suffi- 
cient for the existence of a measurable process. 

3. Measurable stochastic processes and the conditional probability func- 
tions. In this section we shall define the conditional probability functions of a 
stochastic process. We shall then obtain necessary and sufficient conditions 
upon them that 2 contain a measurable stochastic process. The definition 
which we use of these functions is due to Kolmogoroff [5, pp. 41-43].* 

Let M be a P-measurable set and let h, - - - , ¢, be a set of real numbers. 
Let N be a P-measurable set depending only upon x,,, - - - , X:,f and consider 
the set-function P(MN). As N ranges over the P-measurable sets which de- 
pend only upon x,;,, -- - , %, this is a completely additive nonnegative set- 
function which vanishes whenever P(N) =0. Hence there is a nonnegative 
P-measurable function which depends only upon x;,, - - - , #;, and which we 
shall denote by 


Xt,(w) ; M) 
such that 


P(M-N) -f P(x1,(w), Xt, (w) ; M)dP.t 
N 


A discussion of the properties of these conditional probabilities is to be found 
in [5]. 

Before stating our next theorem we shall establish the following nota- 
tion. If E is a set of real numbers, then we shall denote by £; the w-set, 
w[x:(w) e EZ]. If J is an open interval of real numbers, then the set of inner 
points of the complement of J is called the open complement of I and is de- 
noted by J. 


THEOREM 4. If t is a real number and if E is a set (of real numbers) with zero 
as a limit point, then the following assertions are equivalent: 
(1) For every e>0, P(|x(t+h) —x(t)| >€)0 (h-0, he E). 


* In this connection, also see [2, 3]. 

t To say that N depends only upon ;,,- - - , x:, means that if x(¢) and x’(#) are any two points 
of Q and if x(t;)=x’(t;) (i=1, - - + , 2), then either both or neither of them belongs to NV. To say that 
an w-function depends only upon ;,, + -- , x, means similarly that if x(¢) and x’(¢) are any two ele- 
ments of Q and if x(t;)=x'(t;) ((=1, - - + , 2), then the function has the same value at these two points. 

t The existence of such a function is a consequence of the Radon-Nikodym theorem. (See [8, 
p. 36].) That the function depends (in this case) only upon ;,, + - + , x, is readily verified. This func- 
tion is of course uniquely defined only up to a set of measure zero. 
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(2) For every open interval (of real numbers) I with open complement J 
Proof. We shall show first that (1) implies (2). Let J be any open interval 
with open complement J and let {J} be the sequence of intervals defined by 
J"=points at distance greater than 1/n from J so that the intervals 7" expand 
to J as n—. Then for w e we have | >1/n so that 
(1) implies, for fixed n, 
(a) PU? -Jiun) 0, 
Because the sets J” expand to J we have, uniformly in h, 
(b) PUP PU t-J pn). 
Then (a) and (b) together imply that 
2 0, h—0, heE. 
In the same way it can be shown that P(J;-J14,)-0, h-0, he E, so that (2) 
must hold. 


To show that (2) implies (1) we shall show that (with e>0 arbitrarily 
preassigned) for any 6>0 there is an 7>0 such that 


P(| h) — x()| <6 for |h| <n, heE. 


Given 5>0, first choose M so large that P(|x(¢)| 2M) <6/2. Then cover the 
interval (— M, M) with a finite number of open intervals each of length less 
than e. If p is the number of intervals in this covering, then we can find a 
positive number 7 so small that for every interval J of the covering, with open 
complement J, we have 


< 6/2p, for | h| <n, he, 
and because of 
4) — > ele [| = M] 
we have 
P(| h) — x(t)| > < 6/2p+8/2=6 for <n, 


For our next theorem we shall have to consider for each interval J, with 
open complement J, the set K = J+J. We shall call K the set corresponding to 
I. With this understood we can state 


* In case the end points a and b of J are such that the two w-sets «[x:(w) =a] and [x:(w) =b] both 
have P-measure zero, this condition can be replaced by the condition P(I;- C7144) +P(It44° CI1)—0. 
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THeoreEM 5. If t is a real number and E is a set (of real numbers) with zero 
as a limit point, then the following assertions are equivalent: 
(1) For every open interval (of real numbers) I with open complement J, 


PU + 0, h—-O,heE. 
(2) For every open interval I and corresponding set K, we have 
P(Ke- ol | Teen) — | > €]) +0, h->0,heE, 


for every «>0.* 
Proof. To see that (1) implies (2) we note that P(J;-I:4,)—0 says that 


and since this integrand is nonnegative, this implies that 

(a) > €]) > 0, h-0,heE. 
From the fact that P(I¢-J+4,)—0 (h-0, h « E) we can show similarly that 

(b) P(xe(w); — 1| > €]) +0, h0,heE. 


Statements (a) and (b) together imply (2). 
(2) says that P(x:(w); I:4n) converges, on K,, in P-measure to gy(x:) 
as h approaches zero on E; hence 


f P(xi(w); > f h—+0, he E, 
Jt 


that is, P(J:-It4,) 0, h-0, he E. It follows similarly that and 
hence (2) implies (1). 

Combining Theorems 3, 4, and 5 we can state 

THEOREM 6. Each of the following conditions is necessary and sufficient for Q 
to contain a measurable stochastic process: 

(1) For almost every t there is an h-set of density 1 at h=0 such that for every 
open interval of real numbers I with open complement J 


as h approaches zero on that h-set. 


(2) For almost every t there is an h-set of density 1 at h=0 such that for every 


* In case the end points a and b of J are such that the w-sets.[x(w) =a] and «[x;(w) =] both have 
P-measure zero, this condition can be replaced by the condition P(|P(x:(w); —¢1(x:) | 
The symbol ¢;(x;) denotes the characteristic function of the w-set J;. 
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open interval of real numbers I, and corresponding set K, we have for every «>0 
P(Ke-«[| Tern) — | > €]) 
as h approaches zero on that h-set. 


DEFINITION. Suppose that for every open interval I of real numbers there is a 
function g(t, h) with the property that for almost all t there is an h-set of density 1 
at h=0 such that o(t, h)—>0 as h approaches zero on that h-set, and such that for 
every real number s 


f | P(xs(w); — Plas(w); I.) | dP < elt, h). 


Then we shall say that the conditional probabilities are uniformly dominated. 


THEOREM 7. Suppose P-measure so defined that for every pair of real num- 
bers a and t the w-set for which x,(w) =a has P-measure zero. Then Q contains a 
measurable stochastic process if and only if the conditional probabilities are uni- 
formly dominated. 


Proof. We shall prove this theorem by showing that under the hypothesis 
of this theorem the conditional probabilities are uniformly dominated if and 
only if condition (2) of Theorem 6 is satisfied. Under the hypothesis made 
here the open complement of J may be replaced in condition (2) of Theorem 6 
by the complement of J. Suppose now that the conditional probabilities are 
uniformly dominated; then 


= Deyn) — Ts) 


Lees) — 1) JaP 


< f | P(x1(w); Tt4n) — P(xr(w); Ie) | dP 


< g(t, 


It can be shown similarly that P(I14,-CI+) <¢(t, h). Hence condition (2) of 
Theorem 6 is satisfied. 
Because we have, for any P-measurable set M, 


| P(M-I.) — P(M-Tu4n)| S + 


we have, for any P-measurable set F,, depending only upon x, 


P(x,(w); I,)dP — P(x.(w); | S + 
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Since this last inequality is independent of the set F,, we can conclude that 
f | P(x,(w); I.) — P(.(w); | dP S 2{ ign) + 


and from this inequality we see that if condition (2) of Theorem 6 holds, then 
the conditional probabilities must be uniformly dominated. 

4. A theorem of W. Doeblin. We have been concerned so far throughout 
this paper with the existence of a measurable process, but we have not in- 
quired into any of the properties of that process. In this section we shall prove 
a theorem, due essentially to W. Doeblin, concerning the existence of a meas- 
urable process whose elements satisfy a certain regularity condition. 

We shall say that Q is a Markoff process if whenever << --- <é, are 
real numbers and M is a P-measurable set depending only upon {x.}, with 
all the a’s greater than or equal to /,, then 


P(x1(), M) = P(x,,(@); M). 


If it is possible to define the conditional probability functions so that* for 
every we have 


P(x:(w); | — | 


uniformly in w and #, then we shall say that the conditional probabilities 
satisfy the Doeblin condition. In these terms we state the theorem of Doeblin: 


THEOREM 8. [f Qis a Markoff process whose conditional probabilities satisfy 
the Doeblin condition, then there is a measurable stochastic process whose elements 
x(t) are continuous almost everywhere on the t axis, with probability 1, and x(t) 
is continuous at t=ty with probability 1, for every value of to.t 


Proof. Because of Theorem 2.5 (i) of [2] it is sufficient to show that ¢, 4 
implies P(lim, ... =x(#)) =1.{ We shall show separately that ¢, | ¢ implies 
P(x(t,)—>x(t)n+0) =1 and that ¢,T¢ implies =1. From these 
facts it follows readily that ¢,—>¢ implies P(x(t,)—>«(4) n+0) =1. 

First suppose ¢,, | ¢. Then define the w-sets 


M,, = «|for some k = n: | (ts) — x(t)| > e], 


M,; = «[for some k among n,n + 1,---, a+): | x(t.) — x(t) | > el, 
= ol | x(t) | > e]: Il ol | x(t) | = 


* Because the conditional probabilities are only defined uniquely up to a set of measure zero, 
there will be, in general, infinitely many choices for them; if for any one of those choices this condition 
is fulfilled, then the conditional probabilities will be said to satisfy the Doeblin condition. 

t See [1, pp. 49-53]. 

t Because we shall show this for every value of ¢ it will follow (from the proof of Theorem 2.5 (i) of 
[2] that x(¢) is continuous at = with probability 1, for every value of fo. 
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We observe that Manje=0 for Mn, Mn 
It is easily seen that 


wl | — x(t) | > «/2]> | X(tnsi) — | < 


and hence that 


P(| x(tn) — x(t)| > = P( ol | — | < </2}) 
(a) i=0 
= ol | — | < €/2)). 
i=0 
Now because depends only upon 2:, %1,,;,° %t,4; and because the 


process is a Markoff process, we have 
P(M ol | ¥(tn4i) | < 
=f | — < 
Manji 
If we choose n sufficiently large, the function 
| — | < €/2) 


will be greater than 1/2 uniformly in w and i, since the conditional proba- 
bilities satisfy the Doeblin condition. Hence for sufficiently large we have, 
unifomly in z, 


P(Maji- (tn) | > (1/2)P(Mnis), 
and using this fact in the inequality (a) we have 
P(| — > €/2) = = 
Hence 
P(M,;) S 2P(| — x(t) | > €/2) 


for n sufficiently large, uniformly in 7. Since the sets M,; expand (as j7— «) 
to M,, we have 


(8) P(M,) 2P(| x(tn) — x(t)| > €/2). 


Because the Doeblin condition implies that for every open interval J with 
corresponding set K 


P(Ke-o[| P(xe(w); Ii.) — | >e]) (n— 
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we see by Theorems 4 and 5 that P(|x(¢,)—x(é)| >€/2)0 (n=) so that 
(8) implies (n— ~). This implies that P(lim,... x(¢,) =x(é)) =1. 

We shall now show that #, 7 ¢ implies P(«(t,)—>a(t),..) =1. For each posi- 
tive integer m we define the sequence of sets 


ol | X(tn+1) | > 


and we define the set A, by 
A, = «[for some k > m: | x(tx) — x(tn)| > e]. 


We note that A,"*/ depends only upon ;,,---, %tm,,. Also we have A, 
=>>)..4."*%. It is easily seen that 


ol | — > €/2]> SAN — 2) | < €/2] 


j=1 


and hence that 


P(| x(tn) — x(t)| > €/2) = P( — 001 < 


(y) 
PAL — x(t)| < €/2)). 


j=l 


Now because A,"* depends only upon - - , We have 


f | i) x(t) | < e/2)dP. 


As above we see that for sufficiently large this integrand is greater than 1/2, 
uniformly in 7, and hence for m sufficiently large 


n+ 7. 


“wl | — 2(t)| < €/2]) > (1/2)P(An 


n+j 


P(A’ 
This implies when used in (y) that 


P(| — x(t)| > = (1/2) PCA.) 


j 
‘ 
7-1 i] 
An’ = ol | — > €]- TT of | (nes) — S €], 
= 
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for n sufficiently large. The Doeblin condition implies, by virtue of Theorems 
4 and 5, that the expression on the left tends to zero as n> and hence that 
P(A,)—0 as no. This means that the sequence {x(tn,)} satisfies the 
Cauchy condition, with probability 1, and hence converges, with probability 
1, as n—«. That it converges to x(¢) with probability 1 then follows from 
the fact that the left side of the above expression tends to 0 as m becomes 
infinite. 
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CONTRIBUTIONS TO THE THEORY OF HERMITIAN 
SERIES 


Il. THE REPRESENTATION PROBLEM* 


BY 
EINAR HILLE 


1. Introduction. In the first note of this series [2]{ the author laid a broad 
foundation for the theory of Hermitian series in the complex domain. A num- 
ber of questions encountered during this investigation were merely mentioned 
and detailed discussion had to be postponed till later communications. The 
representation or expansion problem was such a question, that is, the problem 
of finding necessary and sufficient conditions in order that an analytic function 
shall be representable by an Hermitian series for complex values of the variable. 
This problem is solved in the present note. 

Let H,(z) denote the mth normalized orthogonal function of Hermite 

d”™ 
(1.1) H,(z) = — [e-2*]. 

dz” 
If f(x) is a measurable function such that x" exp [—x?/2] f(x) e Li(—~, ~) 
for n=0, 1, 2, - - - , then f(x) has an associated Fourier-Hermite series 


fa) 


n=0 


fi = f f(t) H,.(t)dt. 
This series is ordinarily not convergent, but if we assume for instance that 
exp [—ax?] f(x) e Li(— ©, ©) for some a<1/2, then the series (1.2) can be 
summed to the sum f(x) for almost all x by a generalization of the Abel 
method of summation.{ Under this assumption the series 


f(x; s) = 


converges for 


* Presented to the Society, October 28, 1939; received by the editors November 6, 1939. 
+ Numbers in square brackets refer to the references at the end of this paper. 
t See E. Hille [1, pp. 448-450, 453]. 
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(1.2) 
where 

n=0 
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1 — 2a\!/2 
isi <( ) 
1+ 2a 


Further f(x; s) is a holomorphic function of s in the interior of the ellipse in 
the complex s-plane having its vertices at the points s= +1, +ir.. As s—> +1 
along the real axis, f(x; s)—>f(x) for almost all values of x. It follows in par- 
ticular that if the series (1.2) converges in a set E of positive measure, its sum 
equals f(x) almost everywhere in E provided exp [—ax?] f(x) e Li(—«, «) 
for some a <1/2. 

It may happen that the series (1.2) converges also for complex values of 
the variable. If so, it is known that the domain of absolute convergence is a 
strip S,: —r<y<r, =x +iy, where 
(1.3) = — lim sup (2m + log | fal. 

For a proof, see E. Hille [2, chap. 2] and G. Szegé [7, p. 246]. The series 
may converge on the lines of convergence y= +7, but it diverges outside 
of S,. In this case the series 


(1.4) = f(z) 
n=0 
defines an analytic function which is holomorphic in S,. 
Such a function f(z) is of course characterized by the fact that its Fourier- 
Hermite coefficients satisfy the inequality 


(1.5) | fu | M(e) exp [— (+ — €)(2m + 


for every positive e, but a direct characterization of f(z) in terms of function- 
theoretical properties would seem desirable. A complete solution of this prob- 
lem is given by 

THEOREM 1. Let f(z) be an analytic function. A necessary and sufficient 
condition in order that the Fourier-Hermite series 


(1.6) feHuls), fn = 


n=0 


shall exist and converge to the sum f(z) in the strip S,: —r<y<r, is that f(z) 
is holomorphic in S, and that to every given B, OSB <r, there exists a finite posi- 
tive B(B) such that 


(1.7) | f(x + iy)| B(B) exp [— | x| (6? — y?)*/2] 


for —x<x<aw, —BsSySB. 
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The proof that this condition is necessary will be given in §2. The suffi- 
ciency proof occurs in §5 and is preceded by material relating to the asymp- 
totic behavior of H,,(z) for large values of based on the investigations of 
R. E. Langer [3]. An application to functions meromorphic in an upper or a 
lower half-plane is given in §6. 

As far as I know there have only been two previous contributions to the 
representation problem for Hermitian series, those of G. N. Watson [9, pp. 
417-421] and O. Volk [8]. Their equivalent conditions require that f(z) shall 
be holomorphic in —7 Sy Sr and that the function g(z) =2—! exp (z?/2) f(z) 
shall have the properties (i) g(x +iy) 0 as —r<yr, and (ii) 
g(xtir) eL,(— ~~, ~). It is clear that these conditions while sufficient are far 
from necessary. 

2. Proof of necessity. The reader will be supposed to have some knowl- 
edge of the properties of Hermitian polynomials and of solutions of the 
Weber-Hermite differential equations. For convenient summaries of the 
former theory see E. Hille [1] and G. Szegé [7], for the latter see Whit- 
taker-Watson [12]. 

The only property which will be used in the present paragraph is the gen- 
erating function* 


H,,(u)H,,(v)s" 


n=0 


(2.1) 


(1 + s?)(u? + — 


— exp { 2 


The series converges for arbitrary complex values of « and v when |s| <1. 
Putting u=z=x +iy, vx=2=x—1y, we get 


(2.2) H,,(z) = — exp x? + 
1+s 


n=0 


We shall also need information concerning integrals of the form 


I(p, ¥) -f exp {— pt — q/t} t*dt, 


where p and g are positive and y=3/2, 2 or 5/2. Now 

(2.3) I(p, 3/2) = exp [— 2(pq)"?], 

as is easily verified. Since J(p, g, 5/2) = —J/ (p, q, 3/2), 

(2.4) q, 5/2) = + (pq)"?] exp [— 


* See, for instance, E. Hille [1, pp. 439-440]. 
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Finally, by Schwarz’ inequality 
(2.5) I(p, q, 2) S + exp [— 2(pg)*/?]. 


Suppose now that the series (1.6) exists and converges to f(z) in the strip 
—r<y<r. It follows immediately that f(z) is holomorphic in the strip and 
it remains merely to estimate f(z). Let 8 be given, 0<8<z, and put 
a= (8 +7)/2. In view of (1.5), the series 


(2.6) | fn |? exp (2aN) = A*(8) 
n=0 
is convergent. Here and in the following we shall write 
(2.7) N = (2n + 1)?/2, 
Let us put 
(2.8) H(x, y; a) = >>| H,(x + iy) |? exp (—2eN). 
n=0 
Cauchy’s inequality then gives 
(2.9) | f(x + iy) | < A(6)[A(x, y; 
Let us first obtain H(x, y; 0) in closed form. Forming 
| + 1, 3/2) 
n=0 


and using (2.2) and (2.3) we get after some simplifications 


a 
H(x, y; a) = <f (1 — exp { — a?/t — x? tanh? 
+y? coth t}t-*/2dt, 


(2.10) 
where tanh ¢ denotes the hyperbolic tangent of ¢. 
Elementary considerations show that 
coth# S (1+ #)/t, — tanhi Ss —#/(1i+ 
Substituting these dominants for the hyperbolic functions in (2.10) we obtain 


(x/a)H(x, y;a) S Ho(x, y; a) 


(2.11) = otf (1 — e~*)-1/2 exp {- 
0 


= eV Hi(x, y; a), 


az? — v2 


t 


and it remains to estimate H,(x, y; a). 


t 
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Let §=4a|x|~! and put 


(2.12) A, = Ay + An, Hu = Ha = 


0 


with obvious notation. 
We note that ¢/(1+2) is an increasing function. Hence its least value in 


the interval (£, is taken on at The inequality 1+ gives 
S1/u+1 

and finally 
(1 — (1/(48) + + 1. 


Hence 


4a + | x| 


at — 3/2) + (1/2)(1, a? — 2)}. 


Hy. S exp | - 


Supposing | x| > 4a, which is no essential restriction, and using (2.3) and (2.5), 
we get 
Hy. exp [— 2a| «| — 2(a? — y?)"/?] (a? — y?)-1 

-{(1/2) [1/2 + (a? — 4 (a? — y?) 1/2} 


If —8<ySX§, the right-hand side does not exceed 


108 + 7 


— 2a : 


that is, 

(2.13) Hy2(x, y; a) By(B) exp [— 2a. | x | ] 

for |x| >4a, —B<y<f, and by a suitable modification of B,(8) we can of 
course gain that the inequality is true for all x. Here and in the following 


B(8), with or without subscripts, denotes a monotone increasing function 
of 8, defined and continuous for 0 <8 <7, but conceivably tending to infinity 


as Br. 
For we have 


= < —t4+2. 
Further, for 0<¢<£<1, that is, for |x| >4a, 


Hence 
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Ay < f exp {— (a? — y?)/t — x%*}t-*dt 
0 


< 2el6a*J(x?, a? — y?, 2) 
< [1/2 | x | (a? — exp 2| x | (a? — y?)/2] 
< (a2 | x |1/2(q? y?)1/4] exp [- 2| | (a? — y2) 


Suppose again that | y| <B. Then (8?—vy?)'/?<(a?—y?)"/? and the absolute 
maximum of 


| — y*)'/4 exp {— 2| x| [(a? — — (2 — y2)1/2]} 


1 a 1/2 
- 
Consequently 


Hy, < — + — B)-/?] exp [— 2| «| (8? — 


for all values of x equals 


or 
(2.14) Hy(x, y; < Bo(8) exp [— 2| x| (62 — y?)"/2] 


for —8<y<B and all values of x, since clearly the restriction |x| >4a can be 
removed. 
Combining the inequalities in (2.9) to (2.14) we get the desired estimate 


| f(x + iy) | < B(B) exp [—| x| (6? — y?)"?], 


valid for every z in the strip —6<y<§ and for every B<r. This completes 
the proof of the necessity of condition (1.7). 

3. Some asymptotic formulas. The sufficiency proof requires accurate in- 
formation concerning the behavior of H,(z) for large values of » when the 
distance of z from the line segment (— NV, N) remains bounded. This question 
will be studied in this and the next following sections. 

The Weber-Hermite differential equation 


(3.1) + +1—22)w = 0, 

where x is an arbitrary real or complex parameter, has a solution /,(z) which 
is uniquely characterized by the asymptotic property 

(3.2) lim e**/2(22)-*h,(2) = 1 

when |z|—> and | arg <3z/4. Here the power has its principal determina- 
tion when z and x« are real positive. In the notation of Whittaker and Watson 


hy(z) = 2*!2D,(2/22). 
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Since H,,(z) satisfies (3.1) when x= and 

H,(z) = (a! +.--- 1, 
we conclude that 
(3.3) H,,(z) = 


It was shown by Whittaker [11] that 4_,:(iz) and h_,1(—iz) are also 
solutions of (3.1) and Watson [9, p. 395] proved that 


The asymptotic behavior of h_..1(—iz) was studied by Watson on two 
occasions. The result of his earlier paper [9, p. 416] is not good enough for 
our purposes, but that of his second paper [10, p. 142] more than meets our 
needs. Watson’s analysis is based upon special representations of the func- 
tions involved by means of definite integrals to which he applies the method 
of steepest descent. 

I prefer a different approach to the problem based upon the work of 
Langer [3] on the asymptotic behavior of solutions of certain classes of sec- 
ond order linear differential equations for large values of a parameter. This 
is a much more general approach and brings out the reason why different 
expansions are to be expected in different parts of the plane—the so-called 
phenomenon of Stokes. N. Schwid [6] has proved that Langer’s method ap- 
plies to the Weber-Hermite equation. Schwid does not discuss h_,-1( +iz) 
explicitly, however, and in that part of the plane where we require informa- 
tion his results are not valid.* It is not necessary to give a detailed presenta- 
tion of Langer’s method. We shall merely state the results and refer to Langer 
and Schwid for all details. 

In the following, x shall be real positive. We write 


(3.5) K = (2x + 1)? 
andt 


(3.6) = [K2 — #]/2d¢. 
K 


* His estimate of the order of the remainder term in formula (26), p. 353, is valid for bounded 
values of z only. 

t Strictly speaking we should take —K as the lower limit of the integral when z is in the left 
half-plane. Since &(—K) is a real quantity, the imaginary part of £(z) is not affected by this change 
and the only place where it matters is in the remainder terms of formulas (3.7), (3.9), and (3.11) 
below. Here we should write £—-£(—K) instead of é in the left half-plane. The correction is of no 
importance, however, except in a small neighborhood of z= —K which is excluded from considera- 
tion anyway. 
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The Langer theory shows that for any value of z+ +K there are two linearly 
independent local solutions of (3.1) which for large values of x are of the form 


(3.7) [é’(z) exp [+ i&(2)]{1 + O(1/é) + O(1/x)} 


and with the aid of which any solution can be expressed linearly. The coeffi- 
cients will of course depend upon the determination chosen for the infinitely 
many-valued function £(z). In the present case the situation is simplified by 
the fact that the imaginary part of £(z) is only two-valued and the arcs 
§[(z) ]=0 are independent of the determination of £(z). These arcs form a 
configuration symmetric with respect to the coordinate axes and divide the 
plane into four sectors S;. The sector S2, of main importance to us, is bounded 
by the line segment (—K, K) and two transcendental curves I’; and Ir; going 
from +K to «. The angle of inclination of the tangent of I; with the positive 
real axis starts with the value 7/3 at s=K and tends to 7/4 as |z| >». 

Suppose the determination of £(z) to be chosen at some point 2» in Sz and 
let a particular solution w(z) of (3.1) be expressed linearly in terms of the 
two local solutions (3.7) in some neighborhood of z=2z». Both solutions can 
be continued analytically in S:, the continuations agreeing everywhere with 
the local fundamental system. It follows that the expression of w(z) remains 
valid at all interior points of S:. It is only when we cross the boundary of S» 
that the situation may change and a different substitution may have to be 
used to express w(z) in terms of the local fundamental system. Thus to every 
sector S; and to every given solution w(z) there are corresponding coefficients 
Ci, 7=1, 2, 3, 4; R=1, 2, joining w(z) with the fundamental system in S;. 

After these generalities let us choose £(z) so that on the positive imaginary 
axis we have 


E(iy) = — wK?/4 + (i/2){ y(K? + 
+ K? log [y/K + (1 + y*/K*)""]}, 
where the square roots and the logarithm have their principal values. We can 


then take as the fundamental system in S; two solutions we,,(z) which for 
large values of x have the form 


(3.9) wex(z) = {1 — 2?/K?}-1/4 exp [+ i&(z)]{1 + O(1/E) + O(1/«)}. 

Here the plus sign goes with k=1 and the minus sign with k=2 and the 
fourth root is real positive on the positive imaginary axis. The parameter x 
is supposed to be large and this will make | &(z)| large if we omit small neigh- 


borhoods of the points z= +K of radius O(x-"/*) inside of which (3.9) is not 
valid.* 


* Compare the second footnote on page 86. 


(3.8) 


i 
i 
7 
; 
‘ 
4 
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We have consequently 
(3.10) h_,1(— iz) = A(x)we1(z) + B(x) we,2(z) 
in S2. In order to determine A(x) and B(x) we use (3.2). Multiply both sides 
of (3.10) by e-#*/2(—2iz)!*« and let z, say along the positive imaginary 
axis. The left-hand side tends to the limit 1, whereas the right-hand side 


tends to a limit if and only if B(x) =0. Setting B(x) =0 and using (3.8) and 
(3.9), we can compute the value of A(x). The result is 


h_«1(— iz) = exp [(1/4)K2(1 + ri) ] 

— 2*/K*}-"/* exp [i€(z)]{1 + O(1/&) + O(1/n)}, 
valid in S; except in neighborhoods of z= +K of radius O(x-/*). This is the 
required basic asymptotic formula. It can be shown to be in agreement with 
Watson’s formula quoted above. 


4. Estimates of the imaginary part of £(z). We shall need a couple of lem- 
mas for the sufficiency proof. 


Lema 1. Let &(x) be defined by (3.6) and let -K<x<K, OS y<K. Then 


[E(x + iy)] = y(K? — + (1/6) y8(K? — 
+ pK2y3(K2 — x2)-3/2, 


(3.11) 


(4.1) 


where |p| <5/24. 
Proof. We have 


+ iy)] = 3{ 


f [K? — x? — + 
0 


where the value of the square root is real positive when v=0. But by elemen- 
tary transformations 


2a 4a? 


b -1 
2a 


Substituting a?=K*?—«?, b= —2ixv +v?, we find that the right-hand side be- 
comes equal to P/Q where 
P = — 2izx)?, 
Q = 4(K? — x?) { [K? — x? — 2ixv + y?]1/2 + (K? — x?)1/2 
+ (v? — 2ixv)(K? — x?)-/2}. 
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Here 0S<v<y<K. The least value of |Q| is obtained for v=0. On the other 
hand, |v—2ix|?<5K?. Hence | P/Q| does not exceed 

(5/8)K2(K? — x2)-8/2p2, 
the integral of which from »=0 to v=y equals 

(5/24)K2(K2 — x2)-8/2y8, 


This is the remainder term of formula (4.1). The other two terms are the re- 
sult of substituting a?=K?—x?, b= —2ixv +v? into a+6/(2a), integrating 
with respect to v from 0 to y and finally taking the real part. 


Lemma 2. For a fixed x, where —K<x<K, the maximum value of 


(4.2) [E(x + iy)] +| (6? — 


when 0<y 8, is not less than 


(4.3) 
6K? 24 K 


In particular, this value is reached or exceeded on the ellipse 
(4.4) E(K, B): + Ky? = 
Proof. By Lemma 1 


+ iy) > y(K? — 4 (1/6) y3(K? — x?)-1/2 
— (5/24)K?y3(K? — x2)-3/2, 
The maximum value of 


y(K2 — 4 | | — y2)1/2 


for a fixed x is reached when y=(6/K)(K?—x?)!/?, that is, on the ellipse 
E(K, 8), and equals BK. Substitution of this value of y gives formula (4.3). 

5. The sufficiency proof. After all these preparations we can attack the 
sufficiency proof. It is assumed that f(z) is holomorphic in the strip S;,: 
—1<y<r, and that to every 8B, 0<@<r, there exists a finite positive B(6) 
for which condition (1.7) holds.* This condition is evidently sufficient to en- 
sure the existence of the Fourier-Hermite coefficients f, defined by the second 
half of formula (1.6). Thus the Fourier-Hermite series of f(z) has a sense, and 
condition (1.7) also ensures that this series is Abel summable to the sum f(x) 
everywhere on the real axis. In order to complete the proof of the theorem it 


* It is of course only values of 8 close to r which are of interest, but it is no restriction to assume 
that B(8) satisfies the conventions of §2 for all 8, OS8<r. The same conventions can be imposed 
on all B-functions introduced below. 
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is then enough to prove that the series is convergent in the strip S,, and this 
will be proved if we are able to show the existence, for every 8B, 0<8 <r, of 
a finite positive B*(8) such that 


(5.1) | < N = (2n + 1)¥?, 


for all n. 
It is known that there exists a constant A such thatT 


| H,(t)| < A 


for all integers m and all real values of ¢. This inequality shows that 


—N+1 
(5.3) if. +f} | f(t)| | H(t) | dt < 24 B(B) J. dt 


< B,(B)e-8% 


On the interval (—N +1, N —1) we use formula (3.4) obtaining 


N-1 N-1 
f f(t)H,(t)dt = in f f(t)h-n—s(it)dt 
N+1 —N+1 


(5.4) N+1 
+ (— ina 


—N+1 
In these integrals we can choose the path of integration joining —N+1 with 
N —1 in an arbitrary manner provided it stays in the strip S,. Moreover, we 
can choose a different path for each of the integrals involved. Let E(N, 8) 
be the ellipse of Lemma 2 and denote the points of intersection of the ellipse 
with the lines x= +(N —1) by P, Q, R, and S, where Q is in the first and P in 
the second quadrant. 

The path of integration C; for the integral involving h_,,1(—i#) shall con- 
sist of the line segments joining —N+1 with P and N —1 with Q connected 
by the arc PQ of the ellipse. The path of integration C; for the integral in- 
volving 4_,-,(it) will be the image of C, in the real axis. Let us put 


Along C2 we are at a safe distance from the critical points z= +N so that 
formula (3.11) is valid, if we replace x and K by m and N respectively. It 
follows that there exists a constant M independent of z and m such that on 
E(N, B) we have 


+ See E. Hille [1, pp. 435-436] and G. Szegé [7, p. 236]. 


(5.2) 
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(5.6) Ans(— iz)| < MA,| 1 — 2*/N?|-*/* exp {— 3[&(2)]}, 
where 

(5.7) A, = < 


and B is an absolute constant. 

On the vertical parts of C2 it is enough to know that $[&(z)]>0. The 
length of the vertical parts is O(m-*/*) and the factor | 1 —z?/N?|-/4 amounts 
at most to O(n'/§). Their contributions to Jz are consequently of the form 


(5.8) Bo(B) [2"n! 


On the arc PQ of the ellipse, Lemma 2 shows that 


Q 
f | f(z) || || dz | < B 


Q 


Q 
< B3(8) f | 22/N2|-1/4| dz|. 
P 


The integral being O(N), this expression is of the form 
(5.9) 


Similar estimates hold on C;. We have then 


(5.10) 


| < , 


—N+1 


and combining (5.3) and (5.10) we gei finally 
(5.11) | fn | < 


This being true for every B <7, it is clear that the estimate implies the valid- 
ity of (5.1). This completes the proof of Theorem 1. 

6. Functions holomorphic or meromorphic in a half-plane. Suppose that 
f(z) is holomorphic in the half-plane y> —a, a>0, and that f(z) admits of a 
formal Fourier-Hermite series 


We shall show that if the series has a strip of convergence, then f(z) cannot 
be of exponential type in the half-plane y =0. In other words, the existence of a 


4 
q 
5 

by 

| 
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strip of convergence implies a lower limit on the rate of growth of the function 
in its supposed half-plane of holomorphism. The precise statement is as fol- 
lows. 


THEOREM 2. Let f(z) be holomorphic in the half-plane y> —a, a>0. Fur- 
ther let 
(6.2) lim sup (1/r) log | f(re®”)| = h(0) M, 0<0<r. 
The Fourier-Hermite expansion of f(z) can never converge outside of the real 
axis.* 


Proof. For the proof we need the following 


Lemna 3. If f(z) is holomorphic in the half-plane y=0 and if log | f(x)| < 
—B|x|, where B>0, and log | f(re®)| < Mr when 0S0Sxk, then f(z) =0. 


This Lemma is implicitly contained in some results of F. Nevanlinna [4, 
pp. 11-12] and is explicitly stated by F. and R. Nevanlinna [5, p. 38] as a 
special case of a more general theorem. It is easily proved by forming the 
Laplace transform of f(z) and rotating the line of integration through an 
angle of z in the upper half-plane. 

This Lemma applies directly to the present situation since the assumption 
that the Fourier-Hermite series of f(z) has a strip of convergence implies the 
inequality log | f(x)| <— |x| for some positive 8 by virtue of Theorem 1 and 
this combined with the inequality (6.2) would force f(z) to vanish identically. 

We see in particular that the Fourier-Hermite series of an entire function 
of order p will never converge outside of the real axis unless p>1 or p=1 and the 
function is of the maximal type. Some further results of F. and R. Nevanlinna 
[5, pp. 40-42] throw light upon the possible width of the strip of convergence 
of the Fourier-Hermite series of an entire function of order one and particular 
maximal type. We state the result for functions meromorphic in a half-plane. 


THEOREM 3. Let f(z) be meromorphic in the half-plane y> —a, a>0. Let its 
zeros and poles in the half-plane y> —«a be ay, dz, a3, and hi, be, b3,--- re- 
spectively, where in addition $(b,) =B>0. Put arg a,=an, arg bn =Bn, and let 


1 
d = lim sup — [d(r) — a(r)], 


2 r 


where 
a(r) = >> sin an, b(r) = } sin B, 


* The same conclusion is valid if the hypotheses refer to a lower half-plane instead. This remark 
also applies to Theorem 3 below. 


1940] HERMITIAN SERIES 93 


and the summations extend over all zeros and poles respectively of absolute value 
between B and r. Finally let 


q = lim sup [r log Hf log | f(re®) | sin @ d0. 
Tro 0 


If f(z) has a Fourier-Hermite series whose ordinate of convergence equals 7, then 
7 Smin (a, B, g +7d). 

In order to connect this theorem with the Nevanlinna theory we have 
merely to observe that by Theorem 1 


1 
lim sup — {log | f(— 7)| + log | fir)| } — 


and substitution in the inequality of F. and R. Nevanlinna gives r <q +7d. 
The other inequalities are self-evident. 

Theorem 3 shows that the width of the strip of convergence is affected by 
the frequency of zeros and poles as well as by the rate of growth of the func- 
tion in parts of the plane distant from the real axis, since all these factors 
influence the rate of growth of the function near the real axis. That Theorem 3 
is the best of its kind is brought out by the following examples. 

We first consider f(z) = I'\(a—iz), a>0. By Stirling’s formula and Theorem 
1 we have r=min (a, 7/2). Applying Theorem 3 to I'(a—iz) in the half-plane 
y>—a, we find B= +, d=0, and, again by Stirling’s formula, g=7/2, so 
that the inequality t<min (a, 8, g +7d) =min (a, 7/2) becomes exact. We 
may of course also apply the theorem to an arbitrary lower half-plane. Then 
B=a, d=1 and g= —7/2, so that the same inequality results. 

Our second example is f(z) = sech az, a>0. Here we can take a=8 =7/(2a) 
and find rd =a, g=0 and r (a, 7/(2a)), which is exact. 
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ON 0-REGULAR SURFACE TRANSFORMATIONS* 


BY 
W. T. PUCKETT, JR. 


1. The continuous transformation T7(M)=M’', where M is a compact 
metric space, is said to be 0-regularf provided that for each sequence of 
points {«/} converging to x’ in M’, the sets T-1(x/) converge 0-regularlyt 
to T-1(x’). This is equivalent to a continuous transformation sending open 
sets into open sets, while the inverse sets as a collection are uniformly locally 
connected (that is, for each e>0 a 5>0 exists such that every two points 
x and y of any inverse set X whose distance apart is less than 6 lie in a con- 
nected subset of X of diameter less than e). This characterization suggests 
the projection of a convex euclidean set onto a plane. For example, the 
orthogonal projection of a solid circle onto a diameter is a 0-regular trans- 
formation. It is not 0-regular on the circumference, however, because of the 
folding about the diameter’s end points. That there exist other types of 
0-regular transformations is illustrated by the identification of diametrically 
opposite points of a 2-sphere to obtain a projective plane. A suggestive prop- 
erty of a 0-regular transformation is that the inverse sets must all contain 
the same number of components.f 

In this paper a study is made of 0-regular transformations defined on 
2-dimensional pseudo-manifolds. It is shown that if M is a 2-dimensional 
pseudo-manifold and 7(M)=M’ is a monotone 0-regular transformation, 
then either T is topological, or M’ is an arc or a simple closed curve. More- 
over, it is shown that T must be topological or M’ must be degenerate except 
in the following cases: (i) The sphere, 2-cell, and circular ring may be mapped 
onto an arc. (ii) The torus, Klein bottle, circular ring, Mébius band, pinched 
sphere, and 2-cell with two boundary points identified may be mapped onto a 
simple closed curve. In each of these cases the possible transformations are 
characterized. For example, it is shown that the only non-topological mono- 
tone 0-regular transformation of a sphere onto a nondegenerate image space 
is equivalent to an orthogonal projection onto a diameter. 

* Presented to the Society, April 8, 1939, under the title The images of 2-dimensional surfaces 
under 0-regular transformations; received by the editors August 29, 1939. 

¢ See A. D. Wallace, On 0-regular transformations, to appear in the American Journal of Mathe- 
matics. 

t A convergent sequence of closed sets { Xn} is said to converge 0-regularly to X provided that 
for each e>0O there exist positive numbers 6 and N such that if n»>WN, any pair of points x, y of Xn 


with p(x, y) <6 lie together in a continuum in X,, of diameter less than e. See G. T. Whyburn, Funda- 
menta Mathematicae, vol. 25 (1935), pp. 408-426. 
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In §6 the above results are stated in terms of possible monotone 0-regular 
retracting transformations on pseudo-manifolds, while in §7 R. L. Moore’s* 
self-compact equicontinuous collections of curves are used in stating the 
results. In the concluding section the possible images of pseudo-manifolds 
under general 0-regular transformations are considered. 

2. Throughout this section the following notation will be used: Let M 
denote a 2-dimensional pseudo-manifold, that is, a 2-dimensional manifold 
or surface (with or without boundary) among g points of which identifications 
have been performed so as to produce r local separating pointsf of M. Let B 
be the boundary (that is, a finite number of simple closed curves) of M, and 
denote the finite set of local separating points of M by S. Finally, let 
T(M)=M’ be a monotone 0-regular transformation and assume M’ is non- 
degenerate. 


2.1. If x is a point of S, then T-'T (x) =x. 


Proof. Since M isa locally connected continuum and z is a local separating 
point of M, there exists a connected neighborhood U(x) of x such that 
(A22), where the L; are mutually separated 
open sets each having x as a limit point. Assume the assertion is false; then 
there exists an L, such that T-!7(x)-L, contains x. Let {x;} be a sequence 
of points in L,—T-!T(x) (n not k) converging to x. Now {7-!T(x,)} con- 
verges to 7~!T(x). Hence for each sufficiently large i there exists a point y; 


of L, such that T(y,)=T7(«;) and {y;} converges to x, since T-!T(x)-Li 
contains x. But any connected set in 7-'7(x;) containing x; and y; must 
extend outside U(x). Hence {7-!T(x,;)} does not converge 0-regularly to 
T~'T(x) contrary to the hypothesis that 7 is a 0-regular transformation. 


2.11. If xis a point of S, then T(x) is a local separating point, but not a cut 
point of M’. 

Proof. Since T-!T (x) =x, T~-'T (x) locally separates M. Hence by a known 
theorem§ on monotone transformations 7(x) locally separates M’. However, 
T(x) cannot be a cut point of M’ since M —x is connected. 


* Foundations of Point Set Theory, American Mathematical Society Colloquium Publications, 
vol. 13, New York, 1932, pp. 396-397. The essential definitions are given in §7 for completeness. 

{ The point x of a continuum M is called a local separating point of M provided there exists a 
neighborhood U(x) of x in M such that x separates U(x) between some pair of points of the com- 
ponent of (Ux) containing x. See G. T. Whyburn, Local separating points of continua, Monatshefte 
fiir Mathematik und Physik, vol. 36 (1929), pp. 305-314. 

t The theorem and proof given here are valid if M is any locally connected continuuia and x 
is a local separating point of M. 

§ See G. T. Whyburn, Semi-closed sets and collections, Duke Mathematical Journal, vol. 2 
(1936), p. 686, (3.1). 
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2.2. If x’ is any point of M’, then T-*(x’) is either an arc or a simple closed 
curve. 


Proof. Since T is interior,* 7~(x’) can contain no open set. Hence either 
T-'(x’) is a single point (that is, a degenerate arc or simple closed curve) 
or T-1(x’) is a 1-dimensional continuum. Moreover, 7~-1(x’) is locally con- 
nected.f Therefore, in order to establish the assertion it must be shown that 
every point x of X = 7~1(x’) has an order not greater than 2 in X. Suppose x 
has an order greater than 2 in X; then there exist nondegenerate arcs 
1, @, a; in X which are disjoint except for a,-a2:a;=x, an end point of 
each a;. Since, after 2.1, x cannot be a point of S, there exists a neighborhood 
U(x) of x in M such that U(x) is a 2-cell. It may be assumed each a, is dis- 
jointt with F(U(x)) except for the other end point. Now U(«)—) a; must 
contain at least two components J;, Lz such that Z; contains x. (Observe 
that one cannot say three components here because x may be a point of B.) 
Moreover, it may be assumed a1: Z:=<x, since U(x) is a 2-cell. There exists a 
sequence of points {y,;} of Li-(M—X) converging to x, since X contains no 
open subset of M. Now if {Y;}={7-!T(y,)} converges to X, there must 
exist for all sufficiently large 7 points z; of Y; not contained in J, since 
ai: I,=x. It may be assumed {z;} converges to x. Therefore {Y;} does not 
converge 0-regularly to X, since any connected subset of Y; containing v; 
and z; must extend outside U(x). Thus the assumption that the order of 
x is greater than 2 has led to the contradiction that T is not 0-regular. 


2.3. If x’ is a point of M’ such that T-'(x’) is nondegenerate and not con- 
tained in B, then x’ is a local separating point of M’. 


Proof. Since X =7~1(x’) is nondegenerate and not contained in B, it 
follows from 2.2 and 2.1 that there exists a subarc a of X which is disjoint 
with B+. Let x be an interior point of a and let a1, a2 be arcs such that 
a@=a,+a2 while a:-a2=x. There exists a neighborhood U(x) of x which is an 
open 2-cell and does not contain either of the a;. Let x1%%.=8 be the subarc 
of a containing x such that 8-F(U(x))=x1+%2; then U(x) -B=1i+L is a 
separation such that Z:-Z2=8. Now let {U;(x)} be a sequence of connected 
neighborhoods contained in U(x) and closing down on x. Then for each 
i, U(x) —X =La+Ly, where L;;=L;-(Ui(x) —X), is a separation, since X 
contains no open subset of M. Suppose x’ is not a local separating point of M’; 


* That is, open sets go into open sets. That a 0-regular transformation is interior follows from 
the Eilenberg characterization of an interior transformation. See Fundamenta Mathematicae, vol. 24 
(1935), p. 174. 

t See A. D. Wallace, loc. cit. 

t For any open set U, F(U) denotes the set-theoretic boundary of U, that is, the set U—U. 
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then for each 7, T(Ui(x) -X) =T(U;(x)) —x’=0’ must be a connected set.* 
Hence there must exist a point y/ of 0’ for each i such that T-!(y/)-Li; 
contains a point y,; for 7=1, 2. Now |y/} converges to x’ and p(ya, yi2) 
converges to zero, since the U;(x) close down on x. But from the definition 
of the L;; it follows that any connected set in T~1(y/) containing yi and yi2 
must go outside U(x). Therefore {7-'(y/)} does not converge 0-regularly 
to X, contrary to the hypothesis that 7 is a 0-regular transformation. 


2.31. Under the conditions of 2.3, x’ locally separates M’' into exactly two 
components. 


Proof. Suppose x’ locally separates M’ into more than two components; 
then there exists a connected neighborhood V(x’) such that V(x’)—x’ 
=Li+Li+Lj+ ---, where the Z; are mutually separated connected open 
sets with x’ a point of F(L/) for each j. For each 7, T-1(L/) is a connected 
set, since connectedness is invariant under the inverse of a monotone trans- 
formation. Thus, since 7 is interior, T~'(«’) is on the boundary of at least 
three mutually separated connected open sets in M. This is impossible since 
T-'(x’) is a nondegenerate arc or simple closed curve. 


2.32. If x’ is an end point of T-'(x') for some point x’ of M’, then x belongs 
to B. 

2.33. If x’ is not a local separating point of M’, then T-\(x’) is a single 
point or is contained in B. 

2.4. If x’ is a point of M’ such that B-T-‘(x') contains a nondegenerate 
continuum K, then T-*(x’) is contained in B and x’ is an end point of M’. 


Proof. If 7-!(x’) is not contained in B, it follows from 2.31 that x’ 
locally separates M’ into exactly two components. Thus there exists a con- 
nected neighborhood V(x’) of x’ such that V(x’)—x’=L{ +L, where Li 
and L/ are mutually separated connected open sets with x’ a point of 
Li - Li. Hence T-(L/) and T-"(L/) are disjoint connected open sets in M 
whose boundaries have 7-!(x’) in common, consequently have K in common. 
This is impossible since T~1(x’) is locally connected and K is contained in B. 

Let x’ be a point of M’ such that 7~-'(x’) is nondegenerate and con- 
tained in B. Now T~‘(x’) can contain no point of S. Hence for any point 
x of T-1(x’) which is not an end point there exists a neighborhood U(x) such 
that U(x) is a 2-cell. Moreover, U(x) may be taken so small that x is an 
interior point of an arc lying in T-1(x’) with its end points not in U(x). 


*See G. T. Whyburn, Concerning points of a continuous curve defined by certain im kleinen 
properties, Mathematische Annalen, vol. 102 (1929), pp. 313-336, Theorem 1. 
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Thus there exists a neighborhood V(x’) such that for each point y/ of 
V(x’)—x’ the set T-(y/) contains an arc Y;, with its end points only in 
F(U(x)), which separates U(x) into exactly two components, since T is 
monotone 0-regular. In case {y/ } is any sequence of points converging to x’, 
the corresponding Y; may be so selected that if L; denotes the component 
of U(x) —Y; containing x, then x is a point of L=[]Z; which is contained in 
T-\(x’). Finally, every sufficiently small neighborhood W(x) must have the 
property that 7-1(x’)-W(x) is contained in Z and for every point y/ of 
T(W(x))—«x’ the product L;-W(x)-T-(y/) is empty. Suppose x’ is not an 
end point of M’. Then it is an interior point of an arc 2 x’ . Now T-1(z/ x’) 
(t=1, 2) is locally connected.* Hence there exist arcs y;x; in W(x) such that 
T(yix:) =y/ x’ is contained in z/ x’, where it is assumed y; is the last point of 
yix; in T-1(y/) and 2; is the first point-in T—1(x’). From the choice of W(x) 
it follows that y; is contained in Y; and x; in L. Since U(x) is a 2-cell it may 
be assumed Y2 separates Y; and LZ in U(x) and consequently in W(x). Thus 
yi%1 contains a point of V. which contradicts the fact that T(yi%1) is contained 
in x’. 

2.5. If for a point x’ of M’ the set T-(x’) is not contained in B, then 
can contain only end points of T-*(x’). 


Proof. Suppose the assertion is not true. Then there exists a point x of 
B-T~*(x") which is not an end point of T7-!(x’). Now x is not a point of S, 
since T-!(x’) must be nondegenerate. Thus there exists a neighborhood U(x) 
such that U(x) is a 2-cell. It may be assumed there exist points of T-1(x’) 
which are not in U(x). Let xm, 22 be points of T-1(x’) different from « such 
that the arc x:xx2 is contained in U(x)-7-(x’), and furthermore, let y, z be 
points of B different from x such that the arc yxz is contained in B- U(x). 
Then (a:«%2)-(yxz) =x; for suppose the product set contained another point 
x3. Then x:xx2+yxz contains a simple closed curve J, since no subcontinuum 
of T-1(x’) can be contained in B because of 2.4. Thus J separates U(x) 
into exactly two components and there is one component C such that 
C-[M—U(x)]=0, since J is contained in U(x). Let {w,;} be a sequence of 
points in C converging to a point x) of J - 7-!(x’); then T-!T(w,) is contained 
in C=C+J for each i. Hence {7-!7(w,)} cannot converge to T-!T(xo) 
=T-(x’), since the latter set contains points outside U(x). Thus the four 
arcs XX, Xe”, yx, zx are contained in the 2-cell U(x) and have by pairs only x 
in common. Hence there exists a neighborhood W(x) in U(x) which is 
separated into three components by «722 such that x is on the boundary of 


*See W. T. Puckett, C serning local connectedness ..., American Journal of Mathematics, 
vol. 61 (1939), p. 752, (3.1). 
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each, and only one can have both 2:4 and x2x on its boundary. Let L; be the 
component such that Z; contains x,x but not x;, and let {w,} be a sequence 
of points in L; converging to x. Then { 7-!7(w,) } cannot converge 0-regularly 
to T-'T(x) =T-(x’), since they must go outside W(x) to converge to the 
arc Xx. 


2.6. If the sequence {x,’} of local separating points of M’ converges to a 
point x’ of M'—T(S) and T-‘(x’) is degenerate, then x’ is an end point of M'. 


Proof. There exists a neighborhood U(x) of x=T-1(x’) such that U(x) 
is a 2-cell, since x is not a point of S. Moreover, it may be assumed that each 
T-\(x,!) is contained in U(x), since {7-1(x,’)} converges to x. Since x,’ is a 
local separating point of M’, T-1(x,’ ) locally separates* M and, consequently, 
separates U(x) because it is a 2-cell. But since T-1(x,/) is contained in U(x) 
it follows that 7-'(x,’) separates M; that is, M—T-1(x,’)=L,+N, is a 
separation and it is assumed x is a point of L,. Now F(L,) is contained in 
T-\(x,'), whence F[7(ZL,,) | contains at most the single point x,’. Thus T(L,) 
is an open set containing x’ whose boundary consists of at most a single point. 
Thus in order to complete the proof it remains to be shown that T(L,) is a 
sequence of sets closing down on x’. It may be assumed that for each n>k, 
T-1(x,! ) is contained in L;. Moreover, because the transformation is interior, 
F(L,) =F(N,,) ). Hence «x is a point of L,4: which is contained in L,, 
and consequently x is a point of L=]][Z,. But N=)-N, is open and F(N) =z, 
since for n<k, N, is contained in N;, F(N,,) =T-'(x,/), and {T-"(x,’)} con- 
verges to x. Thus if LZ, does not close down on x, that is, x is not L, then 
M —x=(L—x)+N is a separation. But this is impossible, since M is a 
2-dimensional pseudo-manifold. Therefore x =L, and the proof is complete. 

3. We next prove the following theorem. 


Tueorem. If M is a 2-dimensional pseudo-manifold and T(M)=M’ is a 
monotone 0)-regular transformation, then T is topological, or M’ is either an arc 
or a simple closed curve. 


Proof. In case M’ is degenerate there is nothing to prove. Thus assume M’ 
is nondegenerate and let K be the set of all points of M on which T is one-to- 
one. Then K is closed, since T is interior. Let G= M — K; then by 2.3 and 2.4, 
T(G) consists of local separating points and end points of M’. Suppose G is 
not empty, and let x be a point of F(G). If x is not a point of S, then it 
follows from 2.6 that T(x) is an end point of M’. If x is a point of S, then it 
follows from 2.11 that T(x) is a local separating point of M’. Hence T(G) 
consists of local separating points and end points of M’. Suppose M — G is not 


* See G. T. Whyburn, Semi-closed sets and collections, loc. cit. 
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empty; then there exist points y of (M—S)-(M-—G) and z of (M—S)-G, 
since M—G and G are both open and S is finite. Now M—S is a region in 
the locally connected continuum M. Hence there exists an are yz in M—S 
which must intersect F(G). Let x be the first such point from y to z. Now 
the arc yx is contained in K, and consequently 7 (yx) is topological. Therefore 
no point «j of T(yx) can be a local separating point of M’, since no point of 
M —S locally separates M. But T(x) is an end point of M’, which is a con- 
tradiction. Thus either G is empty or M—G is empty. In the first case T is 
topological, while in the second M’ consists of end points and local separating 
points and consequently is a 1-dimensional continuum. But T is interior and 
for each point x’ of M’, T-1(x’) is locally connected. Hence it follows from a 
known theorem* that M’ is either an arc or a simple closed curve. 

4. It is proposed in this section to show that a monotone 0-regular trans- 
formation on a 2-dimensional pseudo-manifold must be topological except in 
a few specific cases. The notation is that used in §2. 


4.1. In order that T be topological it is sufficient that either (a) S contains a 
point which locally separates M into at least three components, or (b) S contains 
more than one point. 


Proof. Suppose 7 is not topological; then M’ is either an arc or a simple 
closed curve. Now after 2.11 the image of a point x of S cannot be an end 
point of M’. Hence x’ =T7(x) must locally separate M’ into exactly two com- 
ponents; that is, there exists a connected neighborhood V(x’) in M’ such 
that V(x’)—x’=L’+N’, where L’, N’ are open arcs with x’=L’-N’. 
Suppose «x locally separates M into more than two components; then there 
exists a connected neighborhood U(x) such that T(U(x)) is contained in 
V(x’) and U(x)—x=M,+M.4+ --- +M;, (k=3), where, for each integer 
i<k, M; is a component and x is a point of M;. Thus, since T-'(x’) =x, it 
may be assumed L’-7(M;)-T(Msz) contains a sequence of points {x,’ } con- 
verging to x’. But {7-"(x,’)} does not converge 0-regularly to x, since for 
each n, T-!(x,! )- M, is not empty and 7~1(x,’)- M2 is not empty. Thus for (a) 
T must be topological. Now under the assumption that T is not topological 
it follows that if y, z are points of S, then T(y+z) separates M’. Hence y+z 
separates M, which is impossible. Thus for (b), T is also topological. 

The following statement follows immediately from 2.11: 


4.11. In order that M’ be an arc it is necessary that S be empty. 


4.2. If T is not topological, then either T-\(x') is an arc for every point x’ 


*See G. T. Whyburn, Interior transformation on certain curves, Duke Mathematical Journal, 
vol. 4 (1938), p. 612. 
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of M’ or every T-*(x') is a simple closed curve. In neither case can more than 
two T-1(x’) be degenerate. 


Proof. Let L’ be the set of all points x’ of M’ such that T7—1(x’) is degenerate. 
Since T is not topological either x’ must be an end point of M’ or « = T-1(x’) 
must be a point of S. After 4.11 it follows that S is empty when M’ has end 
points. Thus, since M’ is either an arc or simple closed curve and consequently 
S consists of not more than one point, L’ can contain at most two points and 
M’—L’ is connected. Let Nj be the set of all points x’ of M’ such that 
T-'(x’) is an arc, and Ny the set of all points such that 7-1(x’) is 
a simple closed curve. From 2.2 it follows that M’—L’=N/+WN/. But 
Ni -Ni =N{ - Ni =0 since the 0-regular limit of a sequence of arcs (simple 
closed curves) is an arc (simple closed curve).* Hence either Vi =0 or N? =0, 
since M’—L’ is connected. 


4.21. For each point x’ of M' let T-‘(x’) be a simple closed curve, at least 
one of which is nondegenerate. If J is any simple closed curve of B, then some 
= J. 

Proof. From 2.5 it follows that if B- 7—'(x’) is not empty then T-1(x’) is 
contained in B. Moreover, it follows from 4.2 that every T-1(x’), except 
possibly two, is a nondegenerate simple closed curve. Thus there exists a 
nondegenerate simple closed curve 7-1(x’) contained in B such that J - T-1(x’) 


is not empty. But J-(B—J) is contained in S (of course, may be empty), 
while S-7-1(«’) =0 by 2.1. It follows that T-1(x’) is contained in J and is 
therefore J. 

The following assertion also comes out of the above proof: 


4.22. Under the hypotheses of 4.21, S:-B=0. 


Let ,1(M) denote the first Betti number (mod m) of M, for m20. Also, 
if N is a closed subset of M, let p,1(N, M) denote the first Betti number 
(mod m) of N relative to M, that is, the number of independent cycles in V 
relative to homologies (mod m) in M. In another paper the writer has 
shown that 

(i) If x’, y’ are any two points of M’, then 


(1) put [T-(x’), M] = pot [T-(y’), M]. 
(ii) If x’ is any point of M’, then 
(2) poi (M) = p\(M’) + pi M], 
*See G. T. Whyburn, On sequences and limiting sets, Fundamenta Mathematicae, vol. 25 


(1935), pp. 409-426, particularly (3.1) and (3.2), p. 416. 
1 On regular transformations (offered for publication to Duke Mathematical Journal). 
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which in the case considered here may be written 

(2’) pu (M) — pot (M’) = pa [T-(x’), M], 

since all the numbers involved are finite. 
The two relations above, along with 2.2, give the following assertions: 
4.31. In any case 0S py (M)— pi (M"’) <1 (m=0). 
4.32. If, for any m=0, poi (M) >2, then T is topological. 


4.33. If, for some point x’ of M', T-\(x') is degenerate or an arc, then 
Put (M) = put (M") (m20). 


4.34. In order that M’ be an arc it is necessary that po (M) <1 (m=0). 


4.35. In order that M’ be a simple closed curve it is necessary that 
1S pnt (M) <2 (m20). 


The assertions 4.1 and 4.11 may be obtained from 4.33, 2.1, and 2.2 as 
follows: Let M be a pseudo-manifold with S=4,;-+ye+ - - - +4,; then it may 
be assumed M was obtained from a manifold L, which contains no identifi- 
cations, by identifying yu; points to obtain y;. Thus it follows from the Euler- 
Poincaré formula that 


(3) Pot (M) = po (L) + DS (wi — 1) (m prime). 


i=1 


Therefore, if \>1 or some yu; >2 it follows that p,1(M)=2. Thus it follows 
from 2.1 and 4.33 that p,! (M) =), (M’) =2, since S is not empty. Hence T 
must be topological, since M’ cannot be an arc of a simple closed curve. 
By the same reasoning it follows that if S contains a single point then 
Pui (M') = prt (M) =1, and therefore M’ cannot be an arc. 

A 2-dimensional closed surface M (that is, S=0, B=0) can possess no 
0- or 2-dimensional torsion,* and if M is orientable (that is, a sphere, or 
torus, and so on) it can possess no 1-dimensional torsion. However, if M is 
not orientable (that is, projective plane, Klein bottle, and so on) its 1-dimen- 
sional torsion group is cyclic of order 2.t Hence it follows from a known 
theorem{ that if M is a 2-dimensional closed surface, then 

(4a) p¢(M)=p3(M) when M is orientable, and 

(4b) p(M) =p) (M)+1 when M is non-orientable. 
Therefore it followsf that 

(5a) pi (M) =p2 (M) =0, if M is a sphere; 


* See Alexandroff-Hopf, Topologie I, Berlin, 1935, Theorems I and IT’, p. 212. 
t See Topologie I, paragraph 10, pp. 266-269. 
t See Topologie I, Theorem VIII’, p. 227. 
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(Sb) pd (M) =0, p23 (M) =1, if M is a projective plane; 

(5c) pd (M) =1, (M) =2, if M is a Klein bottle; 

(Sd) pd (M) =p? (M) =2, if M is a torus; and 

(Se) pi (M)>2, if M is any other 2-dimensional closed surface. 

Now let M be a 2-dimensional surface with boundary (that is, let S=0, 
B=J,+J2+ - ~~ +Js, where the J; are disjoint simple closed curves); then 
M may be thought of as a closed 2-dimensional surface L with 8 open 2-cells 
cut out. Thus if 8 is not 0, then* 

(6a) M possesses no torsion; 

(6b) p2(M) = pd (M) = pd (L)+8—1 when L is orientable; and 

(6c) pi (M) = pd (M) = pd (L)+8 when L is non-orientable. 

The relations (3), (5), and (6) are enough to determine the first Betti 
number (mod 0 or 2) of any 2-dimensional pseudo-manifold with which this 
paper hereafter is concerned. 


4.4. If M’ is a nondegenerate arc, the» M must be either a sphere, a 2-cell, 
or a circular ring. 


Proof. Since M’ is an arc, it follows from 4.11 that S=0, and from 4.34 
that p:'(M) <1. Hence, besides those surfaces given in the theorem, M may 
be either a projective plane or a Mébius band, both of which have p.' (M) =1. 
Suppose M to be either one of these and M’ to be an arc; then it follows from 
4.33 that T-1(x’) is a nondegenerate simple closed curve for each point «’ of 


M’. But let y’, s’ be the end points of M’; then it follows from 2.33 that 
T-'(y’)+7T-1(z’) is contained in B. This is impossible, since in the first case 
B=0 while in the second B consists of a single simple closed curve. 


4.5. If M’ is a nondegenerate simple closed curve, then M is either a torus, 
a Klein bottle, a circular ring, a Mébius band, a pinched sphere (that is, a 
Sphere with two points identified), or a 2-cell with two boundary points identified. 


Proof. Since M’ is a simple closed curve it follows from +.35 that 
1<=p,'(M) <2 for m=0 or 2. Thus the torus and Klein bottle are the only 
closed surfaces which can possibly transform into a simple closed curve. How- 
ever, if S=0 and M has boundary, it is possible, besides the circular ring and 
Mobius band, that M may be either a 2-cell with two holes, a Mébius band 
with a hole, a torus with a hole, or a Klein bottle with a hole. In each of 
these cases p#(M)=2 and B21. Suppose M is one of these; then from 4.33 
it follows that T-1(«’) is a nondegenerate simple closed curve for each point 
x’ of M’. Hence after 4.21 it follows that there exists a T—!(x’) contained in B. 
Thus this x’ is an end point of M’ because of 2.4. This is impossible under 


* See Topologie I, paragraph 11, pp. 269-270. 
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the assumption that M’ is a simple closed curve. If S is not empty, then it 
follows from 2.1 and 4.33 that p,!(M) =p, (M')=1, for m=0 or 2. Hence 
the only possibilities here are the pinched sphere and 2-cell with two points 
identified. It remains to show that in the case of the 2-cell the two points 
which are identified must be on the boundary. Let x, x2 be the two points of a 
2-cell, at least one of which is not on the boundary, which are identified to 
give the point x=S. Then there exists a neighborhood U(x) such that 
U(x)—x has two components, one of which, say C, is such that C is a 2-cell. 
Let {y,}, contained in C, converge to x. Then for sufficiently large i, T-'T(y,) 
is contained in C and is disjoint with F(C). Now each of these T-'T(y;) must 
locally separate M and consequently locally separate C. Thus each must be a 
nondegenerate simple closed curve. Therefore, 7~(x%’) is a simple closed 
curve for each x’ of M’ after 4.2, and consequently some 7~1(x’) which is non- 
degenerate is contained in B. But this x’ would be an end point of M’ by 2.4, 
which is impossible since by assumption M’ is a simple closed curve. 

5. In 4.4 and 4.5 it is shown that only a few of the 2-dimensional pseudo- 
manifolds can possibly be transformed into a nondegenerate arc or simple 
closed curve by a monotone 0-regular transformation. In this section it is 
shown that each of these transformations is possible. Moreover, the trans- 
formations are completely characterized. 

A transformation T(M)=M’ is said to be topologically equivalent* or 
simply equivalent to a transformation W(N)=N’ provided one can write 
T(M)=hWH(M)=M’, where H(M)=N, h(N’)=M’ are homeomorphisms. 


5.1. If M is a 2-cell and M' is a nondegenerate arc, then T(M)=M"' is 
equivalent to one of the transformations W(N)=N’, where N’ is the interval 
0<é’<1 and either (a) N is the square 


OS¢s1, O8n8 
with &’=£, (b) N its the triangle 
with &'=£, (c) N is the triangle 
Os¢s1/2, 8; 
with &’ =&, or (d) N is the solid circle 
0S? 


with = 


* See G. T. Whyburn, Completely alternating transformations, Fundamenta Mathematicae, vol. 
27 (1936), p. 140. 


1 
OSn81-€& 


106 W. T. PUCKETT [January 


Proof. Suppose, after 4.2, that the inverse of every point of M’=x¢ x/ 
is an arc. Then there are three possibilities: (i) neither of the continua 
X;=T-'(x/) (é=0 or 1) is degenerate, (ii) one, say Xo=xo, is degenerate, 
and (iii) both X»>=2») and X,=%; are degenerate. It will be shown that the 
transformations arising from these possibilities are equivalent to (a), (b), 
and (c) respectively. 

Since in (i) Xo and X; are nondegenerate arcs, it follows from 2.33 that 
they lie in B. Hence B=ao+Xo+ai+ Xi, where each a; is an arc disjoint 
with X, and X, except for one end point in each. Now if x’ is an interior 
point of M’, the arc X =7~-(x’) must separate X) and X,; in M. Moreover, 
after 2.5, B can contain only end points of X. Hence ¢=[X], where 
X=T-'(x’) for some x’ of M’, is an equicontinuous (since it is 0-regular) 
collection* of arcs satisfying a theorem of R. L. Moore.t Thus there exists a 
self-compact* collection G=|[g] of mutually disjoint arcs such that }>g=M 
and for each X of @ and g of G the product X-g is a single point. Let 
h(N’)=M' be a topological transformation, and for N of (a) in the theorem 
let = N be a topological transformation such that Ho(X;) =W-"h-"(x/ ) 
(i=0, or 1). Now ¢o= [Ho(X) | and Go= [Ho(g) | are self-compact collections 
of arcs filling up V. Let ¢/ ] and Gj = | be countable subcollections 
of do and Gy respectively such that 


p N 18? - 


These subcollections may be used in order to set up a sequence H;(N)=N 
of topological transformations, each of which is the identity on &=0, 
0<n<1, whose limit is the homeomorphism H,,(N)=WN with the property 
=W-h-"(x’) for every point «’ of M’. Now define then 
T(M)=hWH(M),. 

In possibility (ii) Xo=2» is a single point and X, is a nondegenerate arc. 
Just as above X, must be contained in B. Moreover, 2%» is contained in B, 
for suppose it were not. Then there exists a neighborhood U(x») disjoint 
with B and a point x’ interior to x(x such that T-'(x’) is contained in U(x) 
and separates X, and x in M. This is impossible, since in the case considered 
T-1(x’) is an arc. Now let {y/} be a sequence of points converging to x¢. 
Then on yi), and generally on M; the transforma- 
tion behaves as in (1). Hence just as for (1) there exists for each i a self- 
compact collection G‘= [g‘] of mutually disjoint arcs such that }°g‘=M; and 
for each X = T-1(x’) of M;, g'- X is a single point. Now it may be assumed that 


* Foundations of Point Set Theory, pp. 396-397. 
{ Foundations of Point Set Theory, Theorem 1, p. 397. 
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for each i, yi4: precedes y/ in xj x/. For any point y; of T-!(y/) let g' be the 
arc of G! which has y, for an end point, and let g” be the arc of G? which has 
y: for an end point. Then the other end point of g? is a point yz of T—1(y?). 
Step by step for each 7 let g‘ be the arc of G‘ having y;-: of T-"(yj-1) for one 
end point and denote the other, which must be in 7-'(y/), by y,. Define 


g=> 8: 


then g is an arc. Thus as y; ranges over T~1(y/ ) it generates a self-compact 
collection G=[g] of arcs such that }>g=M and each g intersects any 
X =T~-(x’) of M in a single point. As for the previous case, this collection 
along with ¢=[X] may be used in connection with an arbitrary homeo- 
morphism /:(N’) = M’, where N is given by (b), to obtain a topological trans- 
formation H(M)=WN such that 7(M)=AWH(M). 

By the argument used above it follows that in possibility (iii) both the 
points x»>=X, and #,= X; lie in B. Moreover, if x’ is an interior point of 
M’' =x) xi, then T behaves on M;=T-"(x/ x’) as in (ii). Hence if h(N’) =M’ 
is an arbitrary homeomorphism, where NW and W are given by (c), it follows 
from (b) that there exist homeomorphisms H;(M;)=W-'h-\(x/x’) such 
that T(M;)=hWH,(M;). Moreover, the H;(M;) may be so defined that 
HyT-\(x')=HMiT-\(x’). Define H(x)=Hi(x) for x a point of M;; then 
T(M)=hWH(M). Thus all three possibilities for 7-1(”’) an arc are char- 
acterized. 

If for each x’ of M’, T-1(x’) is a simple closed curve, then it follows from 
4.21 and 2.32 that the inverse of one end point of M’ =x) x, say T-'(x/), is 
the whole of B while the inverse of the other end point 7-"(xj) =a» is a 
single point in the interior of M. Since no point separates M, it therefore 
follows that the collection ¢=[7-1(x’)] for all points x’ of M’ satisfies a 
theorem of Kerékjarté.* Hence the collection ¢ is homeomorphic with a 
collection of concentric circles filling a circle. Thus for N and W of (d) there 
exists a topological transformation H(M)=N such that WHT~-1(x’) is a 
point of N’ for every point x’ of M’ and conversely. Thus for each point a’ 
of N’ define h(a’) =x’, where WHT-1(x’) =a’. Then h(N’) = M’ is topological 
and such that 7(M)=hWH(M). 


5.2. If M is a sphere and M’ is a nondegenerate arc, then T(M)=M’ is 
equivalent to W(N) =N’', where N is the sphere &?+n?+¢?=1, N is the interval 
—1<£’ <1, and W is the transformation &' =. 


Proof. Since no arc separates the sphere, it follows from 4.2 and 2.33 


* See Kerékjirt6, Topologie I, Berlin, 1933, p. 246. See also H. Whitney, Regular families of 
curves, Annals ot Mathematics, (2), vol. 34 (1933), example, p. 260. 
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that the inverse of every point x’ of M’=x/x/ is a nondegenerate simple 
closed curve except for the end points x/, which must have degenerate in- 
verses. Let y’ be any interior point of M’, M/ =x/y’, M;=T-(M/), N/ 
the interval [0, (—1)‘], and V;=W-"(N/) for i=0 and 1. Then it follows 
from 5.1 (d) that there exist homeomorphisms /;(N/)=M/ and H;(M,) =N; 
such that 7(M;)=h,WH,<(M;). It may be assumed /,(0)=,(0) and 
HoT-'(y')=M,T-“(y’). Define H(«)=H(x) for x a point of M; and 
h(N’)=M’ accordingly. Then T(M)=hWH(M). 

5.3. If M is a circular ring and M’ is a nondegenerate arc, then T(M)=M’ 
is equivalent to W(N)=N’ where N is the ring 1<&+n? <2, N’ is the interval 
<1, and W is the transformation &' = —-1. 

Proof. Since p4(M) and p+(M’) are not equal, it follows from 4.33 that 
the inverse of every point x’ of M’ is a nondegenerate simple closed curve. 
Let B=J,)+J:i, where J; is a simple closed curve. Then it follows from 4.21 
and 2.33 that J;=T-'(x/), where M’=x/ xj. Let Ho(M)=N be topological 
and suppose N* to be the solid circle 0 <£?+7? <1. Let this be filled with the 
family of concentric circles G = [g]. Then the families G and ¢ = [HoT-1(x’) | 
for all x’ of M’ satisfy Kerékjart6’s condition? that there exists a homeo- 
morphism Hi(N+N*)=N+N* such that [Hi(g)] and [Hi:HoT-"(x’)] to- 
gether form a family of concentric circles filling ¥ +N*. Moreover, it may be 
assumed that for the circle Xo (that is, for £?-+n?=1) Hi(Xo) = Xo. Define 
H =H,H,; then for each x’ of M’, WHT-'(x’) =a’, a point of N’, and con- 
versely. Now for each point a’ of N’ define h(a’) =x’, where WHT—1(x’) =a’; 
then h(N’)=M’ is topological and T(M)=hWH(M). 


5.4. If M is a circular ring and M’ is a nondegenerate simple closed curve, 
then T(M)=M' is equivalent to the transformation &' =cos 0, n=sin 0 on the 
circular ring N: 


=rcos#, n=rsind 2). 


Proof. Since S=0 and M’ has no end points, T7—!(x’) is nondegenerate for 
each x’ of M’ and is not contained in B=J,+J;. Thus, after 4.21, each 
T-1(x’) is a nondegenerate arc, and B- 7T~-1(x’) consists of the end points of 
T-1(x’) because of 2.32 and 2.5. Moreover, the end points of 7—(x’) must lie 
one in J» and one in J;, for if both were contained in J;, T-'(x’) would 
separate M and consequently x’ would separate M’. Let y; and y be any two 
points of M’; then M’=a/ +a/, where a/ is an arc and aj =yi 
Define M;=T-'(a/). Let W(N)=N’ designate the transformation of the 
theorem and let aj, a¢ be any two points of NV’. Express N’ as the sum of 


t Topologie I, p. 246. 
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two arcs, +8 where +a/. Define =W-1(6/); then 
after 5.1 (a) there exist homeomorphisms /;(8/) =a/ and H;(M;)=N; such 
that T(M;)=h;,;WH,(M;). Moreover, the homeomorphisms may be so defined 
that =he(a/) and H,7-'(y/) =H2T-"(y/ ). Let =H;(x) on M; and 
h(a’) =h,(a’) on B,;; then T(M)=hWH(M). 

5.5. If M is a Mobius band and M’' is a nondegenerate simple closed curve, 
then T(M)=M" is equivalent to the transformation W: &'=cos 0, n’ =sin 
¢’=0, on the Mobius band N: 


(2+ 7 cos 0/2) ¢=rsin 0/2 


Proof. Just as in 5.4 it follows that the inverse of each point x’ of M’ 
must be a nondegenerate arc with its end points only in B. Again just as in 
5.4, 5.1 (a) may be used to define the homeomorphisms / and H such that 
T(M)=hWH(M), where W(N)=N’ is the analytical transformation of the 
theorem. 


5.6. If M is a 2-cell with two boundary points identified and M’ is a non- 
degenerate simple closed curve, then T(M)=M_" is equivalent to the transforma- 
tion W(N) =N’:é' =cos 0, n’ =sin 0, where N is defined by 


—=rcos8, n=rsin8@, 0565 27,1 (1/2)(3 — cos 8). 


Proof. Here S=¥, is a single point. Thus it follows from an argument 
similar to that used in 5.4 that except for T-!T(y:) the inverse of every 
point x’ of M’ is a nondegenerate arc with its end points in B and separated 
in B by y:. Express M’ as the sum of two nondegenerate arcs, that is, as 
M’=aj where aj Then 5.1 (b) may be applied here as 
5.1 (a) was in 5.4 to give homeomorphisms such that 7(M)=hWH(M). 


5.7. If M is a pinched sphere and M’ is a nondegenerate simple closed 
curve, then T(M) = M’ is equivalent to the transformation W(N) =N’: &' =cos @, 
n’ =sin 0, ¢’=0, where N is defined by 


£ = (2 + sin? (0/2) cos @) cos 0, » = (2 + sin? (6/2) cos ¢) sin 8, 
¢ = sin? (6/2) sing (0 < 0,¢ S 2rn). 


Proof. Here again S=¥; is a single point, Just as in 5.2 it follows that the 
inverse of every point of M’, except T(y:), is a nondegenerate simple closed 
curve. Express M’ as the sum of two nondegenerate arcs one common end 
point of which is 7(y:). Then 5.1 (d) may be used to define homeomorphisms 
such that 7(M)=hWH(M). 
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5.8. If M is a torus and M’ is a nondegenerate simple closed curve, then 
T(M)=M’ is equivalent to the-transformation W(N) =N’: &' =cos 8, n’ =sin 8, 
¢’=0, where N is defined by 


= (2+ cos ¢) cos n = (2+ cos ¢) sin @, ¢ = sin @ 
(0 < 0, S2n). 


Proof. Since p,'(M) > p (M’) it follows from 4.32 and 4.2 that the inverse 
of every point of M’ is a nondegenerate simple closed curve. Let M’ =a/ +a? , 
where aj and a are nondegenerate arcs with common end points (that is, 
ai =yity!). Now M;=T-'(a/) is a 2-dimensional manifold with 
B=T-'(y{)+T7- (yf). Moreover, 7(M;)=a/, an arc. Thus M; must be a 
circular ring, since this is the only 2-dimensional surface with B consisting 
of two simple closed curves, which maps into an arc by a monotone 0-regular 
transformation. Express N’=6; where 6/ and are nondegenerate 
arcs with end points only in common. Define V;=W~-1(8/). Then 5.3 gives 
homeomorphisms /;(8/)=a/, H;(M;)=N; such that 
Moreover, the may be so chosen that - 82 ) =/e(8/ ) and the H; so 
chosen that H,(M,-M:2)=H2(M,-M2). As several times before define 
A(x) =H;(x) for x a point of M; and h(a’) =h;(a’) for a’ a point of B/ ; then 
T(M)=hWH(M). 

Observation. Let Z; and Z, be simple closed curves on M which, when 
oriented, may be considered as generators of the Betti group B}(M). For 
each pair of positive integers k,, ke there exists a monotone 0-regular trans- 
formation of M into a nondegenerate simple closed curve such that for each 
x’ of M’ the simple closed curve 7-1(x’) can be so oriented as to carry a 
cycle which is homologous to k:Z:+h2Z2. In case k;:=0, however, one must 
choose k; = 1. 

5.9. While the Klein bottle can be mapped onto a nondegenerate simple 
closed curve by a monotone 0-regular transformation, T7(M)=M’, there is 
not a convenient analytical description as in the previous cases. However, 
the possible transformations can be characterized after a fashion. In the first 
place 7-'(x’), for every point x’ of M’, must be a nondegenerate simple 
closed curve, since (M) > p3(M’). Let Z:, be simple closed curves on M 
which, when oriented, may be considered as generators of the Betti group 
B}3(M). Since M is a Klein bottle, it may be assumed that 2kZ2~0 for all in- 
tegers k. There exist integers k, and ke such that 


T-"(x’) ~~ koZo, 


after T~-'(x’) is oriented. However k; must be zero, for if it were not, then 
po [T-*(x’), M]=1. Consequently 
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pi (M') = pi(M) — pi [T-(«’), M] = 0, 


contrary to the fact that M’ is a nondegenerate simple closed curve. Thus for 
every x’ of M’, T-(x’)~keZ2, when oriented. Moreover, kz must be odd, 
since p? [T-"(x’), M] cannot be zero. 

In order to demonstrate such a mapping suppose M to arise from the 
oriented square ABCD by identifying the oriented sides, AB with DC and 
BC with DA.* Let T(M) =M’ be such that the collection [7-1(x’) | in ABCD 
is a collection of straight lines parallel to BC. 

6. The continuous transformation 7(M)=N, a subset of M, is said to be 
retracting} provided that for each point x of NV, T(x) =x. The following state- 
ments are immediate consequences of the results in the preceding sections: 


6.1. In order that there exist a monotone 0-regular retracting transformation 
of the 2-dimensional pseudo-mantfold M onto a nondegenerate arc, it is necessary 
and sufficient that M be a 2-cell, a circular ring, or a sphere. 


6.2. In order that there exist a monotone 0-regular retracting transformation 
of the 2-dimensional pseudo-manifold M onto a nondegenerate simple closed 
curve, it is necessary and sufficient that M be a circular ring, a Mobius band, 
a torus, a Klein bottle, a 2-cell with two boundary points identified, or a pinched 
sphere. 


6.3. There exist no monotone 0-regular retracting transformations of 2-dimen- 
sional pseudo-manifolds onto nondegenerate sets except those given by 6.1 and 6.2. 


7. A collection G of continua is said to be eguicontinuoust with respect 
to a given set M if for every collection H of open sets covering M there exists 
a finite collection H’ of open sets covering M such that if 2; and x are two 
points of M lying in some one set of H’ and belonging to a continuum X of G, 
then there exists an arc x;%2 lying both in X and in some set of the collection 
H. The collection G is said to be self-compactt if every infinite sequence of 
continua of the coliection G contains an infinite subsequence which converges 
to some set of the collection G. 

Let M be any compact space and T(M)=M’ be a monotone 0-regular 
transformation. Then, obviously, the collection G=[7-1(x’)] for all points 
x’ of M’ is an equicontinuous self-compact collection of mutually disjoint 
continua filling M. Moreover, it is easily seen that an equicontinuous self- 
compact collection G=[X] of mutually disjoint continua filling M gives rise 


* See Alexandroff-Hopf, p. 207. 
¢ See Borsuk, Fundamenta Mathematicae, vol. 18 (1932), p. 204. 
t Foundations of Point Set Theory, pp. 396-397. 
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to a monotone 0-regular transformation. Thus the following assertions are 
immediate consequences of the results of §§$4 and 5: 


7.1. Let M be a 2-dimensional pseudo-manifold and G=[X| be an equi- 
continuous self-compact collection of mutually disjoint continua filling M. If G 
contains more than one element, then each X is an arc or each X is a simple 
closed curve. 


7.2. In order that a 2-dimensional pseudo-manifold M may be decomposed 
into an equicontinuous self-compact collection of mutually disjoint arcs, at least 
one of which is nondegenerate, it is necessary and sufficient that M be a 2-cell, 
a 2-cell with two boundary points identified, a circular ring, or a Mobius band. 


7.3. In order that a 2-dimensional pseudo-manifold M may be decomposed 
into an equicontinuous self-compact collection of mutually disjoint simple closed 
curves, at least one of which is nondegenerate, it is necessary and sufficient that 
M be a 2-celi, a circular ring, a sphere, a pinched sphere, a torus, or a Klein 
bottle. 


8. A. D. Wallace* has shown that if 7(M)=7:27:(M) is the usual 
monotone-light factoring of any 0-regular transformation, then 7; is a mono- 
tone 0-regular transformation and 7: is a local homeomorph sm.f Moreover, 
he has shown that when the image is nondegenerate any 0-regular transfor- 
mation on an arc or on a simple closed curve is a homeomorphism or a local 
homeomorphism respectively. Thus the following assertions are consequences 
of the results of §§3, 4, and 5: 


8.1. If M is a 2-dimensional pseudo-manifold and T(M) =M’ is a 0-regular 
transformation, then M’ is a 2-dimensional pseudo-manifold, an arc, or a simple 
closed curve. 


8.2. Let M be a 2-dimensional pseudo-manifold and T(M)=M' a 0-regular 
transformation. If M’ is a nondegenerate arc, then T is monotone and, con- 
sequently, is equivalent to one of the transformations in 5.1, 5.2, or 5.3. 


Since a local homeomorphism on a simple closed curve is equivalent to the 
transformation W’: ¢’=cos k@, n’ =sin ké (k an integer) on the circle £=cos 8, 
n=sin 6 (0<@<2r7),f the following assertion is immediate: 


* On 0-regular transformations, loc. cit. 

{ The transformation 7(M)=M’ is said to be a local homeomorphism if for each point x of M 
there exists a neighborhood U(x) on which T is topological. See S. Eilenberg, Fundamenta Mathe- 
maticae, vol. 24 (1935), p. 35. 

t See G. T. Whyburn, Interior transformations on compact sets, Duke Mathematical Journal, 
vol. 3 (1937), p. 374, (3.2). 
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8.3. Let M be a 2-dimensional pseudo-manifold and T(M) =M’ a 0-regular 
transformation. If M' is a nondegenerate simple closed curve, then T is equiva- 
lent to the transformation W'W, where W' is given above and W is one of the 
transformations in 5.4, 5.5, 5.6, 5.7, 5.8, or 5.9. 


The following assertion results from 6.3, 8.2, and 8.3: 


8.4. If M is a 2-dimensional pseudo-manifold and T(M)=N is a 0-regular 
retracting transformation, then T must be monotone. 


UNIVERSITY OF VIRGINIA, 
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INTEGRATION IN A CONVEX LINEAR 
TOPOLOGICAL SPACE* 


BY 
R. S. PHILLIPS 


This paper is concerned with a theory of integration for functions with 
values in a convex linear topological space. We consider an integral which is 
essentially an extension to this general space of the integral studied by Gar- 
rett Birkhoff [1] in a Banach space. By imposing different convex neighbor- 
hood topologies on a Banach space, we obtain as instances of our integral 
those defined by Birkhoff [1], Dunford [2], Gelfand [3], and Pettis [4]. 

Let f(s) be a function on an abstract set S to the real numbers, and let 
a(c) be a nonnegative measure function on an additive family of subsets § 
of S. A necessary and sufficient condition for the Lebesgue integral to exist 
is that for each e>0 there exist a partition A, of S into a denumerable set of 
sets (¢;) such that for any two orderings of these sets, (#2) and (¢,), 


lim sup — lim inf < e. 
n n | 


We have introduced upper and lower limits in order to stress the fact that 
unconditional convergence is an unnecessary concept in the definition of the 
Lebesgue integral. In fact by avoiding unconditional convergence we have 
been able to extend this integral to a linear convex topological space. This 
further permits a simplification in the concepts involved. 

In the first section we consider a few relations between linear continuous 
operations and convex neighborhoods which have been found useful in the 
study of the integral. In §2 the integral is defined and some essential proper- 
ties of unconditional summability are established. This is followed in §3 by 
a discussion of the basic properties of the integral. The integral of an inte- 
grable function x is an absolutely continuous and completely additive set func- 
tion depending linearly on x. It is found in §4 that the integrability conditions 
can be relaxed when the space satisfies a certain type of completeness condi- 
tion. A demonstration that the linear continuous transform of an integrable 
function is itself integrable occupies $5. Section 6 treats convergent sequences 
of integrable functions, while §7 deals with relations to other integrals. A 
theorem on differentiation is proved in §8. In §9 an application is made of 
this theory to an existence theorem in differential equations. Finally in §10 


* Presented to the Society, April 15, 1939; received by the editors June 19, 1939. 
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some examples are given to demonstrate properties of the integral. Example 
10.2 shows that the Birkhoff and Pettis integrals are different. As a conse- 
quence our development leads to the definition of a class of integrals for the 
theory of integration on a Banach space. 

1. On convex linear topological spaces. We will restrict ourselves in this 
paper to the type of convex linear topological space X defined by Kol- 
mogoroff [5, p. 29] to satisfy the following axioms: 

1. X is a linear space relative to real numbers [6, p. 26]. 

2. There exists an operation of closure, B, for any subset B of X with the 
following properties: 

2a. If B consists of a single element of X, then B=B. 

2b. B=B. 

2c. B+C =B+C (+ stands for set addition). 

3. Addition of elements and multiplication by numbers are continuous. 

4. There exists an equivalent neighborhood system of convex* neighbor- 
hoods VU. Kolmogoroff has shown that Axioms 1, 2, 3 are sufficient to.make X 
a regular Hausdorff space with a uniform topology.t We will therefore use 
only neighborhoods of the null vector. 

In a convex space pseudo-norms have been defined by von Neumann [{7, 
pp. 18-19] as follows: Let ||«|| equal the greatest lower bound of a>0 such 
that x e aU, and let || He has established the fol- 
lowing properties by arguments that are applicable to our space: 


||| is a continuous function of x, and the sets |||], <6, U e U, 6>0 form a 
complete system of neighborhoods for 6. The norm has the additional prop- 
erty: ||x||=0 if and only if x=6. This is not a property of the pseudo-norm. 
In the remainder of this paper we will use the system of neighborhoods de- 
fined by the pseudo-norms and designate by U the set of all x such that 
|| «|| <1. Hence Ui > Uz is equivalent to the statement that implies 
\|||v,<1. Since the pseudo-norm is homogeneous and continuous, this is in 
turn equivalent to <||2||v,. 

Let us now set up a one-to-one correspondence between the set of all linear 
continuous operations{ on X and an abstract class 7 of the same cardinal 
power; say, #, corresponds to ¢ e T. We proceed to prove that the neighbor- 
hoods of X can be defined by linear continuous operations on X. 


* A set B is convex if, whenever x, ye B, a, b2=0, and a+b=1, then ax+by e B. 

+ X is said to have a uniform topology if, when U(x) and U(6) are the neighborhood systems 
for x and 6 respectively, x+U(@) is equivalent to U(z). 

t The term “operation” is used for a numerical function. 
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THEOREM 1.1. For each Ue VU there exists a subset Ty of T such that 
[x| x eX, | #.(x)| <1 for every te Ty|=[x| x eX, 


Wehausen [8, p. 162, Theorem 8] has demonstrated that given any x» ¢« X 
and U ¢ U, there exists a linear continuous operation #) on X with the prop- 
erty that | <||2||v and #0(xo) =||x0||v. To each x e X corresponds in this 
fashion #,,. To the set of x e X for which ||x||~,=1 will then correspond a sub- 
set Ty =[t.| of T. For te Tv, | #:(x)| and hence [x|x X, | #,(x)| <1 
for every Ty] > [x|x X, <1]. Further if | #,(x)| <1 for every ¢ e Ty, 
then either ||x||~ =0, or 40, in which case there exist Ty and a>1 
such that | #,,,(ax)| =1=||@a||~ and ||x||y=1/|a| <1. The inclusion therefore 
holds both ways. 

We will use interchangeably the three symbols U, [x| x eX, ||x||~ <1], and 
[x| x 2 X, | #,(x)| <1 for every ¢ e Ty] since they represent the same subset of 
X. The last expression can be considered as an analysis of the neighborhood U 
just as the neighborhoods U furnish a decomposition of the neighborhood 
system U. 

It is instructive to investigate the relation between the set of all linear 
continuous operations on X and that subset used to define the neighborhood 
system. This can be conveniently described by means of the algebraic notion 
of a factor group. Essentially the factor group permits us to study a linear 
convex topological space by means of a set of linear normed vector spaces. 

If © is a closed linear manifold in X, then, being a subgroup of X, 
© defines a factor group Y whose elements y correspond biuniquely to the 
cosets. Y is again a linear space. Now for a given U e U we will define 
Ov =[x|« e X, or what is equivalent Oy =[x|x e X, #(x)=0 for 
every te Ty]. Then as Qz is linear and closed, it defines the factor group Vv. 
We define a norm on Fy to be ||y|| =||x||v where x is any element of the coset y. 
This is clearly independent of the particular x e coset y used and satisfies all of 
the properties of a norm. The transformation y= T(x), where x e coset y, is a 
linear continuous transformation on X to Yy with its norm topology. A linear 
continuous operation 7 e Yy, the space adjoint to Vv, defines a linear continu- 
ous operation #=7(¥), namely #(x) =4(y) where x e coset y. We will use this 
correspondence in the statement of the following theorem: 


THEOREM 1.2. The set of all linear continuous operations on X is the linear 
extension of the set of operations which correspond to the adjoint spaces Vy for 
all U V. 


If je Yu, then | #(x)| =| 5(y)| In other words 


* We will designate by [y| P] the class of elements y with the properties P. 
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| #(x)| <e if x e eU/||5||. On the other hand if z is continuous on X, then by a 
theorem due to Wehausen [8, pp. 162-163, Theorem 9], there exists a U « U 
and a positive constant M for which | #(x)| <M-||x||v. The correspondence 
5(y) = (x) where x e coset y makes # correspond to an element of Vv. 


Tueorem 1.3. If the set [%:\t Tu | has n and only n linearly independent 
elements, then Yu has n and only n linearly independent elements. 


Suppose first that there exist +1 linearly independent vectors 
¥ngiin Vy, and that ---, #, © e Ty] are linearly independ- 
ent. If §, corresponds to #,, then the system of » homogeneous linear equa- 
tions >.) a:5.(y:) =0 (¢=1, - - - , m) has a non-trivial solution {a;}. Let x; be 
an element of coset y;. Since =) =0 (t= 1, - - -, m) and 
since any other #, for ¢ e Ty is a linear combination of %, - - - , n, it follows 
that =0 for all ¢ e Ty. Hence a,x; e Ov which is contrary to 
our supposition. On the other hand, if there do not exist linearly independ- 
ent elements in Y, then some linear combination of every set of m elements of 
X belongs to Oy. Hence for every set %1,--- , Xn, the m rowed determinant 
| #.(x;)| =O (t, 7=1,---, m). Let r be the largest rank attained by | #,(x;)| 
for any choice of {«;}—say | #:(x;)| #0 (t, 7=1,---, 7). Then | #:(x,)| =0 
(t, 7=1,---,17+1) for any x,,: © X and hence there exist {c,} such that 
=0 for all x e X. But this means that - - - , are linearly de- 
pendent. 


Corotiary 1.4. If each of the sets [%,|t « Tu] has only a finite number of 
linearly independent elements, then the set of continuous linear operations on X 
is just the linear extension of [%,|te Tu, U « VU]. 


Since an m-dimensionai normed vector space has an m-dimensional adjoint 
space, this is an immediate consequence of Theorems 1.2 and 1.3. 

If a weak topology is defined on a linear vector space by means of all 
finite subsets of a certain class X* of linear operations on the space, then, by 
the corollary, the set of all linear continuous operations on this space is ex- 
actly the linear extension of X*. 

2. The integral and unconditional summability. Let S be an abstract set 
possessing a sigma-field § of “measurable” subsets o. We will study the in- 
tegration of multiple-valued set functions x(7) having the property that the 
set x(o1) contains the set x(o2) if 01502. A point function x(s) on S to X 
defines a set function of this type «(¢) where x(c) denotes the set of all ele- 
ments x(s) for s eo. The function a(c) will be a single-valued, nonnegative, 
bounded, completely additive measure function on § . We will designate by A 
a subdivision of S into a finite or denumerable set of sets (¢;) such that 
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if i¥j,and >o;=S.The expression A, = A: will mean that every 
set a! of A; is a subset of some oa? of As, and A, -A, will be the subdivision of 
sets (0-07), o' of A;. The convex extension of the subset B of X which is 
the set of all }>"aix; where a;=0, >>7a;=1, x; ¢ B, will be written as cvx (B). 
x will be a finite set of positive integers. 7 =72, 71+72, 71:72, and 7—7- will 
denote respectively inciusion, the integers in 7 or 72, the integers in 7 and 72, 
the integers in 7 not in 7:2. >-,B; will be the set of all >°>,«; summed 
over + where x; is an element of the subset B; of X. Let {B;} be a finite or 
denumerable sequence of subsets of X. We will designate by [}°,B;] the set 
of all sums >>, B;. In this notation [}>,B;] will be called unconditionally sum- 
mable with respect to U if there exists ry such that if 7;=7v (i=1, 2), then 
\|>°.,Bi—>-,,Bi\|v <1;¢ and unconditionally summable to the value x e X 
with respect to U if there exists ry such that if t=7v, then ||5°,B;—«||v <1. 
If the B; are real numbers, then unconditional summability of [>°,B;] is 
equivalent to the absolute convergence of >» ,.,B; [9, p. 63]. 

We are now in a position to define the U-integral. Let J,(x, o) 
= | where A=(o;). 


DEFINITION 2.1. x(¢) will be said to be U-integrable if for every o © § there 
exists a J(x, 0) X such that given U V there exists Av. for which J sy,(x, 0) is 
unconditionally summable to the value J (x, 0) with respect to U. We define J (x, 
to be the value of the integral on the set a; that is, J(x, 0) = [,xda. 


The uniqueness of J(x, ) will be a consequence of Theorem 2.3 to follow. 

The essential difference exhibited by this definition is that it does not 
require the sums >> ,"x,a(o;) where x; ¢ x(o;) to converge. Instead it requires 
the sums of a subdivision corresponding to a given neighborhood U to be 
contained in J(«, ¢)-++U whenever the set of integers over which the sum is 
taken includes a certain finite set. We are thus freed from convergence prob- 
lems. On the other hand to have demanded the unconditional convergence of 
the sums }-x(¢,)a(o;) would have placed unnecessary restrictions either on 
x(o) or on X. Finally it has been necessary to postulate the existence of 
J (x, ¢) because a linear topological space need not be complete. 


THEOREM 2.2. If, for a given A, J4(x, S) is unconditionally summable with 
respect to U, then J (x, 0) is unconditionally summable with respect to 3U uni- 
formly in o (that is, w3y is the same for all c). 


By hypothesis there exists my such that if m;=rv (i=1, 2), then 
|>°.,x(¢,;)a(o:) —>>,,x(o,)a(a;)] ¢ U. Since U is convex, we may write the re- 
lationship 


t If B is a subset of X, then ||B||y<1 means that B CU. 
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| [x(o;)a(oi) — 


1940] 


a(o-o:,) 


a(ai,) 


+ E z X — 

where 7; ¢ ty. Let us take any element of [x(o,)a(o;) —x(¢;)a(o;) | in the first 

term on the right and take the same element of [x(¢,)a(o:) —x(¢;)a(o;) | in the 

second except in the case of % where we always take @¢ [x(o:,)a(o:,) 

—x(a;,)a(a;,) | in the second term. This will give 


U> [x(eia(oi) — + — 


In a like manner we obtain 


where i2 « ty. Treating successively the integers of rv, we will finally arrive at 


If ro: =0, then 


(2) evx [x(o,)a(o;) + 6] 


cvx | 2 > x(0;)a(o;) | finite set of where = 0] eU. 


(1) and (2) together give 3U for all 
o ¢S where 7;2=7v (i=1, 2). 


THEOREM 2.3. If J4,(x, 0) is unconditionally summable to J(x, 0) with re- 
spect to U, then for any A=Ao, J is unconditionally summable to J (x, 
with respect to 4U. 

Without loss of generality we may consider only the case o=S. By hy- 
pothesis there exists 1» such that if r=7o, then (>0-x(o,)a(o;) —J(x, S)) ¢U 
where (a;). Let (c;*) be a subdivision of o;. Then A=(¢;') (7, 7=1, 2, - - -) 
is a subdivision of S. We first propose to prove a lemma. 

Lemma. Let x(o,;)a(o;) + Y;¢b,U where VY; is a subset of X and b;>0. Then 


there exists an n; such that if n=n; then He 
| | : 4 
and 


j=1 
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Since U is convex, 


b,U > cvx [x(o;)a(o;) + Yi | > )alo#) + Vi 


Cn j=l 
where $1. Hence 


alos) + of 


j=l 


As there exists an for which 
+||Villu<M,. Now c,'—1 as n— so that there will be an m; such that if 
n=n; then and <1/2‘. Therefore 
x(o;‘)a(o;') + Vi <b,U+U/2' for n=nj. 

We will now apply this lemma successively to the elements of mo. If 7, 
is the mth integer of 7» so chosen, then 


¥,=  x(e)a(o;) + > | )| — J(x,S), 


Fn j=1 


and b;, where (ii, iz, , in-1). We finally obtain 


Let v be a finite set of number pairs (7, 7) which designate the superscript and 
subscript respectively of Define v’ = [(i, j)|i emo, 7=1, --- , ni]. If ver’, 
then the terms of >>,x(¢;‘)a(o;*) not included in the above sum may be split 
into two partial sums =’ and where contains only terms from x(o,), 
i ¢ mo, and contains only terms from x(¢;), mo. There exists m 
such that 


CVx [x(o,)a(o;) + 6] 


if 
cvx | x(;)a(o;) | finite set of where = U. 


Also 


Now in the (i, 7) of we have j >n;so that [D> of ]x(oi) ¢ U/2%. 


n 
| 
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By convexity, of >” ¢ U/2‘, and hence c)>.,,U/2icU. 
Finally if 


alos) — I(x, S)e2U +U+ Uc4u. 


2.4. If Js,(x, 0) and J4,(x, are unconditionally summable to 
J (x, 0) with respect to U, and U2 respectively, then J 4, .s,(x, 7) is unconditionally 
summable to J (x, 0) with respect to both 4U, and 4U 2. 


3. Basic properties of the integral. A set function y(c) on§ to X will be 
said to be absolutely continuous if for every U ¢ VU there exists a 6y >0 such 
that if a(c) < dy then y(c) ¢ U. Absolute continuity is clearly relative to a(c). 

THEOREM 3.1. If x(a) is U-integrable, then f da is absolutely continuous. 

Since x(c) is U-integrable, it follows from Theorem 2.2 that to each U e U 
there corresponds a Ay and zy such that —J (x, <1/2 
for allo eS. As ||x(o,)||u <0 there exists a 6y >0 for which if a(c) < dy then 
<1/2*? (i wv). But then <1/2 and 
hence if only a(c) < bu, 


|| || 
|7(x, < || — J(x, 0) | + | | < 
U 


ll ey I'v il rg 


THEOREM 3.2. If x(a) is U-integrable, then {.xda is additive. 


It follows from Theorem 2.2 that to each U e VU there corresponds a 
Av =(o;) and such that if r= zv, then || —J (x, <1/10 
for all Suppose o®=o!+o? and a'-o?=0. The subdivision (¢,°) 
= |(e'-a;), (o?-0,)} of o° is greater than (=) the subdivision (¢°-¢;) of o°. 
Hence by Theorem 2.3 there exists 7, such that if r =7» then 


| x(o2)a(o?) — I(x, 0°) |) < 2/5. 
U 

When we combine these statements, taking 27» sufficiently large so that 
among the sets (i 7) are the sets ('-o;) and (o?-¢;) fori ry, we obtain 


\|J(x, o) + I(x, — J(x, 


k=0! 

+ | = «(o*- | <i. 


Therefore J(x, o°) =J(x, o')+J(x, 0°). 
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THEOREM 3.3. If x(a) is U-integrable, then {xd is completely additive and 
is unconditionally convergent. 


Let {o;} be a sequence of disjoint sets of S. Since )-a(a;) < ©, Theorems 
3.1 and 3.2 imply lim, || fy.,xda—>-?_,f.,xda\|\y =0. As the same considera- 
tions hold for any subsequence of {o;}, the sum is by definition uncondition- 
ally convergent. 


THEOREM 3.4. If x(a) and y(o) are U-integrable and m is a real number, 
then m-x(a) and x(a)+y(o) are U-integrable, mJ(x, ¢)=J(mx, and 
J(x+y, =JI(x, 6) +J(y, 2). 


The conclusion about m-x(c) follows from the fact that when J4(x, ¢) is 
unconditionally summable with respect to U to the value J(x, o), then 
J s(mx, is unconditionally summable to mJ(x, with respect to mU. 
Finally if Js,(x, and J4,(x, are unconditionally summable with respect 
to U to the values J(x, and J(y, respectively, then J4(x+y, 0) where 
A=A,-A: is unconditionally summable to J(x, ¢)+J(y, «) with respect to 8U 
by Theorem 2.3. 

4. The integral in a complete space. The conditions for integrability can 
be relaxed when X satisfies a certain type of completeness property. It is 
convenient to define this property by means of the general limit notion of 
E. H. Moore and H. L. Smith [10, p. 103] on a class D with a relation R 
on DD which is transitive and compositive. Each element of D will represent 
a unique subdivision A of S and neighborhood U e VU, and will be designated 
by AU. We define A,U; R A,U2 to mean A,;2A, and U,;¢ U2. A sequence 
x, e X will be called a fundamental sequence if for each U e VU there is an Ny 
such that if m, n= Ny then (x, —%m) e U. X will be said to be sequentially com- 
plete if every fundamental sequence is convergent. X will be said to be com- 
plete with respect to D if every “fundamental D-sequence,” x(AU) ¢ X (that 
is, every sequence such that for each U e U there is a AU such that A,;\U; RAU 
(i=1, 2) implies [x(A,U1) —x(A2U2) | e« U) is “convergent” (that is, an x e X 
exists such that for each U e U there is a AU such that A,U; R AU implies 
3) —x] £ U). 


THEOREM 4.1. If X is complete with respect to D and x(a) has the property 
that for every U e V there exists a Av such that J 4,,(x, S) is unconditionally sum- 
mable with respect to U, then x(a) is U-integrable. 


By hypothesis there exists Avy and zy such that if 7;27v then 


| x(a;)a(o;) x(a;)a(o;) <1. 


U 
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Let us designate by v(x, 0) some one element of the set )>,,x(0-0;)a(o-0;). 
Theorem 2.2 implies that —Fau(x, o)||v <3 for alle eS if 
a =mtv. By Theorem 2.3, if A;=(o;7) >Av, then there exists 7; such that for 
—Fau(x, o)||~<12. Finally when R AU, we 
have 


— Fa,v,(x, | 


> — Fau;(*, 
U; 

if only t27v;. Combining these statements gives the result that for 
RAU (j=1, 2), 


2 
0) — Faw2(*, o|lv Do || + Fav(x, < 2-13 = 26. 
j=1 


Completeness with respect to D then implies the existence of J(x, o) for which 
if U e U there exists a Ay and wy such that if r=7v, then 


| 20 — > | <1+||Fav (x, 0) —J(x,0)||v < 1+ 26 = 27. 


U 


Lemma 4.2. If X is sequentially complete and satisfies the first countability 
axiom, then X is complete with respect to D. 


Let {U,} where U,>U,4: be a complete neighborhood system of @. If 
x(AU) is a fundamental D-sequence, then for each U e VU there exists a 
AvU ¢ D such that R (i=1, 2) implies —x(A2U2)||0 <1. 
If we define A, =| ]?_,Av,, then k;=m implies R Av,;Ux, R Av,U, and 
<1. As X is sequentially complete, there exists 
xo=lim, x(A,U,). Now given U e U, there exists U,,¢ U. Let A’=Av-A,,. 
Then 


|| xo «(AyU)||v || xo + || e(AngUng) x(A’U,,) 


+ ||#(4’U,,) — x(AvU)|lv 3. 


Un 


Coro.iary 4.3. If X is sequentially complete and satisfies the first counta- 
bility axiom, and if x(a) has the property that for every U ¢ U there exists a Au 
such that J s,(x, S) is unconditionally summable with respect to U, then x(c) 
is U-integrable. 


This is an immediate consequence of Theorem 4.1 and Lemma 4.2. 
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5. The continuous transform of an integrable function. Let X and Y be 
linear topological spaces with the convex neighborhood systems VU and U of 
their respective null elements. The following theorem can then be proved: 


THEOREM 5.1. If T is a linear continuous transformation on X to Y and if 
x(a) is U-integrable, then T x(a) is U-integrable and J(T [x], 0) =T [J (x, 

Since T is continuous, for every V « U there exists a U e VU such that 
T(U)c¢V. The U-integrability of x(¢) implies the existence of J(x, ¢), 
Av, wv such that if then —J(x, «) ¢U. Hence for 
we have la(o-o;)—T[J(x, o)]¢V. It follows that 
T [x(c) | is U-integrable and that J(T [x], =T[J(x, o)]. 


Coro.iary 5.2. If « is a linear continuous operation on X and if x(a) is 
U-integrable, then is Lebesgue integrable and «|J(x, ¢)|=f.%[x 


In this case Y is the space of real numbers. For real-valued functions our 
integral reduces to Fréchet’s interpretation of the Lebesgue integees (11). The 
corollary then follows from Theorem 5.1. 

If x(s) is a multiple-valued point function on S to X and if the set func- 
tion x(¢) = [x(s)|s eo] is U-integrable to the value J(x, «), then we will say 
that x(s) is U-integrable to the value J(x, 7). Further a set of linear continu- 
ous operations I’ on X will be said to be éotal if when #(x) =0 for all #e I’, then 
x=6 [6, p. 42]. 

THEOREM 5.3. If the set of linear continuous operations on X contains a 
denumerable subset which is total and if x(s) and y(s) are integrable to the same 
values on 5, then x(s) =y(s) a.e. 


Let {%,} be a total denumerable subset of linear continuous opera- 
tions on X. Then for allo eS, /,%,[x(s) —y(s) ]}da=0 by Corollary 5.2. Hence 
#,[x(s) —y(s)] =0 on S—o, where a(c,) =0. Therefore z,[x(s)—y(s)]=0 on 
S—ao=S—-o; for all n, and a(oo) =0. As {#,} is total, x(s)=~y(s) on S—oo, 
which proves the theorem. 

The conjugate space X to a Banach space X has been defined by Dunford 
to be a fundamentally separable space with a determining manifold [ in 
case I is a separable linear manifold in X such that for every x e X, we have 
lu.b. [| #(x)| | @ eT, |{#||=1]=||a|] [2, p. 310]. It is clear that if X is a Banach 
space with its weak neighborhood topology or even its norm topology (see §1) 
and X is a fundamentally separable space, then the set of linear continuous 
operations on X contains a denumerable subset which is total. Theorem 5.3 
is therefore applicable to such spaces. 

6. Convergence of integrable functions. We prove first the following 
theorem. 
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TueoreEM 6.1. If x,(o) are U-integrable and if, for alla eS, { fetnda} is a 
fundamental sequence, then the integrals are equi-absolutely continuous. 


The argument of Saks (12) is applicable here. With the distance function 
(01, 62) =a(o,+02—01-02) the family of setsS becomes a complete metric space. 
Let F,,(0) = f.x,da and§ ,=[o¢ ¢§ such that ||F,(¢) —Fn(o)||v <e/3, m, n=q]. 
Since F,,(¢) is absolutely continuous by Theorem 3.1, the sets § , are closed. 
Also S =>-°S ,. Hence by the Baire category theorem there exists an integer 
go and a sphere K (a, r) €S Let 6<r be such that || F,,(¢)||v Se/3 ifa(o) <6. 
Then for all o such that a(o)<é<r, and are in 
K(oo, r) so that for m, n=qo, 


F,(¢) — ||Fn(o1) — Fm(o1)||v + ||Fn(o2) — 2e/3. 


Therefore || Se if a(¢) <6 and 

The integrable functions dealt with in the remainder of the paper will be 
single-valued point functions on S to X. As previously stated the integra- 
bility of x(s) depends directly upon the integrability of the set function 
x(a) =[x(s)|s eo], and the integral of x(s) is defined to be that of x(c). 

We would like to extend to X the notion of approximate convergence in- 
troduced by Dunford [2, p. 343]. Let o(n, e, VU) =[s|||xn(s) —x(s)||v 2e]. The 
sequence x,(s) will be said to approach x(s) approximately on S if for every 
n, U, and e>0 there is a measurable set o’(m, e, U) > a(n, e, U) such that 
lim, a[o’(n, e, U)|=0. 

We are now in a position to prove the following result: 

THEOREM 6.2. Let X be sequentially complete, let x,(s) be U-integrable, and 
let x,(s)—>-x(s) approximately. Then the following statements are equivalent: 

(1) x(s) is U-integrable and 


lim ff = ff 
uniformly in o. 


(2) lim, exists for everyo eS. 

(3) are equi-absolutely continuous. 

That (1) implies (2) is obvious, while Theorem 6.1 proves that (2) implies 
(3). There remains only the proof that (3) implies (1). For this purpose we 
demonstrate 

Lemma 6.3. If x(s) is U-integrable and ||x(s)||v <e,a.., then || fexdal|y Sea(c). 

For given 7 and U there exist A,v and 7,v such that ||>0, wr(o-o:)a(o-o;) 
—J(x, <n where A,v = (o;) and o1= [s| ||x(s)||v >e]. But 


x 


PPR 


q 
4 
| 


R. S. PHILLIPS 


| | < || va(o-o;) S ea(c). 


Hence ||J(«, )||v Sea(s) +7 where 7 is arbitrarily small. 

To continue the proof of the theorem, we will first show that lim, /.%,da 
exists uniformly in ¢. By hypothesis, given U and e>0 there exists dv. such 
that if <éy., then || and further, given U and 5>0 there 
exists Ny; such that if n> No; then alo’(n, 5, U)] <6. Let 5, be the smaller 
of e and 6y.. Then for m, n=Nus, we have ||xn(s)—xmn(s)||y<2659 on 
S—a'(n, 59, U) —o'(m, U). If Onm=o'(n, U), then using 
Lemma 6.3, 


|| | | 


o—Tnm 


U 


f [xn(s) — &m(s) | < 2bpa(S) + 2e S (2a(S) + 2)e. 


This together with the fact that X is sequentially complete implies that 
lim, /.%,da exists uniformly in 

Given U eV, let us select a subsequence, which for notational convenience we 
will designate as {x,(s)},having the properties: (1) || .x,da—lim, 
<1/2* for all eS, and (2) ||x,(s) —x(s)||o <1/(2"a(S)) on S—tp, where 7, 
Tn 2Tn41, and a(r,) <1/2". Relation (2) is a consequence of approximate con- 
vergence. We will now show that x(s) is U-integrable to the value 
J(c)=lim, /,x,da. As x,(s) is integrable, there exists a A, and a z, such 
that if r=7,, then 


1 


Qn 


where A,,= (o,"). Hence for o¢ S—r, and 


| T 
il U il «x 


x(sa(o-o%) — I(x, 0) + (xn, 6) — | 


< Lb. | — + 1/2" + 1/2*| 
1 1 
< 
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Statement (3) postulates for a given U, a dy >0 such that if a(c) <dv 
then || <1/2° for all We now choose such that a(r»,) < dv. 
Let for m and let A be the subdivision (¢,") of 7,,. Then 
for any finite set mi, k:, ||0?_.x(G:,"*)a(é;"*)||y <1/2. This can be demon- 
strated as follows: By the inequality (1), if r27,, then 


| 


and a fortiori 


| 


Therefore 

(2) i= | lly < — 28 if 


Let be the greater of m; (i=1, 2,---, p). Clearly there exists r’ 27, for 


which 
whenever 727’. Hence if r27’, 


+ “ary | ait) — | 
1 


ter 


- [xlor — Jator ay} 


ter 


i=1 ten 


ni ny 1 


1 1 1 


pate 


j 
| 
| 
it 
| 1 
1 
(3) 
: 
‘ 


128 R. S. PHILLIPS [January 


The next to last inclusion follows because the inequality (2) holds for all 
subsets of (1,2, - - -, p). Finally since the subdivision { (¢;'-é;"*),i=1, ---,p} 
of ¢9=)_?_ 6," is a repartition of the subdivision (o9-0;'), the inequality (1) 
and Theorem 2.3 imply the existence of 7’’=>7’ such that 


Ld n ny 4 
U 


i=l \tier’’ 2 


As ||J(o0)||v <1/28, we have, after combining (3) and (4), 


1 
< 
2 
We define a subdivision Ay = (0,) of S to be the sets of {o;0(S—r,,,)} and 
of A. Let zo be the z,,, terms of {o;"°-(S—r,,)}. Then if =m, we have 


| — J(S) | — I(S — tn) | + 
U 


U || sets of Ap 


+ | x(o;)a(o;) 


|| sets of A 


x(s) is therefore integrable to J(S). Clearly what has been shown for S could 
similarly be shown for anyo eS. 
We state the following theorem without proof: 


THEOREM 6.4. If x,(s) are U-integrable (n=0, 1, - - - ) and if x,(s)—x9(s) 
approximately, then the following are equivalent: 

(1) lim, =f ,xoda exists uniformly ino. 

(2) foxnda are uniformly absolutely continuous. 


In the next theorem it is convenient to consider a pseudo-norm for the 
U-integrable functions defined as ||J(x)||v =1.u.b., ¢s||J (x, o)||v. 


THEOREM 6.5. If X is sequentially complete, x(s) U-integrable, and ¢$(s) 
real-valued, measurable, and bounded by M, then y(s) =(s)x(s) is U-integrable 
and ||J(y)||v 

Let ¢,(s) be a step function with the property that |¢,(s) —¢(s)| <1/n. 
As x(s) is U-integrable, there exists for a given U ¢ U a Av=(o;) such that 
J s,,(x, S) is unconditionally summable with respect to U. Hence for every k, 
\|«(s)||v will be bounded on so that ||(¢.(s) —(s))«(s)||u <e for 
sufficiently large on 7,. Therefore ¢,(s)x(s)—>y(s) approximately. Suppose 


1 1 1 
2m 
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$n(s) =c;" on o;". Then by a lemma due to Dunford [2, p. 313] 


| | Nn | 
| ff xda |} 
U 1 


o-o;" liv 


(1) < 2M-Lub. | sda | 
IU 


s | f oes |. 
o* o-o* U 


The absolute continuity of {,«da (Theorem 3.1) thus implies the equi-abso- 
lute continuity of the integrals {.¢,xda. By Theorem 6.2, y(s) is U-integrable 
and [,yda=lim, {@nxda. The remaining part of the theorem results immedi- 
ately from (1). 

7. Instances of the U-integral. A further insight into the nature of the 
U-integral can be gained by displaying some familiar integrals as representa- 
tions of the U-integral. We will first consider a very general theorem of this 
nature. To this end it will be recalled that in Theorem 1.1 we have shown 
that to every U e« U there corresponds a set of linear continuous operations 
and a range Ty such that U=[x|x ¢ X, | #(x)| <1 for every te Ty]. Fur- 
ther, since the relation = on the set of subdivisions A is transitive and com- 
positive, the general limit of E. H. Moore and H. L. Smith [10, p. 103] is 
applicable to this range. 


THEOREM 7.1. x(s) is U-integrable if and only if for every Ue UV, 
lim, 2, 4:[x(o-0;) Ja(o-o;)=%:[J(x, uniformly in teTy and the 
la(o-o;) are absolutely convergent uniformly int e Ty. 

The statement that for every U and o there exist Av, and mv. such that if 
then —J (x, <1 is equivalent by Theorems 1.1 
and 2.3 to the statement that for every U and a there exists Av. such that if 
A2Av, there is a 7, such that if r2=7, then 


— %:[J(x, < 1 


for allie Ty. 


Coro.iary 7.2. If X is a Banach space with the weak neighborhood topol- 
ogy defined by all finite sets of elements in the adjoint space (that is, if 
U=[x|x | #.(x)| <1, t=1, - -- , m]), then the U-integral is the integral de- 
fined by Pettis [4, p. 280]. 


Each #, element of the adjoint space, will clearly be continuous in the 
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weak topology and hence by Corollary 5.2 #[J(x, «) ]=/.#[x(s) ]da for every 
o eS. Conversely, if the latter is true, then by Theorem 7.1, the U-integral ex- 
ists and is equal to the Pettis integral. 

Dunford [2, p. 338] has considered a more general type of integral defined 
as follows: Let X be a closed linear manifold contained in Y, the adjoint space 
to a Banach space Y. Then a function y(s) on S to Y which has the property 
that «[y(s) | is summable for every x e X defines uniquely an element in X ac- 
cording to the equation 


&, is the Dunford integral of y(s) over ¢. However each y « Y corresponds to a 
unique element # e X through the correspondence #(x) =(y) for all x e X. The 
Dunford integral is unchanged when we replace the integrand y(s) on S to Y 
by its correspondent #(s) on S to X (that is, }da = ,#(s) [x for all 
x e X). If we make this replacement, we can prove by an argument similar to 
that used in Corollary 7.2 the following: 


Corottary 7.3. If X is adjoint to a Banach space X with the weak topology 
on X defined by all finite sets of elements of X, then the U-integral of a function 
to X is the integral defined by Dunford. 


THEOREM 7.4. If X is a Banach space and VU its norm topology, then the 
U-integral is the integral defined by Birkhoff. 


If «(s) is Birkhoff integrable, then given e>0 anda e§ there exists A, and 
J(x, 0) such that J4,(x, o) is unconditionally convergent* to elements in an 
e-sphere about J(x, o). It is a fortiori unconditionally summable to J(x, c) 
with respect to an e-sphere and hence U-integrable to J(x, «). Conversely, 
suppose x(s) is U-integrable. Then given e/2", there exists A, =(o;"), where 
Anwi2A,, and 7, such that if then (x, S)|| <e/2" 
(n=0,1,---). If N, is the greater of the integers in 7,, then m, i, =N, im- 
plies that —J (x, S)|| <e/2" and ||S°?_ <2e/2" 
(n=0,1,---). Let P, be the greater of NV, and M, where > y,a(o;") <1/2". 
We define a sequence of sets 01, 02, - aS follows: o,=0;°. Suppose ox 
is of A,,. Then o;,: is the set of lowest subscript of A, which is disjoint from any 
of the previously chosen sets unless all such sets have subscripts greater than 
P,,. In the latter case, R, =k and o;,1 is the set of lowest subscript of A,41 which 
is disjoint from any of the previously chosen sets. > a(S)—1/2". 


* If X is sequentially complete, then 3; where B;C X is said to be unconditionally convergent 
if given U e U there exists Ny such that if ix Nv then ||-?_By,||v<1. 
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Hence A = (o;) is a subdivision of S. Now since A >A, there exists by Theorem 
2.3 an Ng such that ||>-?x(o,)a(o;) —J(x, S)|| <4e if only n=N4. Finally by 
our choice oi (A,}, if %.>R, then oj, is a subset of some o;" (i= N,). Hence 
there exists 7 such that 7-(1,---, N,)=0 and 


| | Devs [x(er)a(or) 


kel 


<= l.u.b. | )a(o?) | < |s 


J4(x, S) is therefore unconditionally convergent to elements in an e-sphere 
about J(x, S) and consequently x(s) is Birkhoff integrable. 

In §10 we demonstrate that the Birkhoff integral is distinct from the Pettis 
integral which in turn is distinct from the Dunford integral. Hence if we 
limit ourselves to Banach spaces on which we impose all possible convex 
neighborhood topologies which lie, say, in strength* between the norm topol- 
ogy and the usual weak topology, the corresponding ranges of integrable func- 
tions lie between the Birkhoff range and the Pettis range. 

8. Differentiation. In the study of differentiation we wish to limit our at- 
tention to the subclass of U-integrable functions on S=(0, 1) to X defined 
as follows: x(s) will be said to be U’-integrable if 

(1) x(s) is U-integrable. 

(2) There exists a sequence of step functionst {x,(s)} such that 
||x.(s) —2(s)||v-0 a.e. for each U e V. 

(3) ||x(s)||v is summable for each U e VU. 

If X is a Banach space, then the U’-integral is the Bochner integral [13]. 
On the other hand, if S is a Banach space with the usual weak neighborhood 
topology, then the U’-integral is the Pettis integral [4]. This is easily seen 
from Corollary 7.2 and by writing x,(s)=/J7,"x(s)ds/|I."| if s e J» where 

i*=((¢—1)/n, i/n). Thus a peculiarity of this weak neighborhood topology 
is that the classes of U- and U’-integrable functions on (0, 1) to X are the 
same (see Corollary 7.2). 

We define a function x(/) on intervals of (0, 1) to X to be of bounded 
variationt{ if for every U e U there exists an My such that for every finite set 
of disjoint intervals - - , In, $ Mv. The function x(Z) will 


* Vis said to be weaker than ( if whenever x,—«x in () then x,—x in U. 

¢ A function on (0, 1) to X will be called a step function if and only if it is single-valued on each 
of a finite number of disjoint intervals whose sum is (0, 1). 

t This is a generalization of the two notions of strong and weak bounded variation which have 
previously been introduced (see [3]). 


é 
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be said to be pseudo-differentiable* if there exists a y(s) on (0, 1) to X such 
that for every U VU, a.e. 


lim 
|I|-0 


|| 


— y(s) = @ 


where J is an arbitrary interval containing s. The function y(s) is the pseudo- 
derivative of x(J). 

THEOREM 8.1. A necessary and sufficient condition that a single-valued, ad- 
ditive, absolutely continuous function x(a) on measurable sets in (0, 1) to X be 
pseudo-differentiable and of bounded variation is that the function x(a) be a 
U’-integral. x(a) is then the U'-integral of its pseudo-derivative. 

Proof of the necessity. Let on (¢+1)/2") 
(t=0, 1,---,2"—1). Then by the definition of the pseudo-derivative there 
exists a y(s) for which ||x,(s) —y(s)||v—0 a.e. Since ||x,(s)||v is measurable and 
\|xn(s)||o—||y(s)||o a.e., it follows that ||y(s)||v is measurable. As x(c) is of 
bounded variation, << Mv. Therefore by Fatou’s lemma, ||-y(s)||v 
will be summable. It remains only to show that y(s) is U-integrable to the 
value x(o). Now given e>0 and Ue UV, there exists 6.0 >0 such that if 
<6. then <e/8. Further, since ||x,(s) —y(s)||v =limm.. 
—2nm(s)||y a.e. and is thus measurable, there exists o.v such that ||x,(s) —y(s)||v 
—0 uniformly on (0, 1)—o.w=rT.v and |o.u| <6.v. Let m be chosen so that 
l|x.(s) —¥(s)||u <e/4 for s e rv. If o; (i=1,---, N) are the sets on which 
x,(s) is constant in 7,.v, then 

N N | | 


i=1 
Finally let +1, - - - ) be a subdivision of ¢,y for which 


N+1 


Then for i,>JN, 


N+1 


k=l k=1 


* Pettis has used this definition of pseudo-differentiability for a weak neighborhood topology on 
a Banach space. 
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For A=(o;) and 7;=(1, 2, - - - , NW) we have 


(1) | — y(o-o;) | | |< e. 


wy 


Now by Theorem 1.1 there exist linear continuous operations #, on X such 
that U=[«|« e X, | #.(x)| <1 for every ¢ e Ty]. Our hypothesis clearly im- 
plies z,[x(c) ]=/.#.[y(s)]ds.* There will therefore exist a subdivision 
A.=(¢;') =A for which 


| LX aL | | <e. 


By (1) if is some element of where ro=(1,2, ---,), 
then | #,[>°.y(o-0,)|o-0;| ]—J.(o)| <e for =o. Theorem 2.3 then implies 


| o-0# | < 4e 


and hence | J,(o) — %,[x(a) ]| <5e. Therefore for 
> | | | < 6¢ 
for every / e Ty or, what amounts to the same thing, 
| | o-a;| — x(0)| 6e. 


y(s) is thus integrable to the value x(c). 
Proof of the sufficiency. We will first prove a lemma. 


Lema 8.2. If x(s) is U-integrable and ||x(s)||v is integrable for a given 
U then || f.xdal|v < 


Given e>0, there will be a A, and z, such that 


> — I(x, 0) < e/2, 


* If x(c) defined only on intervals is additive, absolutely continuous, of bounded variation, and 
has a pseudo-derivative, then this statement and the rest of the necessity remains valid for integrals 
on intervals. If X is in addition complete with respect to D, the integral can be extended on all meas- 
urable sets. 


133 

© 

| | | 
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Since we have it follows that 
|| J (x, < where the e is arbitrary. 

The proof of the sufficiency is now essentially an argument used by Boch- 
ner [13, pp. 269-270]. As y(s) is U’-integrable, there will exist a sequence 
«,*(s) of step functions such that ||x,*(s) —y(s)||v-0 a.e. Define x,(s) =x,*(s) 
if ||x,*(s)||v <||y(x)||7+1, xn(s)=0 otherwise. Then ||x,(s)—~y(s)||v0 a.e.; 
l|x,.(s) —y(s)||v is bounded by ihe summable function (2||-y(s)|]v-+1); and 
is measurable since ||x,(s) —y(s)||v=limn ||n(s) 
Hence making use of the lemma, 


f [xa(s) — f 


Finally /.x,(s)ds has a pseudo-derivative because x,(s) assumes only a finite 
set of values. Therefore 


| Sill y(s) — 

+ lim 

|| | T| 


< 2|| xn(s) a.e. 


— x,(s) | + ||xn(s) — y(s)||v 
U 


As lim, ||«,,(s) —y(s)||v =0 a.e., y(s) is the pseudo-derivative of x(¢). Bounded 
variation follows from the lemma. 

This theorem has previously been proved for the special cases where X 
is a Banach space [14, p. 410, footnote] and where X is a Banach space with 
its weak neighborhood topology [4, p. 309]. 

We may generalize the notion of derivative in another way: namely, a 
function x(J) on intervals of (0, 1) to X is said to be differentiable at a point 
s if y(s) e X exists such that for every U 

lim = 0 

iio || | Z| U 
where J is an arbitrary interval containing s. y(s) is called the derivative of 
x(I) at s. The vanishing of the limit is here independent of the choice of U. 
This kind of derivative does not seem to lend itself to a theorem analogous to 
Theorem 8.1. One should expect the integral of a well behaved integrand to 
have a derivative a.e. However in Example 10.9 we exhibit an additive, 
absolutely continuous function on measurable sets of (0, 1) to a Hilbert space 
with its weak neighborhood topology which is pseudo-differentiable and of 


a 
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bounded variation but not differentiable a.e. On the other hand its pseudo- 
derivative is both U’-integrable and the limit in the norm sense of a sequence 
of step functions. 

Pettis [23] has treated in detail the case x(J) of bounded variation in 
the norm topology on a Banach space. In some special cases we have been 
able to demonstrate a few propositions about the derivative in a weak neigh- 
borhood topology. Theorem 5.1 of Pettis’ paper is similar to Theorem 8.4 be- 
low. 

In the remainder of this section X, will designate a Banach space and X 
the space X, with its weak neighborhood topology defined by all finite sets of 
linear limited operations on X4. 

x(I) will be said to satisfy the weak Lipschitz condition (w.L.) if a.e. on 
(0, 1) the norm of «(J)/|JZ| is not infinite (that is, ||x(Z)/|Z|||<©) for all 
intervals containing s ¢ (0, 1). 


THEOREM 8.3. If x(I) on intervals to X is differentiable a.e., then it satisfies 
w.L. 


As the neighborhoods of X are defined by all finite sets of elements of X1, 
adjoint to Xi, we have a.e. limjr).o #[x(I)/|Z|] exists and a fortiori 
| #[x()/|I|]|<- for arbitrary J>s and all The theorem is then 
an immediate consequence of a theorem due to Dunford on uniform bound- 
edness [2, p. 308, Theorem 2]. In this case the abstract set is the set of all 
intervals containing a point s at which the derivative exists. 


THEOREM 8.4. If X is sequentially complete with X separable or if X, is 
regular and if x(I) on intervals to X is of bounded variation, then a necessary 
and sufficient condition that x(1) be differentiable a.e. is that x(I) satisfy w.L. 


The necessity has been proved in Theorem 8.3. For the sufficiency argu- 
ment we first suppose Xi to be separable and obtain a sequence {#,} dense 
in Xi. Since #,[x(Z)] is of bounded variation, lim)r).. #>[x(Z)]/|Z| exists on 
a set o, of measure one. W.L. implies the existence of a function L(s) such 
that #[x(Z)]/|Z| <Z(s)||a|| on a set o’ of measure one. Therefore 
lim jr; .0 £p[x(Z) ]/|Z| exists uniformly in p on a set oo=0'-[]o, of measure 
one. It follows that limjz).0 #[x(Z)]/|Z| exists on op for all # « Xi. As X is 
sequentially complete, the derivative likewise exists on oo. If Xi is regular 
and separable, then X; is likewise separable. There remains only the case for 
which X, is a nonseparable regular Banach space. But here the above argu- 
ment suffices because (1) x(J) is contained in a separable closed linear sub- 
space of X, and (2) every closed linear subspace of X, is regular [15, p. 423, 
Theorem 3]. (1) is a consequence of the following lemma: 


& 
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Lema 8.5. If x(s) on (0, 1) to a sequentially complete space X is of bounded 
variation, then x(s) can have at most a denumerable number of points of discon- 
tinuity relative to the norm. 


Suppose the contrary to be true. Then there exists a positive number e 
and a denumerable set of points at which the norm variation of x(s) is greater 
than e. We can then find a denumerable sequence of pairs of points with the 
property that ||x(s,1) —x(s,?)|| >e and s,1 <s? (or s,1 >s,2 >s41). Let 
yn=x(s,!) —x(s,2). Since x(s) is of bounded variation, #[yn]| for 
every # e X;. The sequential completeness of X implies that every subseries of 
> .0Wn is convergent in X. By a theorem due to Orlicz and Banach [4, pp. 281— 
282, Theorem 2.32], >-y, is unconditionally convergent in X; and hence 
\|y»{| »0, which is contrary to our choice of y,’s. 

Returning to the theorem, it is clear from the lemma that x(s) = x(Jo") has 
only a denumerable set of points of discontinuity relative to the norm and 
hence all of its values can be found as limits of a denumerable set of values 
(again in the sense of the norm). x(J/) is therefore contained in the separable 
linear closed subspace of X, determined by this denumerable set of values of 
x(s). This completes the proof of Theorem 8.4. 


Coro.iary 8.6. If X is sequentially complete with X, separable or if X, is 
regular, and if x(I) is additive, absolutely continuous, of bounded variation, and 
of w.L., then x(I) is an integral. 


This follows from Theorem 8.4 and a theorem due to Pettis [4, pp. 300- 
301 J. 

In the final theorem of this section we suppose X, to be a Banach space 
with a base {x;} [6, p. 110] which satisfies the following postulate: 

(M) If ai, a,--- is any sequence of real numbers such that 
lu.b.n || <0, then converges. 

By redefining the norm we can consider instead of X; a space isomorphic 
[6, p. 180] to X, satisfying in addition to (M) the property 


(N) 


for any constants ai, d2,--- [16, pp. 415-416]. The spaces /, (p21) and L, 
(p>1) satisfy (M) [16, p. 419]. 

THEOREM 8.7. If x(J) is an additive, absolutely continuous function satisfy- 
ing w.L. on intervals of (0, 1) to X where X, satisfies (M) and (N), then x(J) is 
pseudo-differentiable and is the integral of its pseudo-derivative on intervals. 


Now «(I) where = ;[x(7) ] and hence are additive abso- 


|| aix;|| S|} asx 
1 
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lutely continuous functions of intervals with summable derivatives a/ (s) a.e. 
As x(J) satisfies w.L., 


> a;(I) 


| 


a.e. 
|7| 


| 


so that (s)xi|| <Z, a.e. By property (M) (s)x; exists a.e. 
Let [ fra! (s)ds ]x;. Then ||x(Z)|| =||x,(Z)|| implies that the are 
uniformly absolutely continuous. Hence 


#[x(J)] = lim #[x,(J)] = lim ds 


= f[ fas = lx Jas. 


This is equivalent to the desired conclusions. 

9. An application to differential equations. We consider in this section an 
existence theorem for ordinary differential equations in X similar to a real 
variable theorem due to Carathéodory [17, p. 672].* We limit ourselves to 
linear convex topological spaces which are sequentially complete and satisfy 
the first countability axiom. Garrett Birkhoff [17] has shown that such a 
space has a group metric. X is therefore an F-space [6, p. 34] with a convex 
neighborhood topology. We will describe the topology by both a metric and 
the convex neighborhoods as suits our convenience. 

x(s) and ¢(x, s) will be functions on (0, 1) and the product space X x (0, 1) 
respectively to X. Dx(s) will designate the pseudo-derivative of x(s). Since X 
satisfies the first countability axiom, the existence of the pseudo-derivative 
will imply the existence of the derivative a.e. (see §8). /,x(s)ds will be the 
U’-integral. The system 


(1) Dx = $(x,5) = xo 


will be said to have a solution x(s) if and only if 
a(s) = xo +f o([x(t), 
0 


x(s) will be called measurable if there exists a sequence of step functions 
{x,(s)} such that | x,(s) —x(s)|0 a.e. where |x—y| is the distance between 
x and y. We will say that the sequence of functions {x,(s)} are equally-con- 
tinuous if for every U ¢ U there exists 6y >0 such that |s:—s2| <6év implies 


* The basic ideas of this theorem were also in part suggested by T. H. Hildebrandt. 
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||(s1) —x(se)||v <1. Finally $(x, s) will be said to satisfy condition (A) if it is 
continuous in x for fixed s and measurable in s for fixed x. 


THEOREM 9.1. A necessary and sufficient condition that x(s) be a solution 
of (1) is that (a) x(0) =o, (b) x(J,") =x(s2) —x(s1) be an additive, absolutely 
continuous function of bounded variation on intervals of (0, 1) to X, and 
(c) Dx(s) exist and be equal to ¢[x(s), s]. 

This is an immediate consequence of Theorem 8.1 and the footnote on 
page 133. 


Lemma 9.2. If $(x, s) satisfies (A) and x(s) is measurable on (0, 1) to X, 
then o|x(s), s| is measurable. 


Since «(s) is measurable, there exists a sequence of step functions {x,(s)} 
such that |x,(s)—x(s)|->0 a.e. and by the continuity of ¢(x, s) in x, 
| s] —b[x(s), s]| a.e. Now ¢[x,(s), s] is clearly measurable. There 
will therefore exist a double sequence of step functions {y,(s)} such that 
for every n, lim, |y,?(s)—[x,(s), s]| =0 a.e. As the real-valued functions 
| yn?(s) —@[2n(s), s]| are measurable, there will exist the set y,?" for which 
| -y,2™—[xn(s), s]| <1/2" except on a set of measure less than 1/2*. There- 
fore | s]|—0, a.e. 


Lemma 9.3. If {xn(s)} on (0, 1) to X are equally continuous and compact- 
valued for each s e (0, 1), then there exists a subsequence {%n, (s)} which converges 
uniformly to a continuous function on (0, 1) to X. 


The proof is similar to that of the familiar Arzelas theorem and will be 
left to the reader. 


Lemna 9.4, If T is a compact subset of X and M >0, then the set of all ele- 
ments of the type >. ,aix; where x; T and <M form a compact set. 


Let {U,} where U,, > U,4: be a complete neighborhood system for 6 and 
let e=1/2(M-+1). There will exist a sequence {;} ¢ and integers such 
that for x e I’ there is an 9; (i<N,) such that ||“—n|v,<e. In the mth step 
we let correspond to every x e I an 9; (i<N, and ||x—nil|v, <e) and then to 
every the element where summed over all j such 
that x; corresponds to nj. Let {>°?'ajx;} be a sequence of such elements and 
let {>°*"A‘.m;} be their correspondents. Then there exists a subsequence 
for which (i=1,---, N,). Hence there will be an N,! such 
that implies 


Nn rh Nn | 
| Ani > Ain 
1 1 


Nn 


| 
IU 
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Clearly we can apply the diagonal process and obtain a subsequence {s,} for 
which <e if R21’. Now 


8 Ne 8 | 
| > a; x;" || < Me. 
1 
Therefore 

Ds, Ds, 1] 

a: x," a; x, < 2(M + 1)e 

1 1 Un 
if only k, 1=N,/’. As X is sequentially complete, the sequence {}>”*a;*x,**} 
converges to an element of X. 
We are now in a position to establish the existence theorem. 


THEOREM 9.5. If $(x, s) satisfies (A) and takes on only a compact set of 
values for s « (0, 1) and x « X, then the system (1) has a solution. 


We first show that for any measurable function x(s), ¢[x(s), s] can 
be uniformly approximated by simple functions* assuming values in 
T=[¢(x, s)|s e (0, 1), xe X]. Let {U,} where U,> be a complete 
neighborhood system for 6. There will exist a sequence {7;} ¢ IT and integers 
N,, such that for x there is an for which <1 (k Sn). 
We now define S,,'= [s|s (0, 1), ||n;—@[x(s), $1], on? 
(i=1,---, N,), and y,(s)=7; on on‘. To show that {y,(s)} is the desired 
sequence we need only to demonstrate that S,‘ is measurable. But this fol- 
lows from the fact that ¢[x(s), s] is approximable by step functions. 

By hypothesis, I is compact. Therefore given U ¢ V, there will exist M(U) 
such that ||I'||» < M(U). Further if «(s) is measurable, then ¢[x(s), s] is meas- 
urable, ||¢[x(s), s]||v is summable, and hence the U-integrability of ¢[x(s), s] 
will imply its U’-integrability. 

Let xn(s) (s), s]ds where x,’ (s) =x(p/n) for p/n<s<(p+1)/n 
(p=0, 1, --- ,m—1). The integral of ¢[x,/ (s), s] exists by Theorem 6.2, since 
¢[x,/ (s), s] is uniformly approximable by simple functions whose pseudo- 
norms with respect to U are bounded by M(U). Now by Lemma 8.2 


|| — aa(s2)||v S | fetes (s), slas|| Jets (s), s]lluds 


< 


(2) 


This clearly implies 
(3) — (s)l|v M(U)/n. 


* A simple function on (0, 1) to X is constant on each of a finite number of disjoint measurable 
sets whose sum is (0, 1). 
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As above there exists a double sequence of simple functions y,"(s) such that 
yo"(s)=ni onohe (nie T and ||y,"(s) (s), $1. 
It is clear that ||y,"(s) -@[x,’ (s), s]||v, is measurable and converges to zero 
as p>. Thus ||y,"(s)||y M(U) and (s), s] approximately. By 
Theorem 6.2 lim, (s), s]ds. But 
where >-?,|o-0%| <1. By Lemma 9.4 the set [fvy,(s)ds|oe(0, 1); 
n; p=1, 2,--- ] is compact and therefore (s), s|ds|s (0, 1); 
n=1,2,--- | is compact. By (2) and Lemma 9.3 there exists a subsequence 
{x,,(s)} which approaches the continuous function x(s) uniformly on (0, 1). 
Then by (3) x,/(s)—>x(s) uniformly on (0, 1). Clearly |\d[x,/(s), s] 
—[x(s), s)]||v is measurable. Therefore ¢[x,/(s), s]-@[x(s), s] approxi- 
mately as Also ||¢[x,/ (s), s]||v < M(U). Again by Theorem 6.2 


x(s) — % = lim J s|ds = J ol, s|ds. 


10. Examples. The following examples serve to illustrate some of the 
properties of the U-integral as well as the importance of various hypotheses. 
Example 10.2 demonstrates that the Birkhoff and Pettis integrals are differ- 
ent. It is therefore possible to define a class of integrals for a Banach space. 
Example 10.8 shows that the class of Pettis integrable functions does not 
include a very well behaved set of functions. Example 10.9 proves that the 
integral of a strongly measurable function may not be weakly differentiable. 
These three examples answer questions raised by Pettis [4, p. 303]. 

B will be the space of real bounded functions x, on T=(0, 1) with norm 
l|,|| =l.u.b.cer | «|. We will consider functions x(s) on S=(0, 1) to X. Inte- 
gration on S=(0, 1) is taken with respect to the Lebesgue measure function. 

It will be necessary for us to refer to the following theorem whose proof 
can be found in another paper* by the author: 


THEOREM 10.1. For every bounded additive set function B(r) on all subsets 
of (0, 1) there exists a denumerable set R(B) and a unique decomposition 
B(r) =Bi(+) +Be(r) such that B;(r) (i=1, 2) are bounded additive set functions, 
Bi(r) =B(R-7), and B2(r) =0 if 7 is a denumerable subset of (0, 1). 

10.2. Example of a function which is Pettis integrable but not Birkhoff in- 
tegrable (§7). Let x(s) on S=(0, 1) to B be defined as x(s)=x,(s)=1 if 
t—s=p/2" for +p, n positive integers and x,(s)=0 elsewhere. Thus on the 
unit square with coordinates s and #, x,(s)=1 only on a denumerable set of 
points on any line parallel to either coordinate axis. 


* This paper will appear in the Bulletin of the American Mathematical Society. 
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Hildebrandt [19] has shown that for every z of the space adjoint to B 
there exists an additive bounded set function A(z) on all subsets of T= (0, 1) 
such that for all x B, #(x)=frx.dB8. By Theorem 10.1, B(r) =8:(r) +82(7), 
where §;(r)=6(R-r), R is a denumerable subset of T, and 62(r) =0 for all 
denumerable subsets of 7. Hence for each s 


&[x(s) | =f = f ff =f 


It follows that #[x(s)]0 only if x.(s)¥0 for te R. Let 6,=[s|s e (0, 1), 
x:(s) £0, fixed t] and Then is the subset of S on which x,(s) #0 
for some ¢ e R. Since both 6, and R are denumerable sets, 59 is a denumerable 
subset of S. Therefore #[x(s)]=0 a.e. and x(s) is Pettis integrable to the 
value x,=6 e B for all measurable sets o. 

On the other hand x(s) is not Birkhoff integrable. Suppose the contrary 
were true. Then [1, Theorem 13], given e>0, there exist disjoint sets o; 
such that }o;=S, the series }-x(o,)a(o;) is unconditionally convergent, and 
Si, © 0; implies ,x(s;)|o:| ,x(s/)| || <e. We first suppose that 
for each ¢ there exists a o; such that for all s ¢ @;, x,(s) =0. We can then divide 
T into sets 0; where T=) 6;, and for all ¢ 2 6; and s ei, x,(s)=0. Since 
x:(s) =1 on a diagonal, S—o; contains the set 0/ whose coordinate values are 
those of 6;. In addition S—o; contains @/’ consisting of all points of the type 
s+p/2" and s/2” where s ¢ 6} for all integral p and . Now 6/’ is a homogene- 
ous point set in the sense of Knopp [20, pp.411—414] so that its upper measure 
|@/’| =1 or 0. As there exists an ip such that |6;/|>0, it follows that 
|S—o;,| =|0i7|=1 which is contrary to |o;,| >0. Our supposition being 
false, we can select a ¢) with the property that for every 7, o; contains an s; 
such that x;,(s;)=1. As |o;| >0, there is also an s/ ¢ 0; such that x,,(s/) =0. 
But this implies that |!>°i«(s;)|o:] —Doia(s/)|o;||| 21. The assumption that 
x(s) is Birkhoff integrable has thus led to a contradiction. 

10.3. Example of a U-integrable function for which there exists Ao such that 
for all A= Ao, J (x, S) is not unconditionally convergent (§2). One would ex- 
pect a definition of unconditional convergence for J 4(x, S) at least to demand 
the convergence of every sum (s; Even such a definition 
would eliminate the function of the present example from the class of in- 
tegrable functions if (1) we replace unconditional summability in Definition 
2.1 by unconditional convergence, and (2) we insist that J4(x, S) is uncondi- 
tionally convergent if this is true for J4,(x, S) where A=Ao. 

Let X be the space B with a weak neighborhood topology defined by all 
finite sets of linear limited operations on B. Let x(s) =x,(s) =1/s for s—t= p/2” 
where + 4, m are positive integers and x,(s) =0 elsewhere. «(s) can be shown 


i 
} 
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to be U-integrable (that is, Pettis integrable) in a manner identical with 
that used in Example 10.2. Suppose Ap = {o;°= (1/2', 1/2‘) andA = (o,) > Ao. 
As in Example 10.2 there exists ¢) and s; e o; such that x,,(s;)=1/s;. We will 
now show that some sum of J,(x, S) does not converge with respect to the 
neighborhoods U = [x|x « X, | #,,(x)| <6] where #,,(x)=«,,. This is an im- 
mediate consequence of 


1 2-1 


als) lol = l= 


2: 


10.4. Example of a function x(s) on S=(0, 1) to B which is U-integrable 
having the properties (1), (2), (3) given below. 

(1) ||x(s)|| is not measurable. Convergence a.e. will therefore not imply 
uniform convergence on the complement of sets of arbitrary small measure 
(approximate convergence in Theorem 6.2). 

(2) f.x(s)ds=0 for all o yet x(s) #0 a.e. B does not contain a denumerable 
subset which is total (Theorem 5.2). 

(3) x(s) is mot U*integrable. The two integrals are therefore distinct in 
general (§8). 

Let oo be a non-measurable set in S=(0, 1) and define x(s)=6 for 
s ¢ S—o» and x(s) equal to the characteristic function of the point s for 
seo [4, p. 301, Example 9.1]. 

10.5. Example illustrating the need for sequential completeness in Corollary 
4.3 and Theorem 6.2. In the Banach space of bounded sequences let my be the 
linear extension of the set of unit vectors ¢,. The space mp is not sequentially 
complete. Let «*(s) =x;*(s) = din@n for s e (1/2, 1/2"-') and mSk is the 
Kronecker symbol), and vanish elsewhere (k =1, 2, - - - ,w). Despite the fact 
that for every e>0 there exists a J 4(x*, S) which is unconditionally summable 
with respect to an e-sphere, x°(s) is not U-integrable in my (Corollary 4.3). 
On the other hand x*(s)—x*(s) approximately, and the /,x*(s)ds exist and 
are uniformly absolutely continuous (Theorem 6.2). 

10.6. Example showing the need for sequential completeness in Theorem 6.5. 
Let By be the linear subset of B consisting of all functions on T = (0, 1) whose 
derivatives exist a.e. and take on only a finite set of values. By is not sequen- 
tially complete. We define x(s) =x,(s)=1 for 42s, and to vanish elsewhere. 
x(s) is integrable on o to (|o-Jo|). However if ¢(s)=s, then f}¢(s)x(s)ds 
= (#/2) which is not in Bo. 

10.7. Example showing the need of completeness with respect to D in a space 
which is sequentially complete (Theorem 4.1). Let Jo be the linear space of 
functions x, on T=(0, 1) such that }>,|x,| < and let Jo be the set of all 
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bounded measurable functions #, on T= (0, 1). Then is a linear 
continuous operation on J. We will define the topology on /, by all finite sets 
of elements from J). Any denumerable sequence of elements of J, differs on T 
at only a denumerable set of points. /) is sequentially complete since this is 
equivalent to the weak completeness of /; [6, p. 143]. Finally set x:(s) = 5, 
on S=(0, 1) tolo. As /,#(x.(s))ds = [,#,dt exists, it follows that for every U e U 
(finite set of #’s) there will be a J4(«, S) which is unconditionally summable 
with respect to U. On the other hand there exists no x° «J, such that 
for all Io. x(s) is therefore not U-integrable. 

For convenience let M be the class of functions x(s) on S=(0, 1) to B such 
that (1) #[x(s) ] as measurable for all # e B, and (2) {,#[x(s) |ds are uniformly 
absolutely continuous with respect to elements of B. If x(s) is contained in 
a separable subspace of B, then it is Pettis integrable [4, p. 293, Theorem 5.3]. 
It is Dunford integrable in any case. 

10.8. Example of a member of M which is not Pettis integrable. Sierpitiski 
[21, pp. 9-10] has shown that equivalent to the hypothesis of the continuum 
is the existence of a set @ in the unit square J such that on every parallel to 
the s axis @ contains at most a denumerable set of points in J while on every 
parallel to the ¢ axis J—@ contains at most a denumerable set of points in J. 
We define x(s) on S=(0, 1) to B so that x(s) =x,(s) is the characteristic func- 
tion of 6. In the notation of Example 10.2, 


z[x(s)] = J = + J 


Since for any ¢ e (0, 1), x:(s) =1 for only a denumerable set 6, in S, it follows 
that on at most the set 59> which is denumerable. Let 1; 
be the element of B which has the value one for all ¢ e T. As(1,—x;(s)) has only 
a denumerable set of nonzero values for each s 2 S, we have [r(1,—2:(s))dBo=0. 
Hence #[x(s) ]|=/71.dB for all s « (S—6o) so that #[x(s) ] is measurable. The 
integrals {,z[x(s) ]ds are obviously uniformly absolutely continuous with re- 
spect to elements of B. Thus x(s) « M. 

Finally, let us suppose that there exists a y e B such that #(y) = f,z[x(s) |ds 
for every e B. For every « T there exists an %,,  B defined by #;,(%:) =21,. 
This set is total on B. 


Vio = = J as = J = 0. 


Now Banach [6, p. 30] has demonstrated the existence of #) ¢ B for which 
#o(x) =Lf,x,dt whenever x, is Lebesgue integrable. Our supposition then leads 
to 


t 
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0 = = ff = f lds = 1. 
s s 


Therefore x(s) is not Pettis integrable. 

It is to be noticed that F(#) =/,#[x(s) |ds is weakly continuous on B. 
Since there exists no y e B such that F(z) = #(y) for all # e B, the Banach theo- 
rem [6, p. 131, Theorem 8] to this effect for separable Banach spaces is not 
in general true for nonseparable Banach spaces. 

10.9. Example of an additive, absolutely continuous function x(o) on meas- 
urable sets of (0, 1) to Hilbert space H which in the weak neighborhood topology 
is pseudo-differentiable but a.e. not differentiable (§8). Let x;,; be a doubly infi- 
nite set of orthonormal vectors in H. We define y;(s) = 2‘x;,;on (j/2', 2-*'+7/2°) 
7=0, 1, ---, (2'-1), and elsewhere set y,(s) =0. As Birkhoff [1, p. 375, Ex. 
ample 2] has observed, y(s) =>-_ ,y,(s) exists a.e. and is Birkhoff integrable, 
Pettis has shown [4] that x(c) =.y(s)ds is additive, absolutely continuous- 
and in the weak neighborhood topology pseudo-differentiable. We will now 
demonstrate that ||«(Z)/|Z||| is unbounded a.e. As in Theorem 8.3, this will 
imply that a.e. the weak derivative does not exist. Let s=oa:d2---a,--- be 
the dyadic representation of s « (0, 1). Hardy and Littlewood [22, p. 189] have 
proved that any finite sequence of digits will recur an infinite number of 
times on a set of measure one. In particular, m consecutive zeros will occur 
infinitely often on a, of ‘unit measure. Then o> =|[c, is of measure one. For 
each point of a all numbers of consecutive zeros occur infinitely often. Sup- 
pose p is the number of consecutive zeros not exceeding n/2 which immedi- 
ately proceed the (n+1)st digit of oaia2---a,--- =s. If J, is the interval 


uh) = f | x vs) | ds + f 8) - v(s) 


> + x’ (In) 


n—p 


where x’(J,) is orthogonal to (x;,;,) (i=n—p,---,m). In this case 
\|x(Z,)/|Zn{|| 22%. Since for each point of oo, lim, ~,= ©, our assertion is 
proved. 
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HARMONIC SURFACES IN RIEMANN METRIC* 


BY 
S. BOCHNER 
If x‘ (¢=1, --~ , m) is a vector representing a map from a domain Q in 
euclidean (u, v)-space into the euclidean x‘-space, the Euler equations of the 
problem 


(1) ff + = min, summation over i, 
have the simple form 


(2) Ax = = 0. 


The boundary value problem reduces trivially to the classical Dirichlet 
problem in its simplest form. If the x‘-space is a Riemannian space S with a 
positive definite metric, the generalization of (1) is 


ff X) + dudv = min, 


and the Buler equations are 


x? 


0 0 
(xuxy + — 2 —2 (gigt») = 0. 


Putting 


(3) 
we obtain the equivalent equations 


(4) Ax + + x.x,) = 0. 


Any solution of (4) will be called a harmonic surface. 

Equations (4) are nonlinear in the first derivatives of x‘ and the boundary 
value problem is now decidedly more difficult than in the classical case (2). 
There is no direct generalization of Poisson’s integral and the results obtained 
directly by Picard’s approximation method are geometrically very restricted. 

* Presented to the Society, October 28, 1939; received by the editors June 2, 1939. 


t G. Giraud, Sur le probléme de Dirichlet généralisé, 11, Annales de l’Ecole Normale Supérieure, 
vol. 46 (1929), pp. 131-245. 
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However S. Bernstein’s elaborate method of majorization* can be shown to 
be effective in our case, and in the present note we shall offer some first 
results in this direction. In §1 we shall state some elementary properties of 
harmonic surfaces and in §2 a uniqueness theorem relative to the boundary 
value problem; and in §3 we shall prove a theorem on compactness of 
families of harmonic surfaces. 

1. Subharmonic character of harmonic surfaces. Equations (4) are an 
extension, from one to two parameters, of the equations for geodesics: 


(5) 


As in the latter case, equations (4) can be easily seen to be formally invariant 
under transformations of coordinates in the x‘-space, the expressions on the 
left side of (4) being the components of a vector relative to such transforma- 
tions. Other quantities which are formally invariant are the coefficients 


(6) E= FF = G= 


of the fundamental form Edu?+2Fdudv+Gdv". These coefficients are scalars. 
As in the euclidean case, the expression 


1/2 1/2 


— (— 1) #4) 


is an analytic function of the complex variable u+iv. In other words we have 
the Cauchy-Riemann equations 


2 


(7) Ey, = — 2F,, E, — G, = 
(8) AE = AG, AF = 0. 


Relations (7) are formal identities. They hold for expressions (6), subject to 
relations (3) and (4). The differentiations involved can be reduced to a mini- 
mum by the use of geodesic coordinates. The first derivatives of E, F, G 
with respect to « and v involve the coefficients g,,, I'}, but no derivatives of 
I, In order to prove (7) for a fixed value (mo, v0) we may select geodesic 
coordinates originating at the point x‘(uo, vo), for which, at the origin, 


(9) ry, = 0, = 


Thus the proof of (7) consists of proving the same trivial identities as in the 
euclidean case. 


* S. Bernstein, Sur la généralisation du probléme de Dirichlet, Mathematische Annalen, vol. 69 
(1910), pp. 82-136, §1. 
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If S is a space whose Riemannian curvature is nonpositive, then relations 
(8) can be supplemented by the further relation 


(10) AE>0, 


We shall derive a more comprehensive result relating to harmonic “surfaces” 
in several dimensions. If we replace the two parameters u, v by parameters u?, 
and put 
x= = = 

then the equations 
i Ox? Ox4 


Ax +T,,— = () 
Ou* 


are the Euler equations of the problem 


dujdu,-- dum = min. 


If for given values u*, we select a coordinate system which is geodesic at the 
point x‘(w*), then we obtain 


+ al’ 
Ou? Our dur duh 


OE sy ( Oxt ) ~~) Ox" 
= Spa 


and hence, putting =0, 
Ox? 07x? 07x49 


aur ous aur) Spe 


= S04 (a 


or =) Ox" 
Ou? dur dur dub 


+ 


Now, using the formula 
Ax* dx? 
Ox? Ou® 


and a similar formula fordAx?/du7and putting Rygrs = — /dx*), 
we finally obtain 


074% Ox? Ox% Ox% Ox" 
AEs, = 2g pars 
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For any quantities \*, putting we 
hence obtain 


Ox? Ox? 
AEs," = 2g — 
Ou* due 


Thus, for a space S of nonpositive curvature, AEs,\°A7 =0, and this implies 
relations (10). 

Finally we shall indicate a proof for the assertion that in a space S of 
nonpositive curvature, the curvature K(u, v) of any harmonic surface is also 
nonpositive. By a general theorem of Ricci,* K is the sum of two quantities 
K, and K2; K, is the so-called relative curvature of the surface and K¢ is the 
curvature of S at the point x‘(u, v). Since K2<0 by assumption, we have 
only to show that K,<0. Now, if (9) holds, the quantity K, can be computed 
by a formula which is formally the same as in the euclidean case, namely 

(EG — F°)Ky =| tun, tu, tov, — | Zu, Zo] | Zu, 
Each term on the right side is the (numerical) product of two matrices of 
3 rows and n columns each. Now, (9) implies x1, = —+‘,, and therefore K, <0. 

2. The distance function. If two solutions of (2) over the same region Q 
have the same limit values on the boundary B of Q, then they are identical 
throughout Q. We must not expect a similar theorem to hold without restric- 
tion for solutions of (4) since it does not even hold for solutions of the simpler 
equations (5). However, the restrictions required for equations (4) are ex- 
actly the same as those needed for equations (5). It is sufficient to assume 
that the solutions lie in a region U of the space S in which there are no 
conjugate points. More precisely we assume that any two points x* and y’ of 
U can be joined in S by a geodesic arc whose closure contains no conjugate 
points and whose geodesic length is the shortest geodesic distance between 
the points x‘ and y’. Denoting the latter distance by H(x‘, y’), if the space S 
belongs to class C,, then H(x‘, y’) belongs to class C; on the domain UXU 
minus the diagonal manifold x‘=y’. 

For an arbitrary function W = W(x‘, y) and arbitrary numbers £', / we 
shall consider the expression 


(W — + 2W + (Wyrye — 


(the subscripts of W indicating partial derivations) and we shall denote this 
expression by 


P(W) = P(W; &, 7). 
* L. P. Eisenhart, Riemannian Geometry, 1926, p. 174. 
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We shall say that a function W(x‘, y’) has positive character, if P(W; &, n)=0 
identically in x‘, y’; ni (assuming x‘ y’, if necessary). 

We shall now prove 

Lemma 1. The distance function H(x‘, y’) has positive character. 


We take a geodesic arc issuing from x‘, whose direction cosines at the 
point of issuance have the given values £‘, and on it a point of geodesic dis- 
tance e. Denoting the coordinates of the latter point by x‘+£*(€) we will have 
by familiar formulas from the theory of normal coordinates,* 

i i P.@ 2 
(11) = — 21 — + 
and 
«i + £4(€)) = 


In particular 
d 
(12) — A(x‘, xi + &(€)) = 0. 
de 
Similarly we put 
é P@ 2 
(13) n(e) = en — + 
and obtain 
d 
(14) H(y', yi + = 0. 
€ 


Since there are no conjugate points on the geodesic arc joining x‘ and yi, 
the second derivative with respect to ¢ of 


H(x*, xi + + + &(€), y? + + H(y', + 


is greater than or equal to zero for e=0. On account of (12) and (14), we 
therefore have 


a? 
lim — H(x‘ + &(€), + ni(e)) 2 0. 
dé? 


Substituting (11) and (13) we hence obtain P(H; &, 7) 20, which is the 
assertion of our lemma. 


Lemma 2. If x(t) is differentiable twice and x’(t)=0 and x’’(t) =0, and if 
W(x‘, y’) has positive character, then x(W(x‘, y*)) has positive character too. 


*T. Y. Thomas, Differential Invariants of Generalized Spaces, 1934, p. 7. 
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In fact, 
P(x(W); 0) = x’(W)-P(x(W); & 0) + wt? + Wyn?)?. 


In particular, we see that the function (H(«‘, y’))* has positive character, 
and this function has the advantage of belonging to class C. throughout 
U XU, the manifold «‘=-y/ not being excepted. 


Lemma 3. If W(x‘, y*) has positive character and x‘(u, v), yi(u, v) are two 
harmonic surfaces, then the function f(u, v)=W(x*(u, v), yi(u, v)) is sub- 
harmonic, that is Af =0. 


In fact, carrying out the differentiations and replacing Ax‘ and Ay‘ by 
and respectively, we obtain 


Af = P(W; xu, Yu) + P(W; xv, yr), 


and therefore Af=0. 

Since a subharmonic function attains its maximum on the boundary and 
since the distance function H(x‘, y‘) vanishes only for x‘=y‘, we may con- 
clude the following theorem. 


THEOREM 1. [f U is a domain of S on which the distance function H(x‘, y/) 
has positive character, then for any two harmonic surfaces x‘(u, v), yi(u, v), the 
function H(x*(u, v), yi(u, v)) attains its maximum on the boundary B of Q. If 
x(u, v) =~yi(u, v) on B, then this equality holds throughout Q+B. 

If K(a‘, a) is a geodesic sphere H(a‘, x’) <a in U, then any harmonic surface 
in U whose boundary lies in K(a‘, a) lies there in its entirety. 

The last part of the theorem is a consequence of the first if we put 
yi(u, v) =a‘. 

3. The Dirichlet integrand on the boundary. Using polar coordinates 
u=p cos 0,v=p sin 0, we assume now that Q is the unit circle p<1,0<6<2z, 
and we shall denote the same function in Q by x(u, v) and x(p, 8) interchange- 
ably. If a periodic function $(6) is continuous, and has m continuous deriva- 
tives, m=0, 1, - - - , we shall write 


= max | 


In case of a vector ¢‘(@) we shall write 
= 


This symbolism will refer exclusively to the variable denoted by 0. 
The theorem to follow will apply to a sufficiently small neighborhood U 
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of a fixed point on S in which the distance function has positive character. 
Making U sufficiently small and choosing the coordinate system appropri- 
ately, we may first assume that U is the entire cell — ~ <x'< o,i=1,---,n, 
the fixed point of U being the origin x‘=0. U contains some geodesic sphere 
K(0, o’) whose radius will be also denoted by 30°. Obviously, for 0<o¢ <30° 
there exist two functions r’(¢) and r’’(¢), 0<r’<r’’, such that the geodesic 
sphere K(0, ¢) contains the euclidean sphere x‘x‘<r’? and is in its turn con- 
tained in the euclidean sphere x‘x'<r’’*. We further observe that for x‘(u, v) 
in K(0, 20°), the quantity 


(15) E+G= + 
is majorized above and below by 
(16) 


Now, for a'c K(0, 20°) and x'c K(0, o°) we put £'=x‘—a’‘, and we con- 
sider the function W(a‘, &*) =(H(a‘, x*))?/2, and the quantities 


(17) ni = ni(a?, = 


Since, for £'=0, 0n?/dé*=g,,(a), we may consider the inverse functions 


(18) = £4(a?, n°). 
They are defined, and they are inverse to the functions (17), for 
(19) a‘ ¢ K(0, 20°), nn’ S re (> 0), 


the number 7 being independent of a‘. 

We now consider a solution x‘(u, v) of (4) in Q which lies in K(0, o°) and 
whose partial derivatives are uniformly continuous in Q. The functions 
x‘(u, v) and their partial derivatives of first and second order have continuous 
boundary values on B. The function f(u, v) =f(p, 0) = W (a‘, x#(u, v) —a*) has 
partial derivatives of second order which are uniformly continuous in Q, and 
satisfies 


@)|| m < M||x(1, 4)||m, m = 0, 1, 2, 


the constant M being independent of x‘(u, v) but not necessarily the same in 
all relations in which it will occur. The important property of f(u, v) is that 
it is subharmonic, Af20 (see Theorem 1). We now put 


9) = g(p, 0) + h(p, 8) 


where g(p, 0) is the harmonic function with the boundary values f(1, @) and 
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h(p, 9) is a subharmonic function with boundary values 0. For g(p, 6) we 
have* 


0 
| g(p, 9) + | dg(p, 8) | 
Op 


< M||x(1, 


For the function h(p, 6) we immediately obtain the relation 


ah(p, 8) | | an(1 


9) 
lim | =0, 
a0 


06 
which is an immediate consequence of the assumption that /(p, 6) shall 
vanish on the boundary. For the radial derivative we obtain the one-sided 
relation 


dh(p, 0) ah(1, 6) 
im = 
p—1 Op Op 


20 


with no absolute values to start with. It follows from the fact that h(p, @) is 
zero on the boundary and, being subharmonic, is nonpositive in Q. Altogether 
we have the estimates 


| af(1, 


af(1, 6 


M}\\ x(1, 


and this can also be written in the form 


dx'(1, 6) 


| dx‘(1, 4) 
max ni(1, 6) a0 ni(1, 6) 


M||x(1, 


The constant M is independent of 6 and a‘, and all combinations (19) are 
admissible. Hence we obtain the estimate 


dx‘(1, 6) 
dp 


| 8) 


ol, 


+ 


the second quantity on the left side being also an absolute value. Since 


Ox'\? Ox\? 1 /dx\? 
Ou Ov Op p* \ 00 


we finally obtain the following theorem. 
THEOREM 2. Jf S belongs to class C., if U is a sufficiently small coordinate 
neighborhood of the origin, and if x‘(u, v) =x*(p, 0) is a harmonic surface in U 


* H. Whitney, Analytic coordinate systems in a manifold, Annals of Mathematics, (2), vol. 38 
(1937), p. 809, Lemma 4. 
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whose partial derivatives of the second order are uniformly continuous in the 
unit circle Q, then the inequality 


| d?x*(1, 0 
E(1, 6) + G(1, } 1/2 M>> max 
i=l 
holds for a constant M which is independent of the given surface. 
If S has nonpositive curvature, then the sharper inequality 


d2xi(1. 8) | 
{| E(u, v) + G(u, MQ) max =" 


holds for the same constant M. 


The second half of the theorem follows from the first since for spaces of 
nonpositive curvature, E+G attains its maximum on the boundary of Q. 
But the inequality (20) probably holds for spaces S of any curvature. 

From Theorem 2 we could easily deduce the existence theorem* that any 
vector ¢‘(@) in U which has two continuous derivatives is the boundary of a 
harmonic surface in U. 


* J. Léray et J. Schauder, Topologie et équations fonctionelles, Annales de !’Ecole Normale Su- 
périeure, vol. 51 (1934), pp. 45-78. 
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A CONVERGENCE THEOREM FOR 
CONTINUED FRACTIONS* 


BY 
W. T. SCOTT AND H. S. WALL 


1. Introduction. This paper is concerned with the question of convergence 
of continued fractions of the form 


1 dee a3 as 

in which the a, are complex numbers. Our investigation began with a com- 
parison of the infinite series 


B, Be B, B; Bz 


equivalent to the sequence of approximants of the continued fraction, with a 
convergent positive term series }+p,. It was found that if r2=Pnps1/Pn, and 


(1.3) ta| 1+ an + dn| +| 


(1.1) 


n=1, 2, 3, - - - , ro=r_1=a,=0, then the series >> p, is a majorant for (1.2), 
so that the continued fraction converges. 

Later, in proving that the Pringsheim convergence theorem can be ob- 
tained from the above by specializing the series >> p,, it was discovered that 
the inequalities (1.3) have a second interpretation. In fact, if a, #0, and 


Xe X3 


(1.4) yt— 
+ Vo + Vs + 


denotes the even (odd) “contraction” of (1.1), then the inequalities (1.3) for 
odd (even) values of 2 may be written in the form 


(1.5) | | = 1, | cnyn| | + 1, 


n=2, 3, 4,---, where c,~0. But these are precisely the Pringsheim rela- 
tionst for the continued fraction (1.4). Hence if the inequalities (1.3) hold 
for some r,>0 (not necessarily related to a convergent series )>p,), the 


* Presented to the Society, September 8, 1939; received by the editors May 26, 1939, and, in 
revised form, October 27, 1939. 

+ O. Perron, Die Lehre von den Kettenbriichen (referred to hereafter as “Perron”), 2d edition, 
Leipzig and Berlin, 1929, pp. 257-258, formulas (5). 
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sequences of even and odd approximants of (1.1) have limits, finite or infinite, 
and the limit of the even (odd) approximants is finite if inequality holds in 
(1.3) for an odd (even) index. Thus the relations (1.3) have two interpretations, 
and therefore are extremely important instruments in the convergence theory. 

One of the most important results obtained in the paper is the “parabola 
theorem,” namely, that if the elements a, of (1.1) lie within or upon the 
parabola |z| —%(z)=1/2, then the continued fraction converges if and only 
if some a, is 0, or the series >-|b,| diverges, where b:=1, @n=1/0n-1)n, 
n=2, 3, 4,---. In the first announcement of the theorem,* the a, were 
restricted to lie in a closed bounded region entirely within the parabola, a 
result which was obtained using 7, =r <1 in (1.3). Using the second interpre- 
tation of the inequalities, we were able later to remove the restriction re- 
quiring the a, to lie in the interior of the parabola, and to replace the 
boundedness condition by the condition on the series >>| 5, . 

The parabola cannot be replaced by a “better” curve symmetric with 
respect to the real axis. We thus characterize completely all regions in the com- 
plex plane, symmetric with respect to the real axis, in which the elements a, may 
vary independently while the continued fraction remains convergent. We have 
therefore, in a certain sense, extended as far as possible the theorem given by 
Worpitzky{ three-quarters of a century ago, namely, that (1.1) converges if 
|a,| $1/4, m=2,3,4,---. 

Other results obtained include: a notable improvement in the Pringsheim 


theorem on uniform convergence (Theorem B), the “triangle theorem” 
(Theorem G), some results on the problem of Szdsz (§6), and the theorem 
that if (1.3) holds and the a, are bounded, then (1.1) converges (Theorem E). 
The methods used throughout the paper are elementary in character, and 
are based strictly upon the continued fraction algorithm. 
2. The first interpretation of the fundamental inequalities. The basic 
result of this paper is embodied in the theorem which follows. 


THEOREM A. Let (1.1) be a continued fraction with complex elements a,, 
and nth approximant A,/B,. Suppose that for some nonnegative numbers r,, the 
inequalities (1.3) hold. Then B,#0, n=1, 2, 3,---, amd the series 
1+D>orire - - - rn is @ majorant for the series (1.2). The continued fraction con- 
verges if some a, is 0, or if the series 1+ rire - - - rn converges. The sum of the 
latter series is an upper bound for the absolute value of the continued fraction. 


Proof. By (1.3) we have B.=1+a,.+0, B;=1+a.+a;~0; and if we 
* Bulletin of the American Mathematical Society, abstract 45-7-277. 


+ Worpitzky, Jahresbericht, Friedrichs-Gymnasium und Realschule, Berlin, 1865, pp. 3-39. Inde- 
pendent proofs of this theorem were given later by Pringsheim and by Van Vleck. 
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put n=1, 2, 3,---, we have |a| =|a2/(1+a2)| <n, 
|co| =|a3/(1+a2+as)| Let us assume that B, i140, |cn| <rn, for 
n=1, 2, 3,---,k, R22, and prove that the same holds for n=k+1, and 
hence for all m. Inasmuch as 


Anti An | 

Bri B, 
it will follow that 1+)-rir2 - - - r, is a majorant for the series (1.2), so that 
the continued iraction converges if 1+> nre - + +7, converges. Since B, +0, 
for all m, the continued fraction converges if some a, is 0. 

From the recursion relation B, = B,1+4nBn_2, n= 2, we easily obtain the 

formula 


(2.1) Bure = (1 + + By 040 4%41By_2, 
k=2, 3,4, ---.If 0, so that r.41>0, then we have 


Bure 1 + + 


= 


B, 


or, by (1.3) and our assumption, 


Tk-1 = > 0. 
Ak+2 


Bure | 1 + + Gye 1 


Hence By 420, and | cx41| S741. On the other hand, if a.42=0, it follows from 
the fundamental recursion formula that and | 
This completes the induction and the proof of Theorem A. 

Since Theorem A is simply a comparison theorem for the series (1.2), 
we have at once by the Weierstrass “M-test,” the following theorem on unt- 
form convergence of continued fractions. 

THEOREM 2.1. If in the continued fraction (1.1) of Theorem A, the elements 
a, are functions of any variables over a domain D in which the inequalities (1.3) 
hold, with the r, independent of the variables, and if the series 1+) Tn 
converges, then the continued fraction converges uniformly over D. 


If in Theorem A we use the series 


A A A A A 
(2.2) k+l 4 ( 4 ( 4 


instead of the series (1.2) we get by the same methods the more general 
result: 
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THEOREM A’. If there exist an index k=0, and numbers r,=0, n=k+1, 
k+2,k+3,---, such that Bers, Bers and 
| = | | ri+2| Buss| > | 
rn | 1 + an + | = | an | + | 

n=k+3,k+4,k+5,--- , then the series 

A 
(2.3) | (1 rs) 

n=k+1 


is a majorant for the series (2.2). The continued fraction converges if some a, is 0 
forn=k+2, or if the series (2.3) converges. 


3. Relation of Theorem A to other convergence criteria. We now prove 
a second theorem. 


THEOREM B. Let pi, po, ps, - ~~ be real and positive, p:>1. Then the con- 
tinued fraction (1.1) in which the elements a, are functions of any variables 
converges uniformly over the domain characterized by the inequalities 


(3.1) | an| (pn — 1)/PnPn—r, 2,3,4,---. 


The quantity 


pr 1 1 
pi- 1+ — 1)(p2 1) (Pn — 1) 
is an upper bound for the absolute value of the continued fraction over the domain, 
and is actually attained if a,=(1—pn)/PnPna, N=2,3,4,--°-. 

This theorem includes the general Pringsheim criterion.{ However, 
our theorem goes farther and gives an upper bound for the absolute value 
of the continued fraction. The greatest improvement is in respect to the 
question of uniform convergence. Pringsheim required that the series 
- - be divergent in order to obtain uniform con- 
vergence of the continued fraction.t 

Proof of Theorem B. Let #, = (~,—1)p,p,-1, and form the continued frac- 
tion 
(3.3) 

Let G,/H, be the nth convergent of (3.3) and put 


H,* = pipe: ++ 1,2,3,---, H* = 1, 


+ Perron, p. 258, Theorem 26. It is to be noted that there is no loss in generality in assuming 
fi>1 in that theorem. 
t Perron, p. 262, Theorem 30. 
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so that = rts, n=2, 3, 4, and 


n=1,2,3,---. Thus H,*2=1, and consequently H,>0 for all n. 
We take for r, in Theorem A the quantity 


= n—1/An41, n= 1, eee 4 


Inasmuch as Anyi=(1—ta—tnis)Hn-1—tntn+Hn-s, we readily verify that 
r,(1 —t, —tn41) =P nN =3, 4, 5, (ro=r_1 =h, =0). Hence it 
follows from (3.1) and the definition of ¢, that the elements of the continued 
fraction satisfy the inequalities of Theorem A with the values of the r,, which 
we have determined. 

=] 


Since 
it follows that the series 1+) rirz - - - 7, converges; and since the 7, are 
independent of the variables, it follows by Theorem 2.1 that the continued 
fraction converges uniformly over the domain of the variables. 

The quantity (3.2) is simply the sum of the majorant series, and is there- 
fore an upper bound for the absolute value of the continued fraction. It is 
attained by the continued fraction when a, = —?n. 

This completes the proof of Theorem B. 

By specializing the ~, in Theorem B the familiar special Pringsheim 
criteriat may be obtained, with the attendant upper bounds. For example, 
setting ~,=2 we obtain this theorem: 

THEOREM 3.1. (Worpitzky.) The continued fraction (1.1) converges if 
|a,| $1/4, m=2, 3,4,---. 

In this case the upper bound for the absolute value of the continued 
fraction is 2, and if a, = —1/4, this value is attained. 

The importance of Theorem B is illustrated by the fact that the proof of 
the following theorem of Van Vleck as given by Perron{ can now be con- 
siderably shortened. 

THEOREM 3.2. (Van Vleck.) Let s:, s2, 53,--- be real numbers, and 
hi, le, ts, - - - complex numbers, such that 

0<s, <1, Oss, <1, m=2,3,4,--:, 


<1, n=1,2,3,---; 


T Perron, pp. 259-260. 
t Perron, pp. 262-264. 
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and let x be a complex variable. Then the continued fraction 
1 + 1 + 1 + 


(n; positive integers) converges uniformly for |x| <1. The modulus of the analytic 
function which the continued fraction represents cannot exceed 


1 
Sy 


Proof. Take p,=1/(1—s,), m=1, 2, 3, - - - , in Theorem B. 
As an illustration of the last theorem, the function x/(arc tan x) has the 
continued fraction expansion* 


ae Sa 


to which Theorem 3.2 is applicable with s,=mn/(2n+1). We find that the 
modulus of the function does not exceed 1+|x?| if |x| <1. 

In the proof of the next theorem we use for the first time the second inter- 
pretation of the fundamental inequalities, which was mentioned in the 
introduction. 

THEOREM C. The continued fraction of Theorem A converges at least in the 
wider sense if 


(3.4) lim inf (ryrer3- 


and converges to a finite value if (3.4) holds and actual inequality holds at least 
once in (1.3). 

Proof. We need only consider the case where a,#0, n=2, 3, 4,---, 
since Theorem A disposes of the case where some a, is 0. If a, 0 for all n, 
it is clear that 7, >0 for all n. 

Consider the continued fractions 

1 4203 
1+a.—- 1+a;+a, — 1 + ds + — 
a2 4304 a5d6 


- — 


(3.5) 


(3.6) 1 


* Perron, p. 351, formula (17) (in slightly different form). 


x? 4x? 9x? 
$3 59 
1+i+i +¢ 
= 0, 
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The approximants of (3.5) are the even approximants* of (1.1), while those 
of (3.6) are the odd approximants of (1.1). We now write the inequalities 
(1.3) in the form 


T1 
——-|1+a|21, 
| a2| 
(3.7) 


Ton+1 T2n+1 Ton-1 


| 1 + dengi + | 2 | | + 1; 


| | | | | | 
T2 
= 4, 
(3.8) 


Ton+2 Ton+2 Tan 


| 1+ Gen+2 + = 


| | | +1, 


| | | don+s | | Gen+1 


n=1, 2,3, ---. But the conditions (3.7) constitute a Pringsheim test for (3.5) 
provided inequality holds at least once;{ and the same is true for conditions 
(3.8) and the continued fraction (3.6). It should be noted that the continued 
fractions (3.5), (3.6) may diverge to © if at every stage in the conditions 
(3.7), (3.8) equality holds. In any case the limits limz-. (A2n/B2,) =Lo, 
(Aen—1/Bon_1) = Li exist, finite or infinite. 

But by Theorem A, 


Ans An 


Basti n 


so that by (3.4), Lo=i. If inequality holds at least once in (1.3), then this 
common limit of the two sequences is finite, and the continued fraction 
converges. 

In a recent paper, Leightont obtained a convergence theorer for (1.1) 
by applying the Pringsheim inequalities to (3.7) and (3.8) separately. Since 
the element a; appearing in his work can have no bearing upon the con- 
vergence of the continued fraction, it will be seen that his result may be 
stated as follows: 


THEOREM 3.3. (Leighton.) Let§ 
21, 
| 1+ an + 2 | + 1, 


* Perron, p. 201, formulas (7), (8). 

ft See the second footnote. 

t Walter Leighton, Duke Mathematical Journal, vol. 4 (1938), pp. 775-778. 

§ The proof as given by Leighton would not permit equality in the first two relations, which, 
however, we allow only when some a, vanishes. 


(3.9) 
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n=3,4,5,---. Then the continued fraction (1.1) converges if some a, vanishes, 
or if actual inequality holds in the first two relations (3.9) and lim inf |a,| < ©. 


Proof. Multiply the inequalities (3.9) by |a2|, |as|, |as|, - - - , respec- 
tively, and they take the form (1.3) where r,=|@,4:|. Hence if some a, 
vanishes, the continued fraction converges by Theorem A. 

If a, #0, m=2, then by hypothesis actual inequality holds in the first two 
relations (1.3), so that (3.5), (3.6) converge. Moreover, the quantities 


| as | | @ 


are positive. We then have by (2.1), (1.3), the inequalities 


k+1 k—1 
and therefore 


ds 
| | | | Ban | | a305°°° | gi > 0, 


(3.10) | 
a 
| Banss| | Bons1| & ron | | g2 > 0. 


2n+2 


When r,, =| @n4:|, these inequalities become 


| Bens | | Ben | = | 81, 


3.11 
| Banys| | Ban+1| | | 


Consequently, 


Aan+2 | as | 1 ( _ 1) 
| Banyo | Bonse|\ 


A 2n+1 A Qn 1 1 Bon+2 1) 


(3. 12) Baws 


Ban | £1 | Bonga Ban, 


Since by (3.11) the sequences | B:,| and | Be,-1| are strictly monotone in- 
creasing, they must have limits, finite or infinite. If either has a finite limit, 
we see from (3.12), remembering that (3.5), (3.6) both converge, that the 
continued fraction (1.1) converges. If lim | Bs,| =lim | Ben1| = ©, we have 
the inequalities 


| Bente 1 | | | Bants | 1 | | 
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so that under the hypothesis lim inf |a,| < ©, the right-hand member of at 
least one of (3.12) must have the inferior limit 0, and, therefore, the con- 
tinued fraction converges in this case also. 

Of course, the inequalities (3.10) hold whenever the r,,>0 exist satisfying 
(1.3) with inequality for »=1, 2. We therefore have 


| Aonts | | 


Bon+2 | | 


| | {1 | | Ban {1 _ | | Bons1 
81827172 Tan Ton+1 Bon+2 Ton+2 Bon+s 
| | 


818271%2 Tan 


and, similarly, 


Now if lim inf (rir2 - - - r,) =0, (1.1) converges by Theorem C. If rire - - - rn 
is bounded away from 0, these inequalities show that if lim inf |a,| =0 the 
continued fraction converges. Hence we have proved 


THEOREM 3.4. If in the continued fraction (1.1) the inequalities (1.3) hold 
with inequality for n=1, 2, then the continued fraction converges if lim inf | a,| 
= 0. 


4. Convergence theorems involving > | ,|. If the elements a, are differ- 
ent from 0, the continued fraction (1.1) can be thrown into the form 
- where n=2, 3,4, - . There- 
fore, by a theorem of von Koch,* the even and odd approximants of the con- 
tinued fraction will have distinct limits, finite or infinite, if the series >| b,| 
converges. Then a necessary condition for the convergence of the continued frac- 
tion is the divergence of the series >| bn| . 

In this section we shall give some conditions under which the divergence 
of the series >>| b,| is sufficient to insure the convergence of the continued 
fraction. 


THEOREM D. [f there exist positive numbers r, satisfying the inequalities 
(1.3), with actual inequality holding for at least one even and one odd index, 
and if 


(4.1) < M, ton < M, 


* Perron, p. 235, Theorem 6. 
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n=1, 2, 3,---, where M is a finite constant, then a necessary and sufficient 
condition for the convergence of the continued fraction 


(4.2) 1/1 + + a, #0, 
is that the series b,| diverge, where b:=1, n=2, 3,4, ---. 


Proof. We may assume that actual inequality holds in (1.3) for n=1, 2. 
For if inequality holds for a certain index m, we may slightly increase 
Tn-2, fn-4, °° * in such a way as to introduce inequality for n=1, 2. This 
cannot affect condition (4.1) since the values of only a finite number of the 


r, have been changed. 
In terms of the b, the continued fraction (4.2) takes the form 


If P,,/Q, is the nth approximant of (4.3) one may easily verify the relation 
(4.4) = + + bnts)Ont1 — 
n=1, 2,3,---. From this we obtain by means of (1.3) the inequality 

Tn+2 On41 Tn 
n=1, 2, 3,---. Since (1.3) holds with actual inequality for #=1, 2, the 
quantities 
| Qs| r2 — | 


_ 
| bs| re 


| 


are positive. On introducing the proper factors in (4.5) and summing we get 


1 €2 


n 
(4.6) Tang. | | 2 + nrgrs | ) 
kel 


and 


n+1 
(4.7) Qones | = €2 (1 + > | basal). 


Now 

Pasa 1 

Onti! 

and the limits (Pen/Qen), limne. (Pen—1/Qen-1) both exist and are 


finite. Hence the continued fraction will converge if 1/|QnQn+1| has the lower 
limit 0. By Theorem C, if rir2 - - - r, has the lower limit 0, our theorem is 


(4.8) 
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granted. Hence there remains only the case where, for a constant c>0, 
CS <M, CS ton << M. 


The theorem now follows from a consideration of (4.6), (4.7), and the hy- 
pothesis that the series }>|5,| is divergent. 

THEOREM E. If the numbers a, in (1.1) are all less in absolute value than a 
constant M, and if there exist positive numbers r, satisfying the inequalities (1.3) 
with actual inequality for an even and an odd index, then the continued fraction 
converges. 

Proof. We may suppose the a, +0, for this case is treated in Theorem A. 
Furthermore we may suppose that lim inf (rr - - - r,) =c >0, for otherwise 
Theorem C applies. From a composition of corresponding terms in the in- 
equalities (4.6), (4.7) we get 


Tn+1 | Qn+10n42 | = e1€2(1 + | | >. 


If lim sup (rire - - - rn) SN, where N is finite, then 


€1€2 
lim sup | Qny:Qny2| 2 + ), 
k=1 


and it is evident that the series on the right diverges. Then we have 
lim sup| =o.If Nisinfinite we have| Qn+10n+2| 
and lim sup | Qn410n42| = ©. The theorem now follows from (4.8). 

5. Convergence regions. By a convergence region for the continued frac- 
tion (1.1) we shall understand a set W of points in the complex plane such 
that if a2, a3, ds, - - - are arbitrary points in W the continued fraction con- 
verges. A convergence region is necessarily bounded. For if W were un- 
bounded, we could choose the a,+#0 in W in such a way that the series 
>-|4,| would be convergent, where b;=1, ¢n=1/bn-1bn, and for this choice 
of the a, the continued fraction would diverge by oscillation. On the other 
hand, if the a, 0 lie in any bounded region, it is clear that the series }_ | d,,| 
must diverge. 

Worpitzky* showed that the interior and boundary of the circle | z] = 1/4 
is a convergence region for (1.1); and since (1.1) diverges if a,= —1/4—c 
where c is real and positive, it follows that the interior and boundary of a 
circle with center at the origin and radius greater than 1/4 cannot be a con- 
vergence region. Sz4szf obtained convergence regions containing the origin, 
which neither contain nor are contained in the circle | z| =1/4. 


* See the second footnote on page 156. 
t Sz4sz, Journal fiir die reine und angewandte Mathematik, vol. 147 (1916), pp. 132-160. 
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We now propose to characterize completely all convergence regions which are 
symmetric with respect to the real axis. 

In order to obtain a necessary restriction upon such a region, consider the 
continued fraction 1/1+2/1+2/1+2/1+2/1+ ---, in which z=x+iy, 
Z=x—1ty, x, y real. If this continued fraction converges, then the continued 
fraction 

it+iti+i+i+ 


must converge, as well as the continued fraction 


| | | 


having as approximants the odd approximants of (5.1). Now if the latter 
converges, it must have a real value, which is a root of the quadratic equa- 
tion in u: 


u? — (1 + 2x)u + (x? + y*) = 0. 


Consequently, it is necessary for the convergence of (5.1) that y?<*+1/4, 
that is, z shall lie within or upon the parabola |z| —R(z)=1/2, where R(z) 
denotes the real part of 2. Therefore a convergence region for (1.1) which is 
symmetric with respect to the real axis is necessarily a finite region bounded by 
this parabola. We shall prove that this necessary condition is also a sufficient 
condition. 


THEOREM F, (The parabola theorem.) Jf the elements a, of the continued 
fraction (1.1) lie within or upon the parabola (see figure) 


(5.2) |z| — R(z) = 1/2, 


then: 

(a) The denominator of ike nth approximant A,,/B,, is different from 0 for 
all n. 

(b) The sequences of even and odd approximants have finite limits Ly and Li, 
and | Lo—Ly| <1. 

(c) If a,#0,n=2, 3,4, - - - , the continued fraction converges if and only if 
the series >. |b,| diverges, where n=2, 3,4,---. 

(d) If some a, vanishes, the continued fraction converges and equals one of 
its approximants. 

(e) The parabola (5.2) is the best possible curve symmetric with respect to 
the real axis having these properties. 
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Proof. Part (e) follows from the fact shown above that when a2, =2, 
@2,-1=2, the continued fraction diverges if z lies outside the parabola. 

The other parts of the theorem will follow from Theorems A and D, if 
we show that the inequalities (1.3) hold for r, =1, with actual inequality for 
n=1, 2. 


Put a, =u,+70, where up, v, are real. Then if a, lies in or upon the parabola 
(5.2), we must have 


| an | = un + h,/2, 
where 0</, <1. We then have 
[1+ a2| => 1+ > + =| 
| 1+ a2 + a3| > 1+ us = (1 — — hs/2) +| a2| +| a3| >| asl, 
| 1+ an + | tn + S thn + + + 
| an | + | 


n=3,4,5,---, as was to be proved. 
It is of interest to note the analogy between the above result and the 
following important and general convergence criterion of Van Vleck :* 


THEOREM 5.1. (Van Vleck.) Let bn =|,| where 


5 7/2 —€, 
* Perron, pp. 264-271. 
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n=1, 2, 3,---, and suppose not all the b, with odd index are 0. The then 
sequences of even and odd approximants of the continued fraction 


+ 1/b2 + 1/bs+--- 


have finite limits; and the continued fraction converges if and only if the series 
> diverges. 

It is interesting to note that the expression | a,| —R(a,) appearing in the 
parabola theorem occurs in the following theorem of Sz4sz:* 


THEOREM 5.2. (Szdsz.) The continued fraction (1.1) converges if the series 
a,| converges, and 


It is easy to construct examples where convergence can be established by 
Theorem 5.1 but not by Theorem A or our later theorems, and vice versa. 
The same statement applies to Theorem 5.2, where, however, at most three 
of the a,’s can lie outside the parabola. But if, for example, a2 is taken out- 
side the parabola equal to —1+e, and a;=a,=1, then if the other a,’s are 
chosen so that 


| an| — Ran) < e>0, 
5 5 


the conditions of Sz4sz are satisfied, but the inequalities (1.3) cannot hold 
for nonnegative r,. In fact, we must have 7:2 | /|1+a2| =1/e—1. But 
|1+a3+a4| <r:|a3| if e<1/4, and hence it is not possible to determine 7; 20. 

We have seen that a convergence region for (1.1) which is symmetric 
with respect to the real axis must lie in the parabola (5.2). We now turn our 
attention to the problem of finding convergence regions which are not sym- 
metric with respect to the real axis. 


THEOREM G. (The triangle theorem.) Let P(x, y) be any point upon the 
curve (see figure after Theorem F) 
(S.3) y = (2% + 1)(4x + 


in the plane of z=x-+iy. Let O denote the origin and Q the point z=x. Then 
the closed region made up of the interior and boundary of the triangle OPQ is a 
convergence region for the continued fraction (1.1). 


Proof. As in the proof of Theorem F, we show that Theorem D applies 


* Perron, p. 259. 
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with r,=1. Let m be the slope of the line OP. Then if a, is in the triangle 
OPQ, we may write a,=u,(1+imt,), where u, is the real part of a,, and 
0<#, <1. Since u2>—1/2 it follows that |1-+a2| >|a2|, so that the first in- 
equality (1.3) holds with r:=1. Since u, = —1/4, u2u3=0, >0, where 2,2 is 
the imaginary part of a,, it is easily seen that |1+a2+a;| >|as|, so that the 
second inequality (1.3) holds. Thus actual inequality holds in the first two 
relations (1.3). The remaining inequalities will hold provided 


(1 + + + 


(5.4 
) = + + — 2m?*s*t? | , 


n=3, 4, 5,---, where s=#,, t=tn4:. We find that the maximum of the 
bracketed part in the right-hand member of (5.4) for s, ¢ between 0 and 1 is 
(1-+m?)'/2, Hence (5.4) will hold if 


(5.5) [(1 + m?)1/2 — 1 — Un — S 1/2. 


We next maximize the left-hand member of (5.5) in the two cases u, >0, un <0, 
and find that in the first case (5.5) will hold if w=, satisfies the inequality 


(5.6) w [2{(1 + [1 + 12 — 2], 


while in the second case (5.5) will hold provided w= —u, satisfies (5.6). But 
this is precisely the condition that the point P shall lie upon the curve (5.3). 
The proof of Theorem G is now complete. 

It is easy to show that any bounded set of points lying upon a ray from the 
origin, in the right half-plane, is a convergence region for (1.1). In fact, upon 
such a ray the inequalities (1.3) hold for r, = 1 with actual inequality through- 
out. To see this, put a,=a,e?* in (1.3), and the latter take the form 


An+1 
(1 + an + + ) 


Tn 


(5.7) 
= 4 fan sin? On + SiN? (On41 — On) + engi SIN? , 
When =1, 0,=08=const., these reduce to 
1+ 2a,2 0, (a2 + as) cos 202 — (1 + a?’)/(a2 + as), 
(an + a@n4i) cos 20 = — 1/2, 
n=3,4,5,---. These are obviously satisfied with actual inequality through- 
out, if —7/2<20<7/2. 


As an application, consider an arbitrary sequence %, %2, %3,--- with 
nonnegative real parts. Let v, be the ray from the origin upon which ~, lies. 
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Choose y, upon v, but in the parabola (5.2). Then if az=%1, d3=41, @4=42, 
d;=X2, d7=Ys, dg=%3, , it is clear that the inequalities (1.3) are 
satisfied with r,=1. If, in particular, the y, have a limit point in the finite 
plane (and they can evidently be so chosen), then the continued fraction 
1/1+a2/1+4;/1+ --- converges by Theorem D. This shows that it is possi- 
ble for the a, to be everywhere dense in the right half-plane for a convergent con- 
tinued fraction (1.1).* 

6. The problem of Sz4sz.t Szisz proposed the following general problem: 
To assign neighborhoods to the elements of a given convergent continued fraction 
in which these elements may vary without destroying the convergence property of 
the continued fraction. We shall indicate in this section how Theorem A may 
be applied to this problem. 

We consider a convergent continued fraction 


1 C3 
1+1+i1+ 
and seek to determine positive numbers és, és, 44, - - - such that if 


(6.2) | an — cn| S tn, n 


(6.1) 


then the continued fraction 
1 a2 a3 
will converge. The theorems of the preceding sections may be applied to this 
problem in certain cases. For that purpose put 
dn = Cn + n = <1, 
in the inequalities (1.3). Then these inequalities will hold provided 
| 1 + 2 | ce | + (1+ n)te, 
(6.3) rel 1+ =| cs| + (1 + re)ts + rote, 
1+ cn + Cnga| + | + (1 + + + 


n=3,4,5, - - - . It follows that if there exist positive numbers r,, ¢, satisfying 
(6.3), then 


(6.4) rn | 1 + + > ratn—2| +| 


n=1,2,3,- +--+, and hence under suitable restrictions, (1.1) 


* Leighton and Wall showed that this can be done for the entire plane. See American Journal of 
Mathematics, vol. 58 (1936), pp. 267-281; p. 269. 
t See the second footnote on page 165. 
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will converge if (6.2) holds. If the an, cn, ¢, are functions of variables, and the 
r, are independent of the variables, then under suitable conditions the con- 
vergence will be uniform. 
It is convenient to specialize the inequalities (6.3) in the following way. 
Put 
_nlite|—|e| —lal 


i+n 1+ 
ta| 1+ cn + — Cn| — | Cnr | 
1 + 2rn + 


(6.5) 


Ss, = 


n=3,4,5,---. If 52, 53, --- 20, and is the larger of Se, then 
tn=t, , (n=2), satisfy the inequalities (6.3). We therefore have this theorem: 


THEOREM 6.1. Let Qs, , C2, Cs, C4, be functions of any vari- 
ables over a domain D, and suppose that there exist numbers ri, r2, 73, °° * , 
nonnegative and independent of the variables such that the quantities s,, defined 
by (6.5), are nonnegative over D. Then if 


Sn—1 
(6.6) s n= 2,3,4,---, 
Sn 
we shall have Gn] for m=1, 2, 3,---, 
(r_1=ro=a,;=0). Hence, in particular, if 1+} rire - - - rn converges, the con- 
tinued fraction (1.1) will converge uniformly over D. 

As an illustration, let c,=(2n—3)/4, n22; r,=n/(n+2), n21. Then 
5:=1/8, s,=(n—1)/(4n), n=2, and hence the continued fraction (1.1) in 
which a3=(3+443)/4, dn=(2n—3+42,)/4, con- 
verges uniformly for 


<1/8, |x| <1/4-1/[4—1)], 


n=3,4,5,---. 
If c,=c and #(c) > —1/4, we can determine by means of Theorem 6.1 a 
neighborhood of ¢c which is a convergence region for (1.1). 


THEOREM 6.2. Let c, d2, a3, d4,--- be functions of any variables over a 
certain domain D in which 


[1+ 2c| — 2] c| 
< 
4 


Then the continued fraction (1.1) converges uniformly over D. 


6 
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Proof. Take r,=1, c,=c in Theorem 6.1. Then the theorem follows at 
once by application of Theorem D. 

It is not difficult to show by means of Theorem A, with r,=n/(n+2), 
that 2 is the least upper bound of the absolute value of the continued fraction 
in Theorem 6.2. 

Theorem 6.2 gives a generalization of the Worpitzky theorem, which re- 
duces to the latter when c=0. It is applicable whenever the real part of c 
exceeds — 1/4, and in this case furnishes a solution of the problem of Szdsz 
for the periodic continued fraction 1/1+c/1+c¢/1+ - - - . Sz4sz obtained a 
solution except when c is real and not greater than —1/4, in which case 
there is no solution. We note that when c=1, the theorem of Szdsz gives as 
the radius of the convergence circle approximately 5/22, Theorem 6.1 gives 
the value 1/4, and the parabola theorem gives the value 1. Moreover, from 
the latter theorem it follows that the radius of a convergence circle with 
center c=1 cannot exceed 1. 
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HARMONIC MINIMAL SURFACES* 


BY 
W. C. GRAUSTEIN 


1. Introduction. A minimal surface in a Euclidean space of three dimen- 
sions is harmonic if it is representable in terms of Cartesian coordinates 
(x1, x2, x3) by an equation of the form U(m, x2, x3) =const., where U is a 
harmonic function. The problem of the determination of all harmonic mini- 
mal surfaces is equivalent to a problem in hydrodynamics which will be de- 
scribed in §2. Hamelt has recently solved this problem in two ways. His first 
method demands in itself that the functions under consideration be real. On 
the other hand, the second method places no restriction on the functions in- 
volved and, since it appears to lead to the same results as the first, one is 
tempted to infer that all solutions U(x, x2, x3) of the problem are real. Ac- 
tually, there exist imaginary solutions and they are geometrically far more 
intriguing than the real solutions. 

It is shown in this paper that all solutions, real and imaginary, except 
those with isotropic gradients, are reducible, by means of a change of coordi- 
nate axes and an integral linear transformation on the function itself, to one 
of the following forms: 


(I) U = (x%2/%3) + ax, 
(IIa) (22U + ix)? = z tan (42U? + 4i%,U + 2), 


(IIb) + 3(x1 + x2 + xs) = 0, 


U = f dy _ ~ f du 
(IIa) (1 — (1+ . 


(2? — 2ix)3u? + (23 — + 32)? = 0, 
(IV) U = f(z)x1 + 


where 2=x2+ix3; and 2=%,—ix; throughout. It is to be noted that only in 
the last case does the solution involve arbitrary functions. 

The families of minimal surfaces U =const. in the five cases are: (I) a 
family of helicoids or a pencil cf planes with Euclidean axis; (IIa) a family 
of imaginary transcendental surfaces; (IIb) a family of imaginary quartic 
surfaces; (IIIa) a family of imaginary sextic surfaces; and (IV) families of 

* Presented to the Society, December 29, 1939; received by the editors December 2, 1939. 


| Potentialstrémungen mit konstanter Geschwindigkeit, Sitzungsberichte der Preussischen Aka- 
demie der Wissenschaften, 1937, pp. 5-20. 
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imaginary cylinders with isotropic rulings, or a pencil of planes with isotropic 
axis, or a pencil of parallel planes. 

The helicoids of a family (I) are all congruent and each of them admits a 
one-parameter group of screw motions about a Euclidean axis into itself. The 
transcendental surfaces (IIa) are all congruent under a one-parameter group 
of “rotations” about an isotropic line. Each of the sextic surfaces (IIIa) ad- 
mits a “screw motion” about a line at infinity into itself. Finally, the quartic 
surfaces of the family (IIb) are all congruent and each admits a one-parame- 
ter group of “rotations” about an isotropic line into itself. Furthermore, this 
family of surfaces belongs to a triply orthogonal system of surfaces which 
admits a two-parameter group of rigid motions into itself. 

It is of interest to note that in every case, not merely those just cited, 
a one-parameter group of rigid motions plays an important role, and it is per- 
haps still more striking that these groups exhaust all the one-parameter 
groups of complex rigid motions. 

Analytically, the problem calls for the simultaneous solutions of two par- 
tial differential equations of the second order in three independent variables. 
A frontal attack on it from this point of view seems hopeless. In fact, no 
matter how it is approached, the analytic complications are severe. The 
method here adopted turned out to be the same as the second method em- 
ployed by Hamel. It makes use of the intrinsic geometry of surfaces and con- 
gruences of curves. In particular, it introduces three mutually orthogonal con- 
gruences of curves, with unit tangent vector fields a, 8, y, which are closely 
associated with the required family of surfaces U =const., and expresses the 
desired properties of these surfaces by a suitable choice of the coefficients in 
the equations of variations of a, 8, y with respect to the arcs of the curves of 
the three congruences. These equations of variation constitute the differential 
system finally to be integrated. Their conditions of integrability yield a sec- 
ond differential system of ten partial differential equations of the first order _ 
in five dependent and three independent variables. The analytic difficulties 
lie primarily in the solution of this second system and they are not rendered 
any easier by the fact that the independent variables are the nonholonomic 
arcs of the curves of the three congruences. 

The paper falls into five parts. In Part A, the general case of the problem 
is formulated after the manner just outlined, and the solutions of the second- 
ary or scalar differential system are listed. In Part B, the primary or vector 
differential system is integrated in the various cases and the functions U 
found, and in Part C, the properties of the corresponding minimal surfaces 
U =const. are discussed. The deductions of the solutions of the scalar differ- 
ential system and the proof that there are no other solutions is given in Part 
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D, and Part E is devoted to a special case, previously excluded, which gives 
rise to the solution (IV). 

It is assumed that all functions are analytic in the complex variables 
X11, Xo, X3. 


A. FORMULATION OF PROBLEM AND METHOD OF SOLUTION 


2. The physical problem. Let there be given a stationary irrotational flow 
of a frictionless incompressible liquid with the special property that the veloc- 
ity along an arbitrary line of flow is constant along this line. 

A flow of the general type described is characterized by the existence of 
a harmonic function U(x, x2, x3) whose gradient is the flow-vector. It will 
have the desired special property provided the gradient of the velocity of 
flow, or of any variable function of the velocity, is orthogonal always to the 
flow-vector. Thus, the problem of determining all flows of the kind required 
is identical with the problem of finding the simultaneous solutions of the two 
partial differential equations 


(1) A2U = 0, Ai(U, V) = 0, 


where 
(2) V = log (A,U)"/?. 
Equivalent to these equations are the relations A,U =0, A,U —Ai(U, V) =0 


which characterize the function U as harmonic and the surfaces U =const. 
as minimal. 

In the general case in which A,V 0, we prefer to employ the following 
equations: 


(3) A2U — A,(U, V) = 0, Ai(U, V) = 0. 


Thus, our problem becomes that of determining the families of minimal sur- 
faces U =const. which are cut orthogonally by the corresponding families of 
surfaces V =const., where V and U are related by conditions (2). It is in this 
form that we shall solve the general problem in the complex domain. 

The special case in which A,V =0 will be treated in §17. 

3. Geometric formulation of the analytic problem. If U is a solution of 
(3) for which A, V #0, the families of surfaces U =const. and V =const. are 
mutually orthogonal and determine three mutually orthogonal congruences of 
curves: the orthogonal trajectories C, of the surfaces U =const., the orthogo- 
nal trajectories C, of the surfaces V =const., and the curves of intersection C; 
of the two families of surfaces. The curves of these congruences, properly di- 
rected, have respectively the unit tangent vectors 
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_ Ww WV 


(4) 7 = of, 
where VU, for example, is the gradient of U and ¥ is the vector product of a 
and 6. 

The curves C; and C; lying on a generic surface S of the family U =const. 
form an orthogonal system. If 1/r2, 1/72, 1/p2 are the normal curvature, 
geodesic torsion, and geodesic curvature of the directed curves C2, with re- 
spect to +a as the unit vector normal to S, and 1/rs, 1/73, 1/ps have the same 
meanings for the directed curves C;, then 1/72+1/7;=0 and, since S is mini- 
mal, 1/r2+1/r3=0. 

From (4) and (2) it follows that the differential of arc ds, of the curves Ci 
has the value e-”’dU. Hence, the curves C; are geodesics on the surfaces S’ 
of the family V =const., and 6 and y play for them the roles of principal nor- 
mal vector and binomial vector, respectively. Furthermore, the torsion 1/7; 
of the curves C; is equal to the geodesic torsion of these curves, as curves on 
the surfaces S’. This geodesic torsion is the negative of the geodesic torsion 
of the curves C3, as curves on the surfaces S’ or, since the surfaces S and S’ 
intersect under a constant angle, as curves on the surfaces S, and hence it is 
equal to 1/72. Thus, 1/7; =1/r2. 

By means of these results we obtain from the Frenet-Serret formulas for 
the curves Ci, and from the formulas for the variation of the surface tri- 
hedrals* of the curves C; and C;, as curves on the surfaces S, the following 
equations: 


0a Oa BB+C 0a CB B 
Os; OSe Os; 


0p 
OSs) OS3 
Oy oY 
Os; OSe OS3 


—Ca + Fy, 


Ba—Ff, 


where 0/05s:, 0/0s2, 0/0s3 represent directional differentiation in the positive 
directions of the curves Ci, C2, C3; respectively, and 


1/R, being, of course, the curvature of the curves C,. 
Inasmuch as, for an arbitrary function f(x, x2, xs), 


* See Graustein, Differential Geometry, p. 165. 
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These relations we shall refer to as the conditions of integrability (f; 51, s2), 


(f; 53), Ss, 1), respectively. 
From (4) we have, in view of (2), 


(8) 


(9) 


where 
(10) A = (A,V)!? #0. 


The conditions of integrability of equations (8) simply require that the 
quantity A in (9) and (10) be identical with the quantity A in equations (5) 
to (7). 

The conditions of integrability of equations (9) are 

11 = AB 
( ) as; ’ 

Equations (5) and (11), together with the inequality (10), constitute nec- 
essary conditions. Suppose, conversely, that the scalar functions A (+0), B, 
C, E, F and the vector functions a, 8, y, representing three mutually orthogo- 
nal unit vector fields with the same disposition as the coordinate axes, are 
known solutions of equations (5) and (11). Equations (9), for the given a, 8, v, 
and A, are then integrable and the function V is determined to within an 
additive constant; and equations (8), for the given a, 8, y and the V just 
found, are integrable and U is determined to within a multiplicative and an 
additive constant. 
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of of of of 
Myst, 
Os, Ox; OSe Ox; OS3 Ox; 
it follows, by (5), that 
q Os, Os; OSe OS3 
OS3 OSe O53 OSe 
a af 
OS; OS3 Os3 OS, OS3 
= 0U 0U 0 0U 0 
Os; Ose OS3 


178 W. C. GRAUSTEIN [March 


Since (8) and (9) are equivalent to the relations VU =e’a, VV =A§, it 
follows that V =log (A,U)"/?, A,\V = A?, and A,(U, V) =0. Hence, the function 
V is related to U as prescribed by (2), A.V #0, and the families of surfaces 
U =const. and V =const. cut orthogonally. Finally, since a is a unit vector 
normal to the surfaces U =const. and the curves C; and the curves C; deter- 
mined respectively by the unit vector fields 6 and y¥ lie on these surfaces, it 
follows from (5) that the surfaces are minimal. 

Thus, we have established the following existence theorem. 


THEOREM 1. A necessary and sufficient condition that there exist a harmonic 
function U(x, x2, x3) such that the surfaces U =const. are minimal is that there 
exist three mutually orthogonal unit vector fields a, B, y, with the same dis position 
as the axes, and five scalar functions A (#0), B,C, E, F which satisfy equations 
(5) and (11). The function U is then determined to within a multiplicative and 
an additive constant and can be found by quadratures. 


Coro.tarvy. [f two solutions a, B, y, A (#0), B, C, E, F of equations (5) 
and (11) are related to one another by a rigid motion, the two resulting families of 
surfaces U =const. are congruent. 


The corollary is an obvious consequence of the fact that the equations 
with which we are dealing are invariant with respect to the group of rigid 
motions. 

4. Outline of the solution. The nine conditions of integrability of equa- 


tions (5), combined with the two equations in (11), yield the following ten 
independent equations in A, B, C, E, F and their directional derivatives: 


0A 
(12a) — AB, — = A?+ 2B? + 2C? — AF, 
0 


OB oC 
B? — C? — AF, —_ - — 2CF + 2BE, 
OS3 OSe 


OB ac 


= AE+2BC, — + — = 2CE — 2BPF, 
OSe 


= — BE —2CF, 


—=AE, 
Os3 
Os, 
(12b) 
dC 
dE aC 
+ 
Os, OSe 
OF aC 
OS3 
OE OF 
OS3 OSe 
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The process of solving our problem now becomes clearer. First, the system 
of equations (12) is to be solved for the unknown functions A, B, C, E, F. 
For the values found for these functions, equations (5) will be completely 
integrable and will determine, to within a rigid motion, three mutually per- 
pendicular unit vector fields a, 8, y, and equations (9) and (8) will, then, 
yield the desired functions V and U. This, at least, would be the general 
procedure if, instead of the directional derivatives, we had ordinary partial 
derivatives with which to deal. Actually, equations (12) involve the unknown 
vector functions a, 8, y (through the directional derivatives), as well as the 
unknown scalars A, B, C, E, F, and equations (5) involve a, 8, y both in the 
derivatives and as the unknown functions. Nevertheless, the general pro- 
cedure described remains valid, as we shall proceed to show. 

The essential requirement for the employment of this procedure is that 
the three mutually orthogonal unit vector fields a, 8, y and ihe directional 
derivatives in the directions of a, 8, y which are employed when equations 
(12) are solved for A, B, C, E, F should later be found to satisfy equations (5) 
for the values of A, B, C, E, F obtained. This requirement is actually fulfilled 
by the inherent demand that the directional derivatives in question enjoy the 
conditions of integrability (7). For, it is readily proved that, if (7) are satis- 
fied, the vector fields a, 8, y and the derivatives in their directions satisfy (5). 

Equations (12), subject to the integrability conditions (7), have the fol- 
lowing solutions: 


B=0, 
aA 
8s; 
ac 


as, 


E=0, AF + C? = 0, 
0A 0A 
— = A? + 3C?, — =0, 
OS3 
(I) oC dC 
=0, — =0, 
OSe Os3 
OF OF OF 
—_- = 0, = C2 F?, 0, 
OS; OS3 
AE = — 2BC, AF = A? 4(B? + C2) =, 
0A 0A 0A 
— = 4A? — 2B?, 
Os; OS2 OS3 
(11) aB aB aB 
— = }4?, —=AB, — =3AC, 
Os; Ose OS3 
oC dC ac 
— #0, — = }4C, 
Os, OS2 OS3 
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= —}A, A? + 4(B?+C)? = 0, 


B 1 
— = B* -(C?, 
Os 


— = 2BC, 
OS; OS3 


In all three cases, A ~0. Henceforth, this condition will always be tactily un- 
derstood. 

Solutions (II) and (III) are imaginary, whereas (I) exists in the real do- 
main. It may be readily verified that all three satisfy equations (12) and the 
integrability conditions (7). 

The derivation of the three solutions from (12) and the proof that (12) 
has no other solutions present analytic problems of unusual complexity. In 
order not to interrupt the present development, we shall postpone the con- 
sideration of them to Part D. 

Since, for the values of A, B, C, E, F furnished by a solution of (12), equa- 
tions (5), (9), and (8) are completely integrable, it is theoretically possible 
to solve equations (5) for the three mutually orthogonal unit vector functions 
a, 8, y and hence (9) and (8) for the scalar functions V and U. Practically, 
however, this procedure is complicated by the presence of directional, rather 
than partial, derivatives, and we find ourselves forced to adopt a different 
method. 

We remark, first, that equations (8) and (9) are of the same type as the 
differential equations in one of the solutions of (12), and hence that U and V 
are just as much known as the quantities involved in these differential equa- 
tions. Consequently, we have at our disposal the seven functions U, V, A, B, 
C, E, F. It is evident from (I), (II), (III) that at most two of the last five are 
functionally independent. 

By integration of equations (5) it is possible to find a, 8, y in terms of 
certain of the seven functions. For these values of a, 8, y, the equations 

13 Ox 

( ) as; =a, 
are completely integrable, by virtue of (5), and x, x2, x3 may be found in 
terms of three independent functions, or parameters, one of which is U. Elimi- 
nation of the other two parameters from the three equations results in the 
desired value of U as a function of %, x2, x3. 
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E=0, 
0A 0A 0A 
Os; OSe O53 
(III) aB aB 
— = AB, 
OSe OS3 
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Geometrically, each of the three solutions (I), (II), (III) has two cases 
according as C0 or C=0, that is, by (6), according as the curves C are 
twisted or plane. The two cases we shall distinguish by attaching the letters a 
and b to the Roman numerical. It is readily verified that the solutions (IIb) 
and (IIIb) are identical. 


B. THE HARMONIC FUNCTIONS 


5. The real solutions. Case Ia. Inasmuch as B= E=0, we conclude from 
(6) that the curves C; are straight lines. Since C ~0, the Gaussian curvature* 
of the surfaces S is not zero. Hence, the surfaces S are right helicoids and a 
normal form for the function U is 


(14) U = (x2/x3) + ax, = 0, 


The lines of flow in the physical problem are the circular helices cutting the 
helicoids orthogonally. 

Case Ib. It may be shown geometrically that the surfaces S form a pencil 
of intersecting planes and that a normal form for U is (14), where a=0. The 
lines of flow are circles. 

It will be advantageous to illustrate the analytic method described at the 
end of the preceding section in this simple case. Since B=C = E=F =0, equa- 
tions (I) reduce to 


(15) 


Comparison of these equations with (9) shows that we may take V =log A. 
Then, (8) becomes 


(16) 


Equations (5) reduce to da/ds:= AB, 98/ds:= —Aa, with the remaining 
derivatives of a and 8, and all of those of y, zero. Consequently, in view of 
(16), if a, b, c are three fixed mutually perpendicular unit vectors with the 
disposition of the axes, we have — 


a=bcosU —csinU, B = — bdsin U —ccos U, a. 
But then equations (13), since a function W exists satisfying the equations 
aw aw aw 


17 —=0, — =0, § 


* For the formula employed, see Graustein, Invariant methods in classical differential geometry, 
Bulletin of American Mathematical Society, vol. 36 (1930), p. 508. 


= 0A 0 A 0A 
= 0U y 0U 0 0U 0 


182 W. C. GRAUSTEIN [March 


have the integral 
x= Wa+e(bsinU+ccos U) +k, 


where & represents a triple of constants. 
By means of a rigid motior. this representation is reducible to the normal 


form 


(18) x2 =e" sin U, x3 cos U. 


Eliminating V, we obtain for U the normal form tan-! (x2/xs). 

Equations (18) represent a change from Cartesian coordinates to curvi- 
linear coordinates (U, V, W). In view of equations (15), (16), (17) and the 
fact that A =e’, the congruences of parametric curves consist of the curves 
C;, the curves C2, and the curves C;, respectively, and the parametric sur- 
faces form a triply orthogonal system, that of cylindrical coordinates. 

6. The imaginary solution IIa. The point of departure here is solution 
(II) of equations (12) for C¥0, namely, 


AE = — 2BC, AF = 2B*, A*+4(B?+C%)=0, C#0, 


It follows from (19) and (20) that the determinant of 8 and its first two 
derivatives with respect to sz vanishes. Hence, the curves C, are plane curves. 
The planes in which they lie are determined by the vector fields 8 and 
Ba—Ey. 

Similarly, it can be shown that the curves C; are plane curves, lying in the 
planes determined by the vector fields y and Ba—F§. 


| 
0A 0A 0A 
— = —AB, — = 4A? — 2B?, — = —-2BC, 
Os, OSe OS3 
— =}A?, — =AB, —— = §AC, 
Os, OSe OS3 
dC oC 
Os OSe OS3 
Equations (5) become 
da AB 0a BB+C 0a CB B 
Os; OSe OS3 
(20) = A C = B = = Ca + = 
Oy Oy 2BC Oy 2B? 
— = — = —Ca+— B, —= Ba —-—B8B. 
Os, OSe A Os3 A 
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A vector field common to the planes of C2 and C; is Ba—F8—Ey or, since 
B¥0 by (19), Aa—2B8+2Cy. The vectors of this field are isotropic. More- 
over, they are fixed in direction. In fact, it is readily shown, by (19) and (20), 
that the derivatives of the vector field 

2AB 2AC 


(21) B+ 


all vanish. 
A vector field normal to the planes of the curves C; is 2Ba+A8. Setting 


2B 
(22) 


we find that 


Comparison of (9) with the derivatives of C in (19) shows that e” = kC. Since 
k becomes the multiplicative constant in the value of U, we may without loss 
of generality specialize it. Taking k = —1/2, and noting that (8) then becomes 


(23) 


we conclude that 
(24) 


where d is a triple of constants. 

Equation (21) and the equation obtained by equating the values of 7 in 
(22) and (24) can be solved for 6 and y as linear combinations of a, a, b. 
Substituting these values of 8 and vy in the equations for the derivatives of a 
in (20), we find that the resulting equations can be written in the forms: 


(C3 
) 4 2BC4 v) 4 2BC4 5 
0 (C3 BCS C5 — Cc’ — BC? 
Os3 \A? 2A% A’ A 
It may be shown, by means of (19) and (23), that the coefficients of b in 


C 

on on 

= 4C2a, 0, 0. 

Os, OS3 
= 0U 0U 9 0U 0 

n = Ua+), 
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these three equations are respectively the directional derivatives of the func- 
tion U/4—BC?/2A? and that — BC*/2A?, C®/2A*, —BC*/2A? are the deriva- 
tives of the function —C*/8A*. Hence, the equations are integrable and yield 


the relation 
1 BC? C4 1 BC? 
8 2A? 8A2 


4 
where ¢ is a triple of constants. 

Having solved equations (20) for a, 8, y, we could proceed by the method 
outlined at the end of §4 to find x, x2, x3. We adopt a different, but equiva- 
lent, method. Instead of solving equations (21), (22), (24), (25) for a, B, v 
in terms of a, b, c, we solve for a, b, c in terms of a, 8, y. Making use of the 
function H =4B/C*, whose directional derivatives are the coefficients of a, 6, 
7 in (21), we find the expressions 


0H oH 
a=—a 
Os, OS2 


oH 2B 0H A 
(- 


1 oH A 
c= ( -—)a+( — —u+—)8 


8 an 2C 8 OS: 4C 4A 


+f 
8 ass 4a) 


The conditions on a, b, c guaranteeing that a, 8, y are mutually perpendic- 
ular unit vector fields with the same disposition as the axes are now readily 
found to be* 

(a| a) = 0, (6|b) = —4, (clo) =0, 


(b| c) = 0, (c| a) = 1, (a| b) = 0, (abc) = —2. 


(27) 


It is to be noted that the vector c, as well as the vector a, is isotropic. 
The integrals of equations (26) are 
(a| x) + a = H, H = 4B/C3, 
(28) (b| x) + bo = — HU — 2/C, 
(c| x) + co = + 3(1/C) U + tan (C/B); 


* By (a| b) is meant the scalar product of the vectors a and b, and by (a b c), the determinant of 
the components of three vectors a, ), c. 


0H 
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for equations (26) simply state that a, b, c are respectively the gradients of 
the functions which appear on the right-hand sides of (28). 

Equations (28) define x1, x2, x3 as functions of U, B, C—three parameters 
which by (19) and (23) are independent. Denoting the linear functions of 
%1, X2, x3 on the left-hand sides by a(x), b(x), c(x) respectively, and eliminating 
B and C, we obtain the equation 


(29) [a(x)U + b(x) |? = a(x) tan [a(x)U? + 26(x)U + 8c(x)], 


which with the attendant conditions (27) serves to define, within a multiplica- 
tive and an «dditive constant, the general solution U in this case. 
It follows from (27) that the equations 


a(x) = + ixs), b(x) = 2ixi, 8c(x) = xf — ixg 


define a rigid motion. By means of this rigid motion or, what is the same 
thing, by setting do, bo, co equal to zero and taking as a, b, c respectively the 
triples 

(30) 0, 4, 41, 0, 0, 0, 3; 

(29) reduces to the normal form 


(29a) (22U + ix;)? = z tan (42U? + 4ix,U + 2), 


where z = and Z = 2 —ix;. Hence, there is essentially only one solution U 


of our problem in this case. 
7. The imaginary solution IIb. When C =0, equations (II) become 


E=0, F=-—3A, A?+4B?=0, C=0, B#0, 


ay 
OSs 


0A 0A 0A 
—=0, 
(31) OS2 OS3 
0B 0B OB 
—=-B, —=AB, —=0. 
O51 OSe OS3 
Hence, equations (5) reduce to 
0a AB Oa BB 0a 
0g 
(32) — = — da, — = — Ba, — = —}Ay. 
OS» OS3 
oy 
=0, — =0, = Ba + 348. 
Os, OSe 
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The curves C; turn out to be plane curves, lying in the isotropic planes 
determined by the vector field y and the isotropic vector field Ba+3A8. 
The vectors of the latter field are fixed in direction. In fact, we find that the 
vector 


(33) a = BKa + $AKB, 


where K (#0) is a function defined by the compatible equations 


| K aK 
OS3 


is a fixed vector. 
It follows from (32) that 


(35) y=—Watb, 
where W is defined by the integrable equations 
ow 
(36) =0 
OSs) 
and 0 is a triple of constants. 

When the value of 6 in terms of a and a from (33) and the value of y 
from (35) are substituted in the differential equations for a in (32), these 
equations are readily integrated and have the solution 
(37) - ( — ws) 

AK’ \2ABK? 2A A 
where c is a fixed vector. 

From equations (33), (35), (37), we find a, b, c as linear combinations of 
a, B, 

0K 0K 


B aK 
Ww? 
24 


and hence obtain 
(a| a) = 0, (b| b) = 1, (c| c) = 0, 


(b| c) = 0, (c!a) = B/A, (a|b) =0, (abc) = 1/2, 


(39) 


a= — —a - —7, 
aK aK 
(38) b= 
Os, OSe 


1940] HARMONIC MINIMAL SURFACES 187 


as the conditions on a, b, c equivalent to the initial conditions on a, 8, y. It 
should be noted, from (31), that B/A is a constant. 
It is readily shown that equations (38) have the solutions 
(a| x) +a = —K, 
b bo = — KW, 
(40) ( | x) + bo 


B 
= —(xw? 
(c| x) + co —( 


defining x1, x2, x; in terms of B, K, W. 

We proceed to find values of B, K in terms of U, V. For this purpose, it 
will be convenient to replace e~” by — V? in equations (8) and (9). These 
equations then become, after dropping the bars, 


(41) 


(42) 


From (31), (34), (41), (42), it is readily verified that we may write 


1 


UV #0. 
UV? 


(43) B= — 


Denoting the left-hand sides of (40) by a(x), b(x), and c(x), substituting 
the values of B and K from (43), and eliminating V, W, we obtain the equa- 
tion 


A 
(44) [a(x) + 3[b(x) ]? + a(x)c(x) = 0, 


which with (39) serves to define the required function U to within an additive 
and a multiplicative constant. ; 
By means of the equations 


(x) = Lxg (x) = — ix (x) = — (x? — 
a(x xe + 143, b(x 1X1, C(x x 1x3), 
2 3 1 2 3 


which by virtue of (39) represent a rigid motion, or, what is the same thing, 
by setting @)=b)=co=0, and taking as a, b, c the triples 


2B 
(45) 0, 1, 1, “A 1, 0, 0, 


| 
= 0U 1 dU 0U 
Os, OSe OS3 
= OV 0 OV LAV OV 0 
2A 2A 
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(44) reduces to the following normal form: 


(44a) (x2 + + + + = 0. 


Thus here, too, the solution of the problem is essentially unique. 

Equations (40), when B and K are replaced by their values from (43), 
represent the transformation from (x, x2, x3) to the curvilinear coordinates 
(U, V, W). From (41), (42), (36), it follows that the parametric surfaces for 
these coordinates form a triply orthogonal system and that the congruences 
of parametric curves consist precisely of the curves Ci, the curves C2, and the 
curves 

8. The imaginary solution IIIa. In this case we have 


A? + 4(B? + C*) = 0, C #0, 


oy 
— = Ba+ 
OS3 
The principal normals of the curves C; are all parallel to one and the same 
isotropic plane, whose aspect is given by the fixed isotropic vector field 
A 2B 
For the field of vectors 


in the directions of the principal normals of the curves C; we find, in terms 
of the function L defined by the compatible equations 


0A 0A 0A 
— = — AB, — = A?, —=0, 
Os; OSe OS3 
(46) 
— = 3A?+ B*-C?, —=AB, —=0, 
Os, OSe OS3 
aC aC 
— = 2BC, —=AC, —=0, 
Os, OSe Os3 
and equations (5) become 
0a AB da BB+C 0a 
Os, OS2 OS3 
op op 
(47) — = — Ba, — = —Ca-— 
Os; OS OS3 
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Os, ~ 
the relation 
é=la+4, 


where 0 is a fixed vector. 

Using (48) and the equation which results from equating the two values 
of &, we may eliminate 8, y from the differential equations for a in (47). The 
resulting equations are found to have the integral 


ci 1 Lt B L 1 L B 
A e=(-5 ACH + +6 
where ¢ is a triple of constants. 


We may now compute a, b, c in terms of a, 8, y: 
OL 


A 


OSe 2C OS3 


OL A B 
— 2?§— +—L+-— 
2C 


and hence obtain the conditions 
(a| a) = 0, (b| 6) = — 1, (c|c) = 0, 


@lg=0, (ald) =0, 


(abc) = -—1, 


which insure that a, 8, y are mutually perpendicular unit vector fields with 
the disposition of the axes. 
Integration of equations (49) yields the relations 


(a| x) + do 


(b| x) + bo 


where do, bo, Co are arbitrary constants. 
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oL 1 
+— 
Os, OSe Os3 
b ( 4L +( 4L 4L 
Os; C ” 
(49) 
B A 
Os) C 8C3/2 
1 
= 42, 
1 
(51) 2C 
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The directional derivatives of the function u defined by the equations 
2B 2C 


(52) = 4, = e(1 + (e =+ i), 


are —6C?/A,0,0. Furthermore, it follows from (9) and (46) that e” = k(A?C)", 
where & is a constant, not zero. Comparison of the derivatives of U in (8) with 
those of u shows that U is a function of wu. In particular, if we take k = (2/e)"’*, 


du 
(53) U=— f : 
3 (1 u?)5/6 
Denoting the left-hand sides of (51) by a(x), b(x), and c(x), setting 
B/A=u/2, and eliminating L and C, we obtain the equation 
(54) { [a(x) + 8b(x) } + { [a(x) ]* + 120(x)d(x) — 48c(x)}? = 0, 


which with (53) and the conditions (50) define the general solution U to 


within a multiplicative constant. 
Without loss of generality we may take a) =b) =co=0 and as a, b, ¢ the 


triples 

(55) 0, 2, 22, — 4, 0, 0, 0, — 3, 37. 
Equation (54) then assumes the normal form 

(54a) — 2ix)3u? + (23 — 3ixys + $2)? = 0, 


where z= and 2 =X2—i%x3. 
If in (53) we set 1+u?=1/y', we find that 


. 
f (1 — 


Thus, the function U involves an elliptic integral. The surfaces U =const. 
are, however, obviously algebraic. 


C. THE MINIMAL SURFACES 


9. The imaginary surfaces IIa. We have to do here with equations (28) 
where d)=bo=co=0 and a, b, c have the values (30). When we set U=u, 
1/C =v, B/C? =w, these equations become* 


(56) 2, = i(2uew-+v), z= vw, 2 = + 4uv+ cot-!(w/v), ww #0, 


and represent a transformation from the coordinates (x, x2, x3), or (x, 2, 2), 
to curvilinear coordinates (u, v, w). Corresponding to a generic point (x, z, 2) 


* Throughout the paper, z=22.+ix3 and 3=x2.—ixs. 
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there are two sets of values of the curvilinear coordinates, namely, (u, v, w) 
and (u+1/w, —v, —w). In other words, the transformation u’=u+1/w, 
‘=—v, w’ = —w has the effect of the identity. 
From (56) we find, as the equations of the three families of parametric 
surfaces, 


S: (ix; + 2uz)? = z tan (4iux, + 4u%z + 2), 
(57) z = cot ((«| «)/z + 0/2), 
z = w? tan ((«| x)/z + s/w). 


Since u=U, the surfaces S are actually the minimal surfaces U =const., and 
inasmuch as v=1/C and C is, according to §6, a function of V, the surfaces S’ 
are actually the surfaces V =const. Moreover, since 


(58) (2 | = 0, (xu | = 20?, (x, | Sw) = 0, 


the surfaces S’ cut the surfaces S’’, as well as the surfaces S, orthogonally. 
The curves u=const., v=const. are, then, the curves C;, and the curves 
u=const., w=const. are the curves C2. The curves v=const., w=const., 
which, according to (57), are the parabolic circles in which the isotropic planes 
z=const. intersect the spheres (|x) =const., are not, however, the curves C. 


THEOREM 2. The system of surfaces S, S’, S'’ admits the one-parameter 
group of rigid motions into itself for which the parabolic circles v=const., 
w=const. are the path curves. Each surface S', and each surface S’’, admits 
this group of motions into itself, and the minimal surfaces S, which are permuted 
by it, are all congruent to the surface Sy: u=0, namely, x,+2 tan z=0. 


The surfaces S all contain the isotropic line L: x, =z=0 and are tangent 
all along L to the isotropic plane Il: z=0. The group of motions in question 
consists of the “rotations” about L and may be represented by the equations 


xi = 2icz, 2’ =2, = + + 2, 


where c is the parameter. Since (x’| x’) =(x|x) and z’=z, the path curves of 
the group are actually the parabolic circles described. 

The equations of the group in terms of the curvilinear coordinates, as 
found from (56), are, to within the identical transformation u’=u+1/w, 


’=—v,w’=—w, 


u’=ut+e, 


Hence, the theorem is proved. 
From (56) follows the relation 


ix; + 2uz+v=0. 


v =, w = w. 
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Hence, the curves C; are plane curves, and those on a specific surface S lie 
in parallel planes. In particular, the curves C; on the surfacé S» lie in the 
planes x; =iv and have in these planes the equation z=v? cot Z, and those on 
an arbitrary surface S are congruent to them. 

Inasmuch as 


iwx, + (1+ 2uw)z = 0, 


the curves C2 are plane curves lying in the Euclidean planes which pass 
through L. The general curve C2 on Sp» is the intersection of the plane 
iwxi1+z=0 with the cylinder z=w? tan 2 and the curves C2 on the general 
surface S are congruent to those on So. 

Using (58) and the formulas 


(59) (xy | Xu) = — 40?w?, (x,| x») = (X%w| = — v?/(v? + w?), 


we find that the curves C; are the curves v=const., 2uv+cot—! (w/v) =const. 
Since, by (6), C is the torsion of these curves, it follows from (19) that they 
are twisted curves of constant torsion, and that this torsion is the same for 
all of them which lie on a given surface S’. 

According to (59), the curves C2 and C; on a surface S form an isometric 
system and 2, w are isometric parameters. 

10. The imaginary surfaces IIb. Consider the equations (40), where B 
and K are given by (43) in terms of U and V, a, b, c have the values (45), 
and dy)=bo=co=0. According to (31), B/2A = +i. We may take B/2A =i, 
since, if B/2A = —i, changing the sign of W would yield the same results. 
If, then, U, V, W are replaced by 1/u, v, w, the equations become 


(60) = uvw, — uv, z= uvw? + v3/3u3, uv 


According to the last paragraph of §7, the parametric surfaces for the 
curvilinear coordinates (u, v, w) form a triply orthogonal system whose curves 
of intersection are the curves Ci, C2, C3. Corresponding to a generic point 
(x, z, 2) of space there are six sets of values of the curvilinear coordinates, 
of the form (ku, v/k, w), where k takes on in turn the sixth roots of unity. 
Thus, the transformations u’=ku, v’=v/k, w’=w, k®=1, have the same ef- 
fect as the identity. 

We find from (60), as the equations of the three families of parametric 
surfaces, 


$: + 3u8(x| x) =0, 
(61) 32°(x | x) 
we =0. 


| 
4 
i 
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The minimal surfaces S are algebraic surfaces of the fourth order. Each 
surface contains the isotropic line L: z=x,=0 and is tangent all along L to 
the isotropic plane II: z=0. The line at infinity in II is a cuspidal edge of the 
surface with the plane at infinity as the cuspidal tangent plane; in particu- 
lar, the point at infinity on L is a triple point at which the plane at infinity 
counts twice, and the plane II once, as tangent planes. The origin O (on L) 
is a conical point with the isotropic cone at O as the tangent cone. 

The surfaces S’ are also surfaces of the fourth order. For each of them 
the line at infinity in II is a cuspidai edge with the plane II as the cuspidal 
tangent plane; in particular, the point at infinity on L is a triple point at 
which II counts three times as tar gent plane. There are no other singular 
points. 

The surfaces S’’ consist of the Euclidean planes through the line L. 


THEOREM 3. The triply orthogonal system of surfaces admits a two-parameter 
group of rigid motions into itself, consisting of the ~' one-parameter groups of 
rotations about the lines of the pencil of lines which lies in the plane and has 
its vertex at O. Each surface of the system admits at least a one-parameter group of 
rigid motions into itself and each two surfaces of the same family are congruent. 


The one-parameter group of rotations about L has the equations 


= 2’ 2 = — 722 + 2, 


where c is the parameter. The corresponding equations in the curvilinear co- 
ordinates, to within one of the identical transformations, are 


(62) = u, w=wte. 


Hence each surface S, and each surface S’, is carried into itself by the group 
of rotations about L. The path curves are the curves C; in which the surfaces S 
and S’ intersect, namely, the parabolic circles in which the planes z=const. 
cut the sphere (x| x) =const. 

The parabolic circles C; are the orthogonal eebin of the planes S’’. 
Since w= —x,/z is a harmonic function, these planes, too, constitute a family 
of harmonic minimal surfaces. The lines of flow are the curves C; and hence 
are the path curves of a one-parameter group of rigid motions. 

One of the Euclidean lines through O in the planeTl is the x axis. The one- 
parameter group of rotations about this axis has the equations 2’ 
z’=e~*Z, or, in terms of the curvilinear coordinates, to within an identicai 
transformation, 


(63) ul = | = | w’ = 


The product of the general transformation (63) and the general trans- 


i 
| 


194 W. C. GRAUSTEIN [March 


formation (62) is the two-parameter group of rigid motions, 
(64) = = w’ = +c, 


which we shall think of as consisting of the rotations (62) about L and the 
transformations 


(65) = | = | —a = e*%(w — a). 


For a fixed value of a these transformations are simply the rotations about the 
line through O with direction components 1, a, ai. For, they leave O and the 
plane w =a, or x:+az=0, fixed and hence leave fixed every point of the line 
in question. 

Thus the two-parameter group (64) actually consists of the «1 one- 
parameter groups of rotations about the «! lines passing through O and 
lying in the plane II. Obviously, every transformation of the group carries 
each family of surfaces of the triply orthogonal system into itself. Moreover, 
it is clear from (65) that, if two surfaces S, or two surfaces S’, are given, 
there exists one rotation about each Euclidean axis which carries the one sur- 
face into the other. Thus, the theorem is completely established. 


THEOREM 4. The curves C, are plane quartic curves which lie in the planes S’’ 
and are all congruent to the curve z°z=1 in the plane x,=0. The curves C2 are 
plane cubics which lie in the planes S'’ and are all congruent to the curve 2° =2 
in the plane x,=0. The curves C3 are the parabolic circles in which the isotropic 


planes parallel toll cut the spheres with center at O. 


The curves C;, which are the lines of flow in the physical problem, are the 
intersections of the planes S’’ with the surfaces S’ and hence are plane quar- 
tics. Since they are given by v=const., w=const., and since v0, there exists 
a unique rigid motion (64) which carries a given one of them into a second. 
They are, then, all congruent to the particular one v= (—3)**, w=0, which 
lies in the plane x, =0 and has the equation 2°z=1. 

Since each of the surfaces S contains the line LZ, the curves C2 in which 
they are met by the planes S’’ are plane cubics. These curves are given by 
u=const., w=const., where 10. It follows from (64) that they are all con- 
gruent to the particular one u = (—1/3)'*, w=0, which lies in the plane «, =0 
and has the equation 2* =2. 

The facts concerning the parabolic circles C; have already been estab- 
lished. Each two of them which lie on the same sphere are congruent, while 
two lying on different spheres are not. 

It should perhaps be remarked that the plane cubics and the parabolic 
circles are the lines of curvature on the minimal surfaces S. 
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11. The imaginary surfaces IIIa. We are concerned in this case with equa- 
tions (51), where a) = bp =co=0 and a, b, c have the values (55). When we set 
2B/A =u, 1/C =v’, L=w/2, the equations become 


For a generic point of space there are two sets of values of the curvilinear co- 
ordinates thus introduced, namely, (u, v, w) and (—u, —v, w). Thus, the 
transformation u’ = —u, v’ = —v, w’ =w is in effect the identity. 

The equations of the three families of parametric surfaces are found to be 


S: u?(2ixy — = (23 — 3ixyz + 32)’, 
(67) 2ix, — 2? = 2?, 
z= w. 


According to §8, « is a function of U. Hence, the surfaces S are actually 
the minimal surfaces U = const. The surfaces S’ are not, in this case, the sur- 
vaces V =const. 

The surfaces S’ are parabolic cylinders which are tangent to the plane at 
infinity along the ideal line in the isotropic plane II: z=0 and whose rulings 
are parallel to the isotropic line L: z=x,=0. The surfaces S’’ are the planes 
parallel to II. 

The w-curves are parabolic helices* lying on the parabolic cylinders S’, 
except for the curve v=0: 


(68) = — hiw?, w, z= ty, 


which is an isotropic cubic. The v-curves are plane cubics lying in the isotropic 
planes parallel to II except for those for which u=0, which are Euclidean 
straight lines. Finally, the u-curves are the isotropic lines parallel to L. 

The surfaces S for which «+0 are algebraic surfaces of the sixth order. 
For each of them, the isotropic cubic K defined by (68) is a cuspidal edge, 
with the isotropic osculating planes of K as the cuspidal tangent planes, and 
the points of the line at infinity in the planelI are all singular points, with the 
plane at infinity counting at least three times as tangent plane. The paramet- 
ric curves on these surfaces are the parabolic circles and plane cubics just 
mentioned. 

The surface u=0 is the cubic surface 


2° — + 32 = 0, 


counted twice. The cubic surface has the line at infinity in II as a double 


* A parabolic helix is a curve whose curvature and torsion are constant and in the ratio +7. 
The tangent indicatrix is a parabolic circle, lying in this case in a plane parallel to II. 
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line, the two tangent planes at the ideal point in the direction a, 1, i being 
iaz=1 and the plane at infinity. Furthermore, it contains the isotropic cubic 
K as an asymptotic line. The remaining asymptotic lines are parabolic circles 
(w-curves) and straight lines (the special v-curves described above). Thus, 
this surface S is a ruled minimal surface, a parabolic helicoid. 

The surfaces S for which 1+-u?=0 have been excluded. They are the same 
surface, namely, the isotropic developable which is the tangent surface of the 
isotropic cubic K. 

The differential coefficients of the general surface S, referred to v7, w as 
parameters, where D?= EF —G’, are found to be 


69) E=-—vw, De=u?, F=u’, Df=w, G=v?, Dg= — ur. 


Since these coefficients are independent of w, the surface S admits the one- 
parameter group of rigid motions 


(70) =u, w=wte 

into itself. In terms of the coordinates («, z, 2), the equations of this group are 
Since each of these motions leaves fixed only the point at infinity in the direc- 


tion of the isotropic line L and the tangent to the absolute at this point, the 
group may properly be described as the group of screw motions about the 


tangent to the absolute in question. Since 2ix,—z? is an absolute invariant, 
the path curves lie on the parabolic cylinders »=const. The path curves on 
the cylinders for which 10 are the parabolic helices (the w-curves), whereas 
those on the cylinder v=0 are isotropic cubics similar to the curve K. 


THEOREM 5. Each surface of the family of minimal surfaces is carried into 
itself by the group of screw motions about the tangent to the absolute at the ideal 
point of the isotropic line L. The path curves are the parabolic helices on the sur- 
face and the isotropic cubic K. 


From §8 and the relation 1/C =v”, it follows that u, v are functions of 
U, V. Hence, the w-curves (the parabolic helices and K) are actually the 
curves C3. 

The curves C2 are the orthogonal trajectories of the w-curves on the sur- 
faces S. As such, they are found to have the equation uwv+w=const. Those 
on a specific surface S are all congruent, inasmuch as they cut the path curves 
of the rigid deformation of S into itself orthogonally. Hence, it suffices to 
consider the family of curves, one on each of the surfaces S, which is defined 
by the equation w= —vwv. It is found that these curves are helices which lie 
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on cubic cylinders all congruent to the cylinder 7=z* and have on these cyl- 
inders varying pitches. When the curves are moved along the surfaces S by 
the group of screw motions, the point at infinity in the direction of the rulings 
of the cylinders on which they lie traces the axis of the group (the ideal line 
in the plane II), since in its original position it is the ideal point in the di- 
rection 1, 0, 0, and hence a point on this axis. Finally, it may be shown that 
the curves C; are all tangent to the isotropic cubic K.* 

On each surface S there is a single family of lines of curvature which covers 
the surface twice, and all of its members are tangent to the isotropic cubic K. 
For, the lines of curvature on an arbitrary surface S are the curves r=const. 
and s=const., where w+iv=r, w—iv=s, and since the identical transforma- 
tion u’ = —u, v’ = —v, w’ =w interchanges r and s, the two families coincide. 
Furthermore, the locus r=s is the curve v=0 or K, so that the tangency of 
the lines of curvature with K is indicated and readily verified. 

Inasmuch as the lines of curvature on a specific surface S are all con- 
gruent, it suffices to consider those lines of curvature, one on each surface S, 
which are given by r=0 or s=0. It turns out that these lines of curvature 
are plane cubics all lying in the plane x,;=0 and all congruent to the cubic 
z=z° in this plane. When they are moved along the surfaces S by the group 
of screw motions, their common plane envelopes the invariant parabolic cyl- 
inder 21x, —z?=0, since in its original position it is a tangent plane to this 
cylinder. All the lines of curvature on the surfaces S are, of course, congruent. 

Employing the method of §9, we find as the parametric representation of 
the curves C;, in terms of the parameter y of §8, 


(1 — y3)12 
yal? 


k d 
v= ky/2, w= — f 41, 
2J 


where & and / are arbitrary constants. Thus, though the equipotential sur- 
faces are algebraic, the lines of flow of the physical problem are transcenden- 
tal. 


D. SOLUTION OF THE DIFFERENTIAL SYSTEM 


12. First special case. Change of variables. The crux of our problem, 
namely, the deduction of the solutions (I), (II), (III) of equations (12) and 
the proof that these are the only solutions, must finally be met. The three 
conditions of integrability on the derivatives of A given by (12a) yield two 
new relations, namely the finite relation 


(72) 4ACE — 4ABF + 4B(B?2 + C2) = A2B, 


* In this discussion we have tacitly excluded the curves C; on the surface «=O. As we have al- 
dy seen, these curves are straight lines. 


ay 
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and the differential equation 

OE OF 
(73) (B? + C2) —A (= + —) = 4E(B? + C2). 
53 


OSe S3 


First special case. Suppose that B?+C?=0. Differentiating with respect 
to s: and using (12b), we find that ACE—ABF=0, and therefore conclude, 
from (72), that B=0 and hence C =0. It follows from (12b) that E=0 and 


F =0. Thus, solution (Ib) is obtained. 
Change of variables. We may assume henceforth that B?+C?#0. Equa- 


tions (12b) and (73) suggest the substitutions 
(74) 2B =N'2sing, 2C=N2cosd, 4(B2?+C%2) =N. 
Relation (72) becomes 
4AE cos — 4AF sin ¢ + N sin = A?’ sin 
and, when we adjoin the equation 
4AE sin 6 + 4AF cos 6 — N cos¢ = M, 
the two relations yield values for E and F: 
(75) 44F = Mcos¢ — A*sin?o?+ 
Thus, we have eoend the new set of unknowns A, M, N, 9, in terms of 


which B, C, E, F are given by (74) and (75). 
Equations (12a) become 


0A 
4— = — 2AN'/? sin 9, 
Os, 


OA 
Se 


0A 
4—— = (M + cos ¢) sing, 
OS3 


and the equations resulting from (12b) are 


aN ag 
(77a) — = A?N"/2 sin 2N1/2—- = — M — 2N cos 9, 
Os, 


oN 0g ON 
(77b) 2N—+—=4NE, 


where E and F are given by (75). 


& 
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From the relations obtained by making the foregoing substitutions in the 
first two equations in (12c), we obtain the equations 


oN 
(78) cos ¢ + 2N(A? — N), 
Se 


ON 
(79) +4 24 — = — sin ¢. 
Os OS3 
It is clear from (77) and (78) that, in order to find finite values for all 
the derivatives of N and ¢, we need the value of 0N//ds3. This derivative en- 
ters into the condition of integrability (NV; s1, s2), which is found to reduce to 


oN ON 
(80) (M — N cos ¢) — + (A? — N) — sing + 4AN? sin d = 0. 
Os3 OS2 


Evidently, two cases arise, according as M —WN cos ¢ vanishes or not. 
13. Second special case. If 


(81) M Ncos¢=0, 
it follows immediately from (78) and (80), since V #0, that 
sin ¢(A? + N)[(A? — N) cos? ¢ + 2(A2 + N)] = 0. 

(i) If A2+N=0, we have from (75) and (81) that E=0 and F= —A/2. 
Substitution to these values in equations (12) leads immediately to solution 
(III). 

(ii) If sin ¢=0, the second equation in (77a), in conjunction with (81), 
yields N =0, a contradiction. 

(iii) Suppose, finally, that 
(82) (A? — N) cos? ¢ + 2(42+ N) =0. 

Differentiating this relation with respect to s:, we find, since NV sin ¢ 0, that 
(A? — 3N) cos? ¢ = 0. 


If cos ¢=0, it follows from (82) that A?+N=0 and we are thus led to 
solution (IIIb). 
If A?—3N =0, differentiation with respect to s; gives rise to an immediate 


contradiction. 
14. The derivatives in the general case. We assume henceforth that 
AN(M-—N cos ¢) #0, and introduce the quantity 


S sin 


(83) 
M — Ncos¢ 
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S = M* — 2Y? — A‘ cos? 9, 


= A?+N = A? + 4(B?4+C%). 


Since M —N cos ¢ 0, equations (77), (78), and (80) may be solved for the 
derivatives of N and ¢. From (79) follows then a finite value for 0M/dsi. 
Finally, when the substitutions (74) and (75) are carried out in (73) and the 
last equation in (12c), values for 0M/ds2 and M/Qs; result. Thus, the values 
of all twelve derivatives of the four unknowns A, M, N, ¢ are obtained, and 
from them may be computed the derivatives of Y and S. 

The derivatives of A are already listed in (76a). Those of the other quanti- 


ties are 
ON 


ON 
(76b) 24 — 


OS2 


oN 
2A 


OS3 


2N1/2 had 
Os, 


(76c) 44N —- 
OSe 


a 
un — 
OS3 


OM 
2Ni/2 
Os) 


4AN — 


(76d) 


= A?N1/2 sin 
= M?+ A?M cos ¢ + 2N(A? — N), 


= — + A’ cos 9) sing + P, 


— M — 2N cos ¢, 
(A? + 2N)(M + A?* cos ¢) sin @ — P, 


M? + (A* + 2N)M cos ¢ + 2A2N cos? ¢, 


= A‘sin cos ¢ — P, 


= (342+ 10N + A? cos? ¢)A2M 


+ (5A?+ 4N + A? cos? cos 
+ [M + 2(A? — N) cos |S + sin o(2N — A)P, 


M 
= — A*(M + A* cos ¢) sin ¢ cos ¢ + (3M + A? cos $)P, 


[March 
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4AN - 
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oY oY 
0, 2A — =S+7A*Y, 2A — = P, 
OSe OS3 


as. 
= — MP, 


Os, 


as 
(76f) 2AN [642(M + A?cos ¢) cos ¢ + (6A? — + kS + IP, 
Se 


2AN a = (3M? + A?M cos ¢ — 4NY)P, 
3 

where & and / are functions of A, N, M, @ whose explicit values we shall not 
need. 

We distinguish two cases, according as P is, or is not, zero. 

15. Third special case. If P =0, it follows from (83) that S sin ¢=0. 

(i) If sin ¢=0, then B=O and since VN #0, From (75), E=0, and 
from (12b), AF+C?=0. We are thus led to solution (Ia). 

(ii) If sin ¢+0 and S=0, it follows from the equation 0S/ds2=0 that 
YZ =0, where Z may be read off from (76f). 

Suppose that Y=0. From S=0, it follows, since M—WN cos ¢0, that 
M =A? cos ¢. Hence, it is found from (75) and (74) that AE= —2BC and 
AF =2B?, and we arrive at solution (II). 

If Y +0, then 


Z = 3A*(M + A* cos ¢) cos ¢ + (3A? — 4N)Y = 0. 


Eliminating M from this equation and the equation S =0, we obtain the rela- 
tion 
T = (3A? — 4N)?Y — 42A‘N cos? = 


By means of S=0, Z=0, T =0, it follows from the equation 07 /ds2=0 that 
3A?—4N =0 or 3A?+10N =0. But differentiation of either of these equations 
with respect to s; leads to the contradiction sin ¢=0. Thus, the discussion of 
this special case is complete. 

16. General case. Conclusion. When P 0, then Y 0, for if Y were zero, 
it would follow from (76e) that P=0. Consequently we have in the present 
case ANSY(M—N cos ¢) sin 

The integrability conditions on A we know to be satisfied. Those on NV 
may be replaced by the conditions on Y. The conditions (Y; s:, s2) and 
(@; 51, 53) are found to be identities, and the conditions (Y; si, s3) and 
(@; s:. S2) both reduce to the equation 
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(86a) 


which, when P is replaced by its value from (83), can be written in the form 
(86b) Psing = M*cos¢ + (N — 2A?sin?¢)M + A‘sin?¢cos¢@ — 2N* 
The condition of integrability (@; se, ss) reduces, by (86b), to 


dlogP . 
AN sin = cos ¢ + (N — A? sin? ¢)M — 2N* cos 9. 
53 


On the other hand, we find that the value of 0 log P/ds;, computed from (83), 
becomes, by virtue of (86b), 
log P 
A(M — N cos ¢) = (M? — 2NY) sin 9. 


OS3 
Eliminating 0 log P/ds;, we obtain the relation 
M? cos ¢ — A? sin? M? + (A2N sin? — 3N?)M cos 


(87) 
+ 2A2N? sin? ¢ + 2N* = 0. 


Ifwe' differentiate (86b) with respect to s:, remembering that 0P/ds, =0, 
and ‘eliminate P from the resulting equation by means of (86b), we get 


M? cos 26 — 8A? sin? ¢ cos ¢ M* — (3N? cos 26 + A*r)M 


(88) 
+ + A*s) cos = 0, 


where ¢ and s are polynomials in A, N, cos? ¢. 

When the value of P from (83) is substituted in (86b) and the resulting 
equation is cleared of fractions, there is obtained an equation of the form 
H =0, where H is a cubic polynomial in M whose leading term is M* cos ¢. 
Subtraction of this equation from (87) yields the simple relation 


(89) M* — YM cos ¢ — 2NY = 0. 


Lema 1. The condition on A and N that the three equations (87), (88), (89), 
considered as equations in M and ¢, be compatible is not an identity in A and N. 


Lema 2. There exists no functional relation between A and N. 


Once these contradictory lemmas are proved it will follow that no further 
solution of the differential system exists. 

To prove Lemma 2, we assume that A and NW are functionally related: 
@(A, N)=0. Inasmuch as and dY/ds,=0, it follows, since 
0A/ds,~0, that 6=f(Y). But, if we differentiate the relation f{(Y) =0 with 
respect to s;, we get P=0, a contradiction. 


[March 
oP 9 
Os) 


1940] HARMONIC MINIMAL SURFACES 203 


To prove that the condition on A and N described in Lemma 1 is not an 
identity in A and N, it suffices to show that it is not an identity in N when 
A =0. In this case, the expressions on the left-hand sides of (87), (88), and 
(89) become 

a = M‘* cos — 3N?M cos ¢ + 
b = M* cos 26 — 3N?M cos 26 + cos 
c = M? — NM cos ¢ — 2N?, 
and satisfy the relations 
(90a) a cos 26 — bcos ¢ = — sin’ ¢, 
(90b) a =(Mcos¢+ N cos? ¢)c + 
where 
d = M(cos? @ — 1) cos ¢ + 2N(cos? ¢ + 1). 

From (90a) it follows that, if the equations a=0, b=0 have a common 
solution in M and ¢, the solution must be M = M, sin ¢=0. If this solution is 
also to satisfy the equation c=0, it must, by (90b), satisfy d2=0. But, when 
sin ¢=0, then d=4N, and the condition NV =0 is not an identity in NV. Thus, 
Lemma 1 is established. 

E. SPECIAL CASES 

17. The special case A,\V =0. When A, V =0 and V is not a constant, VV 
is an isotropic vector field which, since A,(U, V) =0, is “orthogonal” to a. 
There then exists a second isotropic vector function 7 such that the three vec- 
tor fields 


VU 


(91) a= 


enjoy the relations 
(aja)=1, (| =0, (n/n) =0, 


a = 1, 
(a| = 0, (a|) = 0, (é| 2) = i, (a n) 


(92) 


provided merely that, to insure +1 as the value of (a & n), we are permitted, 
if necessary, to change the sign of U. 

The nonholonomic derivatives corresponding to the three vector fields 
a, are 


(93) 


af af af af af af - 
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In terms of them, the gradient of the function f has the form 


of af 
94 = a— + #— + 
(94) Vif =a + + in 


as is readily shown by means of the relations 


It follows from (91) and (93) that 

0U 0U 

(95) 1 2 3 

av av 4 

—=0, —=-i, —-0. 

Ot; Ote Ot; 


The equations of variations of a, £, 7, in terms of the nonholonomic deriva- 
tives, have, in view of relations (92), the general form 


—=A4; — = 1Bja — = 1Aja — 
at; i i at; i i at; i in 
where j = 1, 2, 3. 

From these equations are obtained the conditions of integrability for the 
nonholonomic derivatives. When these conditions are applied to the deriva- 
tives of U and V given in (95), the following relations result: 


B; = 0, C; = 0, Be+C, = 0, 
A,=1, B,=0, A; Be=0. 
To these is to be added, in accordance with (1), the condition A;+B.=0 
which guarantees that A,U =0. Consequently, all of the functions A;, B;, C; 


vanish except Az and C2, which we shall henceforth denote by A and C. 
Equations (96) now become 


0a 0a At 0a 0 

(97) —=0, —=0, 
Oty Ote Ots 
on 0 on 
—=0, 
Oty Ote 


and the conditions of integrability reduce to 
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a af a af af af 
Oty Ot; Ote Oty Ots 
(98) 
Ot; At, ate ats ats 


Equations (97) are completely integrable if A and C satisfy the differen- 
tial equations 


ac a 
(99) —=0, —=C+i, —=0, 

Oty Ots Ot; Ots 
and this system of equations, unlike the corresponding system in the general 
case, is readily integrated. In fact, C is an arbitrary function of V which we 
choose to write in the form C =iF’(V), where the prime denotes differentia- 
tion, and A has, then, the value A =i(1+F’)e-"U+e"®’, where ®(V) is a 
second arbitrary function of V. 

It follows from (97) that 


(100) a — (e"U + ie’ = a, eFt = b, 


where a and 6 are constant vector fields, which, on account of (92), must 
satisfy the relations 


(101) (a}a2)=1, (6/6)=0, (a/b) =0. 


The nonholonomic derivatives of the functions whose gradients are the 
expressions on the left-hand sides of equations (100) are obtainable by com- 
parison of these expressions with (94). Thus, the integrals of the equations 
are found to be 


= 2) + 00, f = 6) 2) + bo, 
Denoting (a|x)+<ao, (b|x)+bo by a(x), b(x), and eliminating V, we ob- 
tain the equation 
(102) U = f(b(x))a(x) + $(6(x)), 


where, since F(V) and ®(V) are arbitrary functions, f(y) and ¢(y) are arbi- 
trary functions, the first of which is not a constant. This equation, subject 
to the attendant conditions (101), defines the general solution U in this spe- 
cial case. For, it is readily found that 


a af a af 
ae 
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(103) VU = fat [f'a(x) +¢']b, AU=0, V=logf, VW =(f'/fb, 


whence the conclusion follows. 

It is clear from (101) that there exists a rigid motion which transforms 
—a(x) and 2b(x) respectively into 2; and x22+ix;. By means of this rigid mo- 
tion or, what is the same thing, by setting a» and by equal to zero and taking a 
and 6 as the triples —1, 0, 0 and 0, 1/2'/?, i/2'?, we reduce equation (102) to 
the normal form 


(102a) U = + 


where f; and ¢; are arbitrary functions, the first of which is not a constant. 

The surfaces U = const. defined by (102a) are cylinders with isotropic rul- 
ings parallel to the line L: x: =0, z=0, except in the case fi(s) =1/z, g:(z) =0, 
when they consist of the Euclidean planes through L. The surfaces V = const. 
are always the isotropic planes z=const. parallel to L, and the lines of flow— 
the orthogonal trajectories of the surfaces U =const.—are parabolic circles 
lying in these planes and cut by them from spheres whose centers are in the 
plane 7=0. The group of rotations about L, or that about any line parallel 
to L, carries the totality of surfaces of all the families U =const. into itself. 

We have thus far excluded the case in which V is a constant, and conse- 
quently have demanded that f;(z) be not a constant. As a matter of fact, the 
function 


(104) U = 1+ g(z), 


where g(z) is arbitrary, is a solution of our problem, as is clear from (103). 
Moreover, it gives a normal form for all solutions in the case V=const. For, 
since in this case A\U is a constant, not zero, the surfaces U =const. are geo- 
desically parallel and, inasmuch as they are minimal, they must be Euclidean 
planes or non-isotropic minimal developables. A minimal developable has iso- 
tropic rulings and hence, if it has Euclidean tangent planes, must be a cyl- 
inder with isotropic rulings. Therefore, in any case, the parallel surfaces are 
given by U=const., where U is of the form (102a) subject to the condition 
fi(z) #0. But, since Ai\U must be constant, it follows from (103) that (102a) 
reduces to (104) and the proof is complete. 

Hence, in case A,U is constant, not zero, the minimal surfaces U = const. 
consist of parallel planes or special parallel cylinders with isotropic rulings. 
There are no surfaces V=const., and the lines of flow in both cases are 
straight lines. 
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THE GEOMETRY OF FIELDS OF LINEAL ELEMENTS* 


BY 
JOHN DE CICCO 


1. Introduction. We shall begin by considering certain simple operations 
or transformations on the oriented lineal elements of the plane. A turn T. 
converts each element into one having the same point and making a fixed 
angle a with the original direction. By a slide S;, the line of the element re- 
mains the same and the point moves along the line a fixed distance k. These 
transformations together form a continuous group of three-parameters which 
we call the whirl group W;. The group of whirls is isomorphic to the group of 
rigid motions M;. These two three-parameter groups are commutative and 
together generate a continuous group of six-parameters which we term the 
whirl-motion group Gs. In preceding papers (see the bibliography at the end 
of this paper), Kasner and the author developed the geometry of this group 
Gs. In this paper, which is a continuation of the paper by the author The 
differential geometry of series of lineal elements, these Transactions, vol. 46 
(1939), pp. 348-361, we shall give the differential geometry of fields of lineal 
elements with respect to the whirl-motion group Gs. 

A set of «1 elements is called a series; this includes a union (curve or 
point) as a special case. A collection of «? elements is termed a field, which of 
course corresponds to a differential equation of the first order, F(x, y, y’) =0. 
The totality of «* elements of the plane is called the opulence (as defined by 
Kasner). 

In the earlier paper, we considered the tangent turbines, the osculating 
flat fields, and the osculating limacon (circular) series of a given series S. We 
defined the curvature «x and the torsion r of any series. The curvature % and the 
torsion 7 of a series S conjugate to a given series S are given by the formulas 
k=k/r, T=1/r. We proved the fundamental result that amy two general (equi- 
parallel) series which have their curvatures and torsions the same functions of the 
angle u (arc length s) are equivalent under the whirl-motion group Gs. This result 
establishes the intrinsic equations of any series in the geometry of the whirl- 
motion group Gs. 

In the present paper, we shall derive the analogues of some of the classic 
theorems for a surface in a euclidean three-dimensional space. In particular, 


* Presented to the Society, March 26, 1937, under the title The differential geometry of series of 
lineal elements, and September 6, 1938, under the title Asymptotic directions of a field of lineal elements; 
received by the editors November 16, 1939. 
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we shall consider the Meusnier, the Euler, the Joachimsthal, and the 
Beltrami-Enneper theorems for a field in the geometry of the whirl-motion 
group G,. The theory of geodesic series (minimum curvature) will be devel- 
oped. We shall define the gaussian curvature K of a field. Finally the theory 
of conjugate fields will be considered. 

2. The tangent turbines of a series. A series which consists of ! non- 
parallel (parallel) elements is called a general (equiparallel) series. A general 
series is given by v=v(u), w=w(u), whereas an equiparallel series is given by 
u=c, w=w/(v), where c is a constant. A general series possesses a point-union 
and a line-union, whereas an equiparallel series possesses only a point-union. 

A turbine is the series which is obtained by applying a turn T, to the ele- 
ments of an oriented circle (the outer circle). It is nonlinear or linear accord- 
ing as this base circle is not or is a straight line. 

A nonlinear turbine is a general series. Its point-union is a circle (the 
outer circle), and its line-union is also a circle (the inner circle). These two 
circles are concentric, and their common center is called the center of the tur- 
bine. 

From the preceding remarks, we find that a nonlinear turbine may be con- 
structed by applying a slide S, to the elements of an oriented circle (the inner 
circle). Thus the equations of a nonlinear turbine are 


w=-—asinu+bcosut+s, 
where (a, b) are the cartesian coordinates of the center, r is the radius of the 
inner circle, and s is the constant distance of the slide S,. We call T(a, 6, r, s) 
a set of nonlinear turbine coordinates. 

A linear turbine is an equiparallel series whose base curve is a straight 
line. The equations of a linear turbine are 


(2) u= veosw+wsinw=V, 
where (U, V) are the hessian coordinates of the base line and w is the con- 


stant angle of the turn 7. We call 7(U, V, w) a set of linear turbine coordi- 
nates. Obviously 


T(U, V,w) = T(U +7, —-V,w+7). 


The angle u2—u, between any two elements is the angle between their 
lines. Two elements are parallel or supplementary (antiparallel) according as 
the angle between them is 0 or z. The distance [(v2—v:)?+(we—w,)?]"/? be- 
tween two parallel elements is the distance between their points. 
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Two parallel elements are on a unique linear turbine. Two nonparallel 
elements are contained in a unique nonlinear turbine T. The center of T is 
the intersection between the perpendicular bisector of the segment deter- 
mined by the points of EZ, and Fo, and the angle bisector of the angle deter- 
mined by the oriented lines of EZ, and £2. 

Two series S; and S: are said to be tangent (or to have contact of the first 
order) at a common element £ if they have two (but not three) consecutive 
elements in common at £. The two series S; and S: are said to be osculating 
(or to have contact of the second order) at E if they have three (but not four) 
consecutive elements in common at E. 

If a one-parameter family of series has the property that consecutive se- 
ries have a common element, the family is called a set of enveloping series. 
The locus of intersection of consecutive series is termed the envelope. It is 
easy to prove that any series S, of a set of enveloping series is tangent to the 
envelope S at any one of their common elements. 

In the remainder of the paper, an accent will always mean total differ- 
entiation with respect to « unless otherwise specified. 


THEOREM 1. The tangent turbines of a general series are the ~' nonlinear 
turbines whose parameter values are 
3 a= —v' sin u — w’ cos u, b =v’ cos u — w’ sin u, 

(3) r=rv+w’, 

On the other hand, the tangent turbines of an equiparallel series S are 
the «! linear turbines all of which possess the common direction of S and 
whose base lines are tangent to the base curve of S. 

It may be observed that two series S; and S: are tangent at a common 
element EZ if and only if they have the same tangent turbine at £. 

3. Conjugate series. Two turbines 7 and T are said to be conjugate if they 
have the same circle as point-locus and the elements of the two turbines are 
symmetrically related to the elements of the circle. Two series S and S are 
said to be conjugate if there exists a one-to-one correspondence between their 
elements in such a way that the tangent turbines of the two series at the 
corresponding elements are conjugate turbines. 

The conjugate turbines 7; and T, of two given turbines 7; and T, (not 
both linear) do or do not possess a common element according as 7; and 72 
do or do not possess a common element. The conjugate turbines of two inter- 
secting linear turbines never possess a common element. 


THEOREM 2. For any general series S, there always exists one and only one 
conjugate series S which either consists of one element or is a general series. This 
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series S is given by the equations 
= alr’ + b's’ — a's’ — 
cos = ———————__ 
(4) a’? + a’? + 


w= 


where (a, b, r, s) are the parameter values of the tangent turbines of S. 


If an equiparallel series S is not a turbine, then there is no series conjugate 
to it. 

4. The osculating flat fields of a series. A nonlinear flat field consists of 
the ©? elements cocircular with a given element, called the central element. 
The equation of a nonlinear flat field II is 


(5) w = (v — 0d) cot (u — %)/2 — w, 


where (a, 3, @) are the hessian coordinates of the central element G of IT. We 
call II (a, 4, #) a set of nonlinear flat field coordinates. 

A linear flat field is the set of ©? elements on ~! parallel straight lines. 
Any linear field is given by u=const. 

The invariants between two nonlinear flat fields are identical with those 
between their central elements. 

In a given flat field; there are ~? turbines. The turbines which are con- 
tained in a nonlinear flat field II are those whose conjugate turbines possess 
the central element G of II. The turbines which are contained in a linear flat 
field II are the linear turbines which have the common direction of II. 

Three parallel elements determine a unique linear flat field. Three ele- 
ments which are not all parallel and which do not lie on one turbine determine 
a unique nonlinear flat field Il. The central element G of II is the single inter- 
section of the conjugate turbines of the three turbines which pass through 
these elements. 

Two elements of a flat field II determine a turbine which lies entirely in II. 
Two flat fields (not both linear) intersect in a turbine. Two linear flat fields 
have no common elements. 

The flat field which has three consecutive elements in common with a se- 
ries S at an element E of S is called the osculating flat field of S at E. 


THEOREM 3. The osculating flat fields of a general series S are the nonlinear 
flat fields whose central elements are the elements of the series S conjugate to S. 


If S consists of only one element G, then S is contained in the nonlinear 
flat field whose central element is G. In this case, we shall say that S is a 
coflat series. 
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Any equiparallel series S has one and only one osculating flat field, 
namely, the linear flat field in which it is contained. 

5. The osculating limagon series of a general series. Let T be a nonlin- 
ear turbine, let G be a fixed element on the conjugate turbine T of 7, and let 
¥ be a real number. Let O be the point of G, and let P be the point of any ele- 
ment E of T. On the line (OP), let us select the points P; (¢=1, 2) such that 
the distance d(P, P;) =2y. Let E; be the element whose point is P; and whose 
direction is that of E. By this construction, to each element E of T there are 
associated two parallel elements £; and E:. The totality of these elements 
E,, Ez is called a limagon series with central turbine T and radius y. 

Upon letting C and D denote 


(6) = — 2ysin #/2, D = 2y cos a/2, 
we find that the equations of a limacon series are 


v=Acosu+ Bsinu+Ccosu/2+Dsinu/2+ R, 


7 
(7) w= —Asinu+ Bceosu—Csinu/2+ Dcosu/2+S, 


where (A, B, R, S) are the parameters of the central turbine T, # is the normal 
angle of the fixed element G, and y is the radius of the limacon series. We call 
L(A, B, C, D, R, S) a set of limagon series coordinates. Obviously 


L(A, B,C, D, R, S) = L(A, B, —C, — D, R,S). 


A limacon series L is contained in the nonlinear flat field IT whose central 
element is G. The centers of the tangent turbines of L, which of course are 
in II, are on a circle with center (A, B) and radius y. We call this the associ- 
ated circle of L. A limagon series is uniquely determined by its flat field and 
its associated circle. 

Three elements no two of which are parallel and which do not all lie on 
one turbine determine four limacon series. Three elements only two of which 
are parallel determine two limagon series. The flat field II of these limagon 
series is the one determined by the given elements. Their associated circles 
are those which are tangent to all three of the angle bisectors of the angles 
formed by each of the oriented lines of these elements with the oriented line 
of the central element G of II. In the first case, there are four circles, namely, 
the inscri’.ed and escribed circles of the triangle formed by these lines. In 
the second case, there are only two circles since two of these three lines are 
parallel. 


THEOREM 4. The osculating limagon series of a general series S are those 
whose parameter values are 
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a+ 2r’ sin u + 2s’ cos u, B= b — 2r' cos u + 2s’ sin u, 
— 4r’ sin u/2 — 4s’ cos u/2, D = 49’ cos u/2 — 4s’ sin u/2, 
R=r+ 2s’, S=s-— 2r’, 


where (a, b, r, s) are the parameters of the tangent turbines of S. 


The envelope of the central turbines of the osculating limacgon series of a 
general series S is called the series of curvature of S. This series is given by 


(9) V 2w’, W = — w. 


THEOREM 5. The tangent turbines and the central turbines of any general 
series S have in common the series of curvature of S. 


6. The osculating circular series of an equiparallel series. An equiparal- 
lel series whose point-union is a circle with center (A, B) and radius 7 is called 
a circular series with center (A, B) and radius y. 

The osculating circular series of an equiparallel series S are those which 
possess the common direction of S and whose circles are the osculating circles 
of the point-union of S. 

7. The curvature and torsion of a general series. The curvature x at an 
element E of a general series S is defined by the formula 


where (a, b, r, s) are the parameters of the tangent turbine of S at E. 

The quantity « is one half of the radius of the osculating limagon series L 
of S at £, and also it is one half of the distance between the centers of the 
tangent and central turbines of S at EZ. 

The forsion r at an element E of a general series S is defined by the formula 


(11) = da/du, 


where u and @ are the normal angles of the element E of S and the element E 
which is the central element of the osculating flat field of S at E. 

The torsion 7 at an element £ of a general series S is the rate of change 
of the angle of the osculating flat field per unit radian measure of the angle 
of the element £. 

8. The curvature of an equiparallel series. The curvature x=1/y at an 
element E of an equiparallel series S is defined by the formula 


1 
(12) = 
y (1+ 


where the accent denotes differentiation with respect to 2. 
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The quantity y =1/« is the radius of the osculating circular series of S at 


E. 

The torsion 7 of an equiparallel series is taken to be zero. 

9. The osculating spherical fields of a general series. Let E denote an 
element, and let II denote a nonlinear flat field with central element G. On 
the oriented line of E, construct the element G which is in II. Let / be the line 
connecting the points of G and G. The perpendicular distance between the 
point of £ and the line / is said to be the distance between E and II. 

The set of ~? elements E(u, v, w) which are at a constant distance p 
from a fixed nonlinear flat field (0, V, W) is called a spherical field =. We 
term II the central flat field and p the radius of 2. The equation of = is 


(13) w = (v — V) cot (u — U)/2 + pesc (u — U)/2 — W. 
We call =(U, V, W, p) a set of spherical field coordinates. Obviously 
=(U, V, W, p) = =(U, V, W, — p). 
The integral curves of = are given in hessian line coordinates by the equa- 
tion 
v = — p[cos (u — U)/2 + sin? (u — 0)/2 log cot (u — U)/4] 


14 
(14) —Ccos(u— U)+Wsin 0) +V+4+C, 


where C is an arbitrary constant. If p=0, then = becomes its central flat 
field II, and its integral curves are the «! circles which contain the central 
element G of II. Otherwise if p+0, the integral curves are transcendental. 

Let C be the circular series whose center is the point of the central ele- 
ment G of the central flat field II of the spherical field 2, whose radius is the 
radius p of L, and whose direction is that of G. We call C the associated circu- 
lar series of X. Obviously a spherical field = is uniquely determined by its 
associated circular series C. 

The only turbines in a spherical field = are the «' linear turbines whose 
conjugates are tangent to the associated circular series C of 2. These are the 
equiparallel series of 2. Thus a spherical field = contains no nonlinear tur- 
bines. 

There are «* limacgon series in a spherical field =. Their central turbines 
are contained in the central flat field II of 2. If p is the radius of 2, y is the 
radius of any one of these limacon series L, and a is the angle between II and 
the flat field of L, then 


(15) p = 2y sin a/2. 


A least limagon series of a spherical field = is any limagon series of = 
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which has either one of the two equivalent properties: (1) its radius y is one 
half the radius p of , or (2) its flat field is supplementary or antiparallel to 
the central flat field II of 2. There are «? least limagon series in a spherical 
field >. 

A spherical field = intersects a nonlinear flat field II, which is not parallel 
to the central flat field II of 2 in a single limagon series. If II, and II are paral- 
lel but not identical, then = intersecis Il; in two linear turbines (which may 
be coincident or imaginary). If II, andII are identical, then and II =I have 
no common elements. A spherical field intersects a linear flat field in two lin- 
ear turbines. 

Two spherical fields =; and 22 whose central flat fields IT, and II; are not 
parallel intersect in two limagon series. If Ii, and II; are parallel but not iden- 
tical, then =; and 2, intersect in four linear turbines (two of which may be 
coincident, or two or all four of which may be imaginary). If Il, and Iz are 
identical, then 2; and =: have no common elements. 

Four elements, at most two of which are parallel and which do not all 
lie in one flat field, determine eight spherical fields. Let us denote the four ele- 
ments by £,, E2, E;, E;, where E; and E;, are the two possible parallel ones. 
Now &,, £2, E; (j =3, 4) determine four limagon series. The associated circles 
of these are the inscribed and escribed circles of a triangle 7; which has one 
vertex at the center O of the turbine determined by EZ; and £2. Let Lj and 
Lj denote the two limacon series whose associated circles are the inscribed 
circle and the escribed circle opposite the vertex O of T;. Let Ljs and Lis de- 
note the remaining two limacon series. The central turbines of La, L32, La, Lae 
will have a common element F;, and hence will determine tour nonlinear flat 
fields II; (¢=1, 2, 3, 4). Similarly, the central turbines of L33, Ls, Las, Lag will 
have a common element F;+#F;, and hence will determine four new nonlinear 
flat fields II; (i=5, 6, 7, 8). These eight flat fields II; (¢=1, ---, 8) are the 
central flat fields of our eight spherical fields 2;. The radius p; of 2; is the 
distance between II; and any one of the four given elements. 

The four elements £i, E2, E;, E, such that only Ei, E2, E; are parallel to 
each other but are not all on one turbine, determine six spherical fields. Con- 
struct the linear turbine 7; determined by E; and E; (i, j7=1, 2, 3). Let II 
be the linear flat field which contains the conjugate turbine 7; of 7;. Con- 
struct the two linear turbines T, and 7; contained in II such that their con- 
jugate turbines 7; and 7; contain the remaining two elements. Our spherical 
fields are those whose associated circular series are tangent to 7:1, Tz, and T3. 

The spherical field = which has four consecutive elements in common with 
a general series S at a given element E of S is called the osculating spherical 
field of S at E. 
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THEOREM 6. The parameter values of the ~' osculating spherical fields of a 
general series S are 
U = u — 2arc ian R’/S’, 


(16) V=AcosU+BsinUc+R, W =-—Asin0U+BcosU -S, 


4(r'R’ + s'S’) 


p 


where (a, b, r, s) and (A, B, R, S) are the parameters of the tangent and central 
turbines of S. 


Let v and w in (13) be replaced by functions of u. Upon differentiating 
this result three times with respect to u and simplifying, we obtain 
(v — V) sin (u — U)/2 + (w+ W) cos (u — U)/2 
= 2v' cos (u — U)/2 — 2w’ sin (u — U)/2, 
— p/4 =r’ sin (u — U)/2 + s’ cos (u — U)/2, 
0 = R’ cos (u — U)/2 — S’ sin (u — U)/2. 


(17) 


The second and last of these equations give the values of U and p of (16). 

Upon replacing p in (13) by the value given in the second of these equations, 

and then solving this result and the first of the above equations for V and W, 

we find their values to be those of (16). This completes the proof of Theorem 6. 
An immediate consequence of Theorem 6 is 


THEOREM 7. The central flat fields of the osculating spherical fields of a gen- 
eral series S are the osculating flat fields of the series of curvature of S (the en- 
velope of the central turbines of S). 


If a denotes the angle between the osculating flat fields of a general series 
S and its series of curvature, we find from (4) and (16) 


+ s’S’ p 
(r'2 4 s/2)1/2( 


(18) sin a/2 = 


where p and y are the radii of the osculating spherical field = and the osculat- 
ing limacon series Z at an element £ of S. Since the central turbine of L is also 
in the osculating flat field of the series of curvature of S, we find that the 
following result holds. 


THEOREM 8. The osculating limagon series L at an element E of a general 
series S is the intersection of the osculating flat field II and the osculating spherical 
field = of S at E. 


From (4), (8), (10), and (11), we find 
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(19) + is’ = /2, R’ + iS! = (xr — 
Substituting these into the last of equations (16), we obtain 


THEOREM 9. The radius of spherical curvature p in terms of the curvature x 

and the torsion r of the general series S is 
p= 
(x27? 4x/2)1/2 

Upon substituting the last of equations (19) into the formulas for the 
curvature and torsion of the series of curvature of a general series S, we ob- 
tain the theorem which follows. 


(20) 


THEOREM 10. The curvature x, and the torsion 7, of the series of curvature 
of a general series S in terms of the curvature x and the torsion r of S are 
Ki (x27? + 4/2) 1/2, 
(21) + — + 


= 
-+ 4x’? 


Differentiating (20) with respect to u, we find 


THEOREM 11. The derivative p’ of the radius of spherical curvature p with 
respect to u is ' 


(22) p’ = 


It may be that the osculating spherical fields of a general series S consist 
of only one spherical field, namely, the one in which it is contained. In that 
case, we shall say that S is cospherical. From the preceding theorem, we de- 
duce 


THEOREM 12. A general series S is cospherical if and only if its series of 
curvature is coflat. 

10. The tangent flat fields of a field. A set of ~* elements of the plane is 
called a field. We shall omit from consideration the linear flat fields. That is, 
whenever we speak of a field, we shall understand it to be vot a linear flat 
field. It is always possible to find a whirl-motion transformation such that any 
field F is given by w=w(u, v). 

Let v=v(u), w=w(u, v) be a general series S contained in the field F. 
Its tangent turbines are given by the parameter values 


a= — w, cos u — (sin u + w, cos u)0’, 
(23) b = — w, sin u + (cos u — w, sin “)v’, 


r=v+w+0'w, s=w-v. 
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From these equations, we conclude that the following proposition is true. 


THEOREM 13. The tangent turbines of all the series, contained in a field F 
and passing through an element E of F, constructed at E are contained in a non- 
linear flat field. 


The nonlinear flat field of Theorem 13 is called the tangent flat field of F 


at E. Its central element E(a, 3, #) is given by 


i+w 


cos (# — u) = — 


(24) 
2Wu 
1+ 
We call E the conjugate element of E with respect to F. 

Two fields F; and F; are said to be tangent at a common element E if they 
have the same tangent flat field at EZ. 

As an application of the above, we find that the tangent flat fields of a 
spherical field = consist of the «! flat fields whose central elements are those 
of the associated circular series of 2. 

11. One-parameter families of fields. The equation 


(25) w= w(u, v, a) 


defines a one-parameter family of fields. The series of intersection of any two 
consecutive fields of this family is called a characteristic. The locus of all the 
characteristics is a field, called the envelope of the family. The equations 


(26) w= w(u, v, a), Wa(u, v,a) = 0 


for each a represents a characteristic of the family. When we eliminate a from 
the above equations, the result is the equation of the envelope. 

It may be easily proved by the preceding equations that the envelope is 
tangent to each member of the family at all elements of its characteristic. 

The series of intersection of consecutive characteristics of a one-parameter 
family of fields is called the edge of regression. The eliminants with respect to a 
of the equations 


(27) w= w(u, v, a), Wa(u, v, a) = 0, Waa(u, v, a2) = O 


give the equations of the edge of regression. 

We may prove by (26) and (27) that the edge of regression is tangent to any 
characteristic at a common element. 

12. Developable fields. The envelope of ~1 nonlinear flat fields is called 
a developable field F. The series S formed by the central elements of these ~1 


| 
sin (@ — u) = — 

1 
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tangent flat fields of F is called the associated series of F. The characteristics 
of F are turbines. These are called the generators of F. 

Since each flat field is tangent to the envelope along its characteristic, it 
follows that the tangent flat field to a developable field F is the same at all ele- 
ments of a generator. 

An umbilical field F is a developable field whose associated series S is an 
equiparallel series. Thus a spherical field = is an umbilical field whose asso- 
ciated series is a circular series. The generators of an umbilical field F are 
linear turbines. These are the conjugates of the tangent turbines of its as- 
sociated equiparallel series S. The edge of regression of F does not exist. The 
equation of any umbilical field F is 


(28) w= vcot — a)/2 + b(n), 


where a is a constant. 

A developable field F is said to be general if its associated series S is a 
general series. The generators of a general developable field F are nonlinear 
turbines. These are the tangent turbines of the edge of regression R. Since 
consecutive generators are the consecutive tangent turbines of R at an ele- 
ment £ of R, the osculating flat field of R at £ is that flat field of the family 
which contains these generators. But this flat field is tangent to the develop- 
able. Hence the osculating flat field at any element E of the edge of regression R 
of a general developable field F is the tangent flat field of F at E. We find from 
this that the edge of regression R and the associated series S of a general de- 
velopable field F are conjugate series. 

The necessary and sufficient condition that a field F: w=w(u, v) be de- 
velopable is that its conjugate elements E(a, 3, ) of (24) consist of at most 
«1 elements. These will then form the associated series S of F. Hence upon 
setting the three jacobians of the three functions #@, 3, w of (u, v) equal to 
zero, we obtain 


THEOREM 14. A field F: w=w/(u, v) is a developable field if and only if 


(29) (1 + w, + + Wy Wy) 0. 


A field F: w=w(u, v) is a general developable field if and only if the func- 
tion w of (u, v) satisfies the above equation and w,, #0. 

13. Conjugate fields. The conjugate elements E(a, 3, #) of (24) of a field 
F: w=w(u, v) form a field F: # = H(a, 6) if and only if F is nondevelopable, or 
if and only if the function w of (u, v) does not satisfy (29). This field F: 
w= (a, 0) is termed the conjugate field of F. The equation of F is the elimi- 
nant with respect to u and 2 of the equations (24). 
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Since the conjugate field F consists of the central elements of the tangent 
flat fields of a nondevelopable field ¥ (and conversely), it follows that the 
tangent turbines of F are the conjugates of the tangent turbines of F (and 
conversely). Hence for the special case when the tangent turbines are circles 
(the self-conjugate turbines), we deduce the following result. 


THEOREM 15. Two fields F and F are conjugate if and only if their integral 
curves possess the same osculating circles. 


14. The gaussian curvature of a field. The series of intersection between 
a nonlinear flat field and a given field F is called a flat section of F. If F is not 
a flat field, there are ~* flat sections in F. There pass ? flat sections of F 
through any element E. Finally there are ~! flat sections of F which contain 
a given element £ and which possess a fixed tangent turbine at £. 

Let Si be any general series contained in a field F. There is a unique flat 
section S which osculates S; at a given element E of Si. This flat section S 
is the intersection between the field F and the osculating flat field of S; at E. 
The two series S; and S will have the same tangent turbine, the same osculat- 
ing flat field, the same osculating limacon series, and the same curvature at E. 
Thus in order to study the curvatures and the osculating limagon series of 
any general series contained in a field F, it is necessary merely to study those 
of any flat section of F. 

Next we shall seek to obtain the curvature « of any flat section S of a 
field F: w=w/(u, v) at any element E of S in terms of the angle 6 between the 
flat field of S and the tangent flat field of F at EZ. Upon eliminating v’’ from 
the values of r’ and s’, the first derivatives with respect to u of the last two 
parameters r and s of the tangent turbine of S at £, we find 


(30) wos! = (Wau + Wue) + (1+ we + + wood”. 


We see from (4) and (24) that the angle @ satisfies the equation 
r’ sin B/2 — w, cos B/2 


cos + w, sin B/2 

Solving the preceding two equations for r’ and s’, and then substituting these 
results into the curvature formula, we find that the value of the curvature x 
of a flat section S of a field F at any element £ of S in terms of the angle 8 
between the flat field of S and the tangent flat field of F at E is 


(31) 


(Wau + Was) + we + + 
4 (1 + w?)!/2 sin B/2 


(32) K 
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When the angle 6 =7, we shall call the flat section a supplementary section 
and its curvature at E the supplementary curvature x,. By the preceding equa- 
tion, the value of the supplementary curvature x, is 


(Wun + Wuwe) + (1 + + + word” 


(33) Ke a+ 


By the above two equations, we obtain the following analogue of 
Meusnier’s theorem in the geometry of the whirl-motion group Ge. 


THEOREM 16. Let x, and « be the curvatures of a supplementary section and 
any other flat section which have the same tangent turbine at a common element 
E of a field F. If « denotes the angle between these two flat sections, then 


(34) Ks = kcosa/2. 


The above result shows that a supplementary section possesses the least 
curvature of all the flat sections of a field F which pass through a given ele- 
ment £ in a given tangent turbine direction. 

A field F which is generated by a one-parameter family of turbines such 
that consecutive turbines of the family do not lie in a flat field is termed a 
ruled field. We shall say that a ruled field F is general or special according as 
the turbines of the family are nonlinear or linear. A special ruled field F is 
given by either w,, =0, or w= vm(u)+6(u), which is not of the form (28). 

A field F: w=w(u, v) is called a general field if it is neither a special ruled 
field nor an umbilical field. Thus F is a general field if and only if w,.+0. 
Of course, the general ruled and the general developable fields are all examples 
of general fields. 


THEOREM 17. At any element E of a general field F, there is one and only 
one extremal (maximum or minimum) supplementary curvature ko. It is given 
by the formula 
— (1+ wy + + + Wate) 

4w,,(1 + wy)? 


(35) Ko = 


For upon completing the square of the quadratic expression in v’ of (33), 
we find that (33) may be written in the form 


(1 + + + (Wun + Wy Wy) 
4w,,(1 + w,)'!? 


Ks 


[(1 + we + 2war) + 
4w,,(1 + 


(36) 
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This will be a maximum or a minimum with respect to v’ only when the 
squared bracket is zero. The remaining part of the above expression will give 
us the value of xo of (35). Theorem 17 is completely proved. 

Through any element E of a field F, there passes a unique equiparallel 
series S contained in F. The curvature of S at £ is called the eguiparallel 
curvature d of F at E. It is given by 


Wov 
(1+ 


By means of (35) and (37), we find that (33) or (36) may be written in the 
form 


(37) 


1+ w, + ee] 


If 6 denotes the distance between the centers of the tangent turbines of (23) 
of the extremal supplementary section and any supplementary section, we 
obtain the following analogue of Euler’s theorem. 


THEOREM 18. Let ko be the extremal sup plementary curvature and } the equi- 
parallel curvature at an element E of a general field F. If 5 is the distance between 
the centers of the tangent turbines of the extremal supplementary section and any 
supplementary section whose curvature at E is k,, then 


(39) Ks = Ko + QO? 


The gaussian curvature K of any field F at any element E of F is given by 
the formula 


= (1 + w, + 4Wy (Wun + WuWr) 
(1+ w)? 


We note that K is zero if and only if F is developable. 


(40) K 


THEOREM 19. The gaussian curvature K at any element E of a general field F 
is minus four iimes the product of the extremal supplementary curvature xo and 
the equiparallel curvature d at E. That is 


(41) K = — 4kod. 


By relations (23), (33), and (40), we now deduce the following proposition. 


THEOREM 20. If 6 is the distance between the centers of the tangent turbines 
of any two supplementary sections whose curvatures are x, and Kk, at a common 
element E of a special ruled field F, then 
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(42) ke = ke + K1/%, 


For an umbilical field F of (28), all the supplementary curvatures at an 
element £ of F are equal, and they have the common value 


Wuu + WuWy 


- Ga = b” sin (u — a)/2 + b’ cos (u — a)/2. 


(43) Ks 


Through any element E£ of a general field F, there is a single tangent tur- 
bine direction which gives the extremal supplementary curvature ko. This is 
called the principal direction of F at E. Any general series S of a general field F 
such that the tangent turbine direction of any element E of S is a principal 
direction is called a principal series. The differential equation of all principal 
series of a general field F is 


(44) + (1+ we + = 0. 


Since the equiparallel curvature \ at an element E£ of any field F is a sort 
of extremal curvature, the equiparallel series of F may be considered to be 
principal series. Thus a general field F possesses 2 ©! principal series, namely, 
(1) the «1 general series which satisfy (44), and (2) the «+ equiparallel se- 
ries. A special ruled field F has only «! principal series, the equiparallel 
series of F. Finally all «* series of an umbilical field F are principal series. 

The angle a between the two tangent flat fields at a common element E 
of two fields F: w=f(u, v) and G: w = g(u, v) is defined to be the angle between 
F and G at E. By (24), the derivative of this angle a with respect to u is 


LA Se + ur) + Yoo” (L$ ge + + 
1+ 


(45) a! 


We deduce from this the following analogue of Joachimsthal’s theorem. 


THEOREM 21. If the series of intersection of two felds is a principal series 
on both, the fields cut at a constant angle. Conversely, if two fields cut at a constant 
angle, and the series of intersection is a principal series on one, then it is a 
principal series on the other. 

15. The gaussian curvature of the conjugate field. From (24), we find 
that the partial derivatives of the first and second orders with respect to @ 
and 6 of the function #=#(a, #) which defines the field F conjugate to the 
field F: w=w(u, v) are 
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Wuu(l + w.) + w.») 


(1 + + 2Wur)? + Wy Wy) 


— + ws) + Ws) (Wau Wor Wa») 


(1 + we + 2wur)* 4w (Wun + Wy Wy) 


+ ws) 
a? (1 + w? + 2w,,)? — + WuWr) 


By these equa‘ions, we deduce the following result. 


THEOREM 22. ‘he product of the gaussian curvatures K and K at conjugate 
elements E and E of two conjugate fields F and F is unity. That is 


(47) KK = 1. 


The series S of a field F and the series 5 of the field F conjugate to F are 
said to be conjugate with respect to F or F if they are corresponding series 
under the transformation (24). 

For any two series S and S conjugate with respect to two conjugate gen- 
eral fields F or F, we obtain the following relation: 


di (1+ ws) 


2 
48 1+ + 205 + 205 — = 
(48) di wet + 


By substituting this into the supplementary curvature formula of F, we prove 


THEOREM 23. Let E be any element of a general nondevelopable field F and E 
its conjugate element of the general field F conjugate to F. The corresponding sup- 
plementary curvatures x, and ,, the extremal supplementary curvatures Ko and 
Ko, and the equiparallel curvatures \ and d of F and F at E and E are related by 
the formulas 


Ks 1 


in 1 
49 Ks ko = — 
(49) 0 , 


Clas 4d 


For any two series S and S conjugate with respect to two conjugate spe- 
cial ruled fields F or F, we find the following relation (since w,, =0) 


2(1 + we) Wun — 4WuWeWur 


(50) 


(1+ w)(1+ WwW, + 2wWuv) 
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2 
di 
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Upon substituting this into the supplementary curvature formula of F, we 
obtain the following result. 


THEOREM 24. Let E be any element of a special ruled field F and E its con- 
jugate element of the special ruled field F conjugate to F. The corresponding sup- 
plementary curvatures x, and k, of F and F at E and E are related by the formula 
(51) 

kg = K 

The principal series of two conjugate fields F and F are conjugate with 
respect to F or F. A principal general series of one of these two general fields 
corresponds by the transformation (24) to an equiparallel series of the other. 
Otherwise the equiparallel series of these two special ruled fields correspond 
to each other under the transformation (24). 

16. The osculating limagon series of a field. Upon solving the equations 
(30) and (31) for r’ and s’ and making use of the supplementary curvature 
formula (33), we find that their values are 


k,(sin 8/2 — w, cos B/2) x,(cos B/2 + w, sin 6/2) 
(1+ wi)*sing/2 sin B/2 


(52) r= 


Substituting these values into (8), we see that the parameters of the osculat- 
ing limagon series Z of any flat section S of a field F: w=w(u, v) at an element 
E of F are 
2k; 
(1 + w?)'/? sin B/2 
2k, 
(1 + w?)'/? sin 8/2 
4k, 
(1+ sin B/2 
4k, 
(1 + w?)'? sin B/2 
2ks 
wi)" sin B/2 


[cos (8/2 — u) + w, sin (8/2 — u)], 


A= 


[— sin (8/2 — u) + w, cos (8/2 — u)], 


[cos (8 — u)/2 + w» sin (8 — u)/2], 


[sin (6 — u)/2 — w, cos (8 — u)/2], 


[cos 8/2 + wy sin B/2], 


[sin 8/2 — w, cos B/2], 


where (a, b, r, s) are the parameters of the tangent turbine T of (23) of S at E, 
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x, is the supplementary curvature at E of the supplementary section of F 
which is tangent to S at E, and Bf is the angle between the flat field of S and 
the tangent flat field of F at E. 

Next let us consider all the «! flat sections of the field F which pass 
through the element E of F and which possess the same tangent turbine T 
at E. In the formulas (53) for the «1 osculating limagon series of these flat 
sections at E, we observe that only the angle 8 is variable. The ~' central 
turbines of these osculating limagon series all contain the element £;, of the 
tangent turbine T which is supplementary (antiparallel) to Z. By (53), it may 
be proved after some calculation that these central turbines all are contained 
in the flat field II whose central element G(U, V, W) is given by 


2WyWr 4k, 


V=o+ l+w (1+ we) 


From these equations and from Meusnier’s Theorem 16 (formula 34), we de- 
duce 


THEOREM 25. Let us consider the ~' flat sections of a field F which pass 
through an element E of F and which possess the same tangent turbine T ai E. 
The ~' osculating limagon series of these flat sections at E generate a spherical 
field =. 


Let £, be the element on the tangent turbine T which is supplementary 
(antiparallel) to the fixed element £. Let 7s be the linear turbine whose direc- 
tion is that of the central element E of the tangent flat field of F at E, and 
whose base line joins the points of E and E,. The central element G of the 
central flat field II of the spherical field = of Theorem 25 is on the linear tur- 
bine 7's and the distance of G from E is 4x,. The radius p of > is also 4k. 

If we vary the tangent turbine direction T of Theorem 25, there will re- 
sult «1 spherical fields. The ~! central elements of their central flat fields 
will generate the linear turbine 7s. 

17. The geodesic series of a field. A series S of a field F is termed a geo- 
desic series if its curvature at any element E of S does not exceed the curva- 
ture at E of any other series of F which is tangent to S at £. By setting the 
partial derivative with respect to v’’ of the curvature x of any general series 
of a field F equal to zero, and solving the result for v’’, we find that the differ- 
ential equation of all the geodesic series of a field F: w=w(u, v) is 


cos (U — u) = — ———» sin (U — u) = — ——~; 
1+ w? 1+ 
(54) 
2Wu 4k,W, 
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Wy — WyWuy — — 


(55) = i+w 
There are ~ * geodesic series, all general, in a given field F. The «1 equi- 
parallel series of a field F are also considered to be geodesic series. The geo- 
desic series of a spherical field are its ~ ? least limacon series, together with its 
«1! linear turbines. The geodesic series of a flat field are its ~? turbines. 

The curvature x of any geodesic series S of a field F at any element E of S 
is equal to the supplementary curvature x, of the supplementary section of F 
which is tangent to S at E. 

To calculate the torsion r of a geodesic series S, we proceed as follows. 
The derivatives 7’ and s’ with respect to u of the last two parameters r and s 
of the tangent turbine T of S at any element EZ of S are given by (52) where 
B=7. Thus s’/r’=w,. By this and (4), we find that the normal angle @ of 
the osculating flat field of S at E is 


(56) a= u-+ 2 arc tan 


Differentiating this with respect to u, we see that the torsion r of any geodesic 
series S at any element E of S is 


(57) r= 
1+ w; 


THEOREM 26. The torsion r of a geodesic series S of a field F at an element E 
of S is zero if and only if S is tangent to a principal series of F at E. The neces- 
sary and sufficient condition that a geodesic series be a principal series is that it 
be coflat. 


By equation (57), we obtain the following two results. 


THEOREM 27. Let d be the equiparallel curvature of a general field F at an 
element E of F. Let 6 be the distance between the centers of the tangent turbines 
of the extremal supplementary section and any geodesic series S through E. The 
torsion r of S is 


(58) r = 


THEOREM 28. The torsion r of any geodesic series S of a special ruled or an 
umbilical field F at any element E of S is 


(59) 


To define the geodesic curvature x, of any series S of a field F at any ele- 
ment E of S, we proceed as follows. Let S, be the geodesic series tangent to S 


226 
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at E. Let E, be the element on S which makes an angle Au with £, and let Z, 
be the element on S, which makes the same angle Au with EZ. At EZ, and E,, 
construct the two tangent turbines 7, and 7, of S and S,. Let Aé be the dis- 
tance between the centers of T, and T,. Then 

dé 
(60) kg = — = lim — 

du Au- Aut 
is defined to be the geodesic curvature of S at E. 

It is found that x, =(1+w?)’*(o’’—)’), where z’,’ belongs to the geodesic 

series S,. From this, it follows that the geodesic curvature x, of any series S 
of a field F: w=w/(u, v) at any element E of S is 


(1 + (Wu WyWuu) + + Wy 
(1 + 
By means of (33), (52), and (61), we obtain the result which follows. 


(61) Kg 


THEOREM 29. Let 8 be the angle between the osculating flat field of a general 
series S of a field F and the tangent flat field of F at an element E of S. Let x 
be the curvature and x, the geodesic curvature of S at E. Lei x, be the supplementary 
curvature of the supplementary section which is tangent to S at E. Then 


9 


(62) =«sinB/2 = —«, tanB/2, —«cosB/2, 

18. The asymptotic series of a field. Reciprocal directions at an element 
E of a field F may be defined as follows. Let G be an element in F adjacent 
to E. Let ER be the turbine of intersection of the tangent flat fields of F at E 
and G. As G tends to coincidence with £, the limiting tangent turbine direc- 
tions of EG and ER are said to be reciprocal at E. 

The necessary and sufficient condition that the tangent turbine directions 
dv/du and 6u/év be reciprocal are 
(63) — + (1+ 

= Wy Wuv) | — 
bu du jus dd 


) + 2(wuu + Wuw,) = 0. 


THEOREM 30. Let To be the principal tangent turbine (the principal direc- 
tion), and let T and T, be any other two tangent turbines at an element E of a 
general field F. Let 6 and 5, be the distances of the centers of T and T, from that 
of To. The directions of T and T, are reciprocal if and only if 


(64) 85, = — xo/2, 


where ko is the extremal supplementary curvature and d is the equiparallel curva- 
ture of F at E. 
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THEOREM 31. The two tangent turbine directions T and T, at an element E 
of a special ruled field F are reciprocal if and only if the sum of the supplementary 
curvatures x, and x, of T and T, is zero. That is 


(65) Ks + k. = 0. 


Any two tangent turbine directions at an element E of an umbilical field F 
are reciprocal. 

In general, given a one-parameter family of series ¢(u, v) = const. of a gen- 
eral or special ruled field F, we can find another one-parameter family of 
series ¥(u, v) = const. of F such that the two tangent turbine directions of the 
two series of the two families passing through any element E of F are recipro- 
cal at E. 

The self-reciprocal directions of a field F are called asymptotic directions. 
Any series S of a field F whose tangent turbine direction at any element E 
of S is an asymptotic direction is termed an asymptotic series. The differential 
equation of all asymptotic series of a field F is 


(66) Woy’? + (1 + + + (Wun + Wuwr) = 0. 


This means that a series S is an asymptotic series if and only if the supple- 
mentary curvature x, of the supplementary section tangent to S at any ele- 
ment £ of S is zero at E. 

In a general field F, there are 21 asymptotic series, all general series. 
A special ruled field F possesses 2 ©! asymptotic series, namely, (1) the «! 
general series which satisfy (66), and (2) the «1! equiparallel series of F. 
Every series of an umbilical field F is an asymptotic series. 

From Theorem 30 we pass to the following conclusion. 


THEOREM 32. Let Ty be the principal tangent turbine (the principal direc- 
tion), and let T be any other tangent turbine at an element E of a general field F. 
Let 6 be the distance between the centers of T, and T. The tangent turbine direc- 
tion T is an asymptotic direction if and only if 


(67) 5 = (— 


The osculating flat field of a general series S of a general or special ruled 
field F at any element E of S will coincide with the tangent flat field of F at E 
if and only if the normal angles of the central elements of these two flat fields 
are identical. This means that the angle of equations (52) must be zero. 
Hence the supplementary curvature x, of the supplementary section tangent 
to S at E is zero at E. Therefore S is an asymptotic series. Thus we obtain 


THEOREM 33. A general series S of a general or special ruled field F is an 
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asymptotic series of F if and only if its osculating flat fields coincide with the 
tangent flat fields of F at the elements of S. 


By this result and by (4) and (24), it follows that the torsion 7 of an 
asymptotic series S at any element E of S is the same as that of the geodesic 
series which is tangent to S at E. Hence 7 is given by (57). Upon squaring 
this value of 7 and noting that S satisfies (66), we obtain the following ana- 
logue of the Beltrami-Enneper theorem. 


THEOREM 34. The torsion r of any asymptotic general series S of a general 
or special ruled field F at any element E of S is equal to the square root of the 
gaussian curvature K of F at E. That is, 


(68) = 


Thus we have discussed in the geometry of the whirl-motion group G, the 
analogues of some of the classic theorems in the differential geometry of 
curves and surfaces embedded in a euclidean three-dimensional space. Of sig- 
nificant interest is the fact that our geometric configurations and invariants 
may be constructed by ordinary geometric means. Some of our results which 
seem to be completely analogous in content are nevertheless entirely distinct 
when we think of the meanings of the terms used. 


BIBLIOGRAPHY 


1. Kasner, The group of turns and slides, and the geometry of turbines, American Journal of Mathe- 
matics, vol. 33 (1911), pp. 193-202. 

2. Kasner and De Cicco, The geometry of turbines, flat fields, and differential equations, American 
Journal of Mathematics, vol. 59 (1937), pp. 545-563. 

3. De Cicco, The geometry of whirl series, these Transactions, vol. 43 (1938), pp. 344-358. 

4. Kasner and De Cicco, The geometry of the whirl-motion group Gg: elementary invariants, Bulle- 
tin of the American Mathematical Society, vol. 44 (1938), pp. 399-403. 

5. Kasner and De Cicco, Quadric fields in the geometry of the whirl-motion group Gs, American 
Journal of Mathematics, vol. 61 (1939), pp. 131-142. 

6. De Cicco, The differential geometry of series of lineal elements, these Transactions, vol. 46 
(1939), pp. 348-361. 


BROOKLYN COLLEGE, 
BROOKLYN, N. Y. 


THE ROLE OF THE MEAN CURVATURE IN THE 
IMMERSION THEORY OF SURFACES* 


BY 
H. W. ALEXANDER 


1. Introduction. In this paper it is proposed to deal with the immersion 
theory of surfaces from a point of view somewhat different from the classical. 
Part I, sections 3-6, will be devoted to an exposition of the role of the mean 
curvature in the immersion theory. In the general case, expressions will be 
obtained for the second fundamental tensor 2, in terms of the mean curva- 
ture, the first fundamental tensor and their derivatives; and necessary and 
sufficient conditions will be derived in order that a function K,,(u*) may con- 
stitute the mean curvature of a surface with given linear element. Given a 
function K,,(u*) satisfying these conditions, the surface will be determined to 
within rigid motions in space, except in certain particular cases, which will 
be given careful treatment. 

The dependence of the immersion on the mean curvature is considered in 
two papers by W. C. Graustein [1], in the first of which ample references to 
the literature are given.°The expression for Q.s in terms of the mean curva- 
ture, and the differential equations governing the mean curvature, do not 
appear to have been obtained before. 

Part II, sections 7-11, will deal with an important type of singularity 
of the immersion, referred to as the edge of regression, which is the envelope 
of both sets of asymptotic lines, and for which the mean curvature is infinite. 
The geometrical properties of the edge, both local and in the large, as well 
as its analytical structure, will be studied in these sections. 


Part 


2. Notation and definition. In Part I we shall be dealing purely with the 
local geometry of a surface; that is, with a region R of the surface which is 
homeomorphic to the interior of a circle of the Euclidean plane. The coordi- 
nates u*, a=1, 2, of a point of R are defined to be the Cartesian coordinates 
of its image under the homeomorphism, and the homeomorphism defines a 
coordinate system over R, denoted by [u«]. The functions we shall consider 
are assumed to possess a sufficient number of derivativés so that the quanti- 
ties defined shall exist. 


* Presented to the Society, in part on September 9, 1937, and in part on December 28, 1939; 
received by the editors July 12, 1939, and, in revised form, November 18, 1939. 
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The region R belongs to an immersed surface if to each point of R there 
corresponds an ordered triad of numbers x‘, i=1, 2, 3,* called its space co- 
ordinates, such that the sum of the squares of the Jacobians of the x’s with 
respect to the u’s is not identically zero. 

The region R belongs to an intrinsic surface if to each coordinate system 
there corresponds an ordered triad of functions gu(w*), gio(u*) =ga(u*), 
£22(u*), called the components of its first fundamental tensor, such that 
g=|£08| ~0, is positive definite, and undergoes the transforma- 
tion 

dub 

when the coordinate system [u*] is transformed into the coordinate system 
[u«]. The surface is regular at a point P if there exists a coordinate system 
for which g+0 at P. We shall deal only with such surfaces. 

From an immersed surface we can obtain an intrinsic surface by defining 
the fundamental tensor 


Ox? 


due’ 


(2. 1) = 


conversely, given an intrinsic surface by means of the functions gag(w), we 
may be able to integrate (2.1) to obtain an immersed surface. 

If e;;, denotes a factor which is zero unless i, 7, k are different, and 1 or —1 
according as 7jk are in cyclic or anticyclic order, and if e** is the skew sym- 
metric tensor whose components are [2 ] 


= 222 = 0, e271 = 

then the second fundamental tensor is given by 

dur du? 
and the mean curvature by 
Km = 

The quantities Q. satisfy the equations of Codazzi 
(2.2) Qap,y — Qay,s = 0, 


where the comma indicates covariant differentiation, and satisfy the equa- 
tions of Gauss 


* We shall employ Greek indices to denote the range 1, 2, and Latin indices to denote the range 
4,23. 


of 
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where & is the determinant of 2., and K is the Gaussian curvature, which is 
expressible in terms of the g.s and their derivatives. 

In the classical treatment, the immersion theory of surfaces is broken 
down into two stages: first, the discovery of a tensor 2. satisfying the equa- 
tions of Gauss and Codazzi; and, second, the integration of certain equations 
of the Riccati type to obtain the space coordinates of the surface. The theo- 
rem is proved that if an intrinsic surface is initially given, and if there exist 
functions 2,(u7) satisfying the equations of Gauss and Codazzi, then there 
exists an immersion of the surface, unique to within rigid motions in space, 
for which Q,(u7) is the second fundamental tensor. In the present paper it 
is proposed to introduce a stage prior to the two mentioned: namely, to dis- 
cover a single function K,, (the mean curvature) satisfying, in general, two 
partial differential equations of the third order. The tensor Q,, may then be 
obtained without integration. 

We shall assume that the region R is free from umbilics. That is, if p; 
and p2 are the principal radii of curvature, p:~p2 over R. Let us choose p2 
to be the larger of the two radii, and define 


Km 1 1 1 1 
M = — = (1/2) (- +—), N= (M?— K)'? = (1/2) (- 
2 pi pi pa 
As a notational convenience we introduce the idea of the “bisector tensor” 
of a real symmetric tensor. The symmetric tensor a3, is the bisector tensor of 
the symmetric tensor das if ax,dudu® is the Jacobian of dasdu*du® and 
gasdu*du® divided by 4g”. It may be shown that 


aes = (1/2)(e-adss + 


where e°,=g,e°7. By definition the directions azsduedu’=0 bisect the 
angles between the directions @,,du*du* =0. Thus the equations Q.sdu*du* =0 
and Q.s3du*du® =0 define, respectively, the asymptotic and principal direc- 
tions. 


The bisector tensor satisfies the identity 
a* =| a%5| = a — 


The following three conditions, A, B and C, are equivalent to each other: 


(2.3) A: a =0; B: —=—=—; C: a&=0. 


* 
£11 £12 £22 
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3. General expressions for 2.3. In §§3 and 4 we shall assume we are given 
an immersed surface, and we shall obtain necessary conditions on the mean 
curvature, and on an invariant ¢ to be defined. 


THEOREM 3.1. Let A(u*) be any real non-constant scalar (that is, A4,A #0), 
and let bag be the tensor (2NA ,zA,s)/AiA. Let be twice the angle from the vector 
A, to the line of curvature whose principal radius is p;. Then 


(3.1) Qas = Cos $(bas a N gas) + sin bas + M gas; 
where bes is the bisector tensor of bas. 


Proof. Use the coordinate system consisting of the lines A =const. and 
their orthogonal trajectories, with u!=A. In this system equations (3.1) re- 
duce to 


(3.2) Qu = gu(NV cos + M), Qi = sin d, Qe = g22(— N + M). 


If @ is the angle between the direction du* and the line curvature whose 
principal radius is p;, then from Euler’s theorem the normal curvature corre- 
sponding to the direction dus is given by 

(3.3) —— = 26+ M. 


Using (3.3) with du?=0, 20 =¢, we obtain the expression for Qu given in (3.2). 
Using (3.3) with du!=0 and 26=¢$+7, we obtain %». Finally, to obtain Qi: 
we use 


2 2,2 
= 241222 — Kg = gN sin @. 
Thus equation (3.2) is verified. 


THEOREM 3.2. The invariant ¢ satisfies the differential equation 


1 
¢.a = [24,,4:(M, A) — M,,A,4]- cos — sin 
(3.4 


N 


where 52 is the Kronecker delta. 


By using the coordinate system of the proof of Theorem 3.1, it is readily 
verified that equations (3.4) are equivalent to the Codazzi equations (2.2), 
where Qua is given by (3.1). 


+ Throughout the paper the signs = and # will be assumed to hold at every point of the re- 
gion R. 


3 
dq 
| 
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4. Necessary conditions on the mean curvature. From this point on we 
shall specialize the invariant A to equal either M or K. If M is not constant, 
we put A = M; if M is constant, but K is not, we put A = K. It is easily proved 
that if both M and K are constant, the surface reduces to a plane, a sphere 
or a circular cylinder. 

We consider first the case A,M #0. Then we may take A = M, and (3.4) 
reduces to 


207M va 
A\M 


M 
(4.1) ¢a= cos — sin ¢) — 


THEOREM 4.1. The invariants M and ¢ satisfy the equation 
(4.2) Rceos¢+Ssing+ T=0, 
wheret 
R = (1/N) — A,(M, log Ai\M/N?)], 
(4.3) S = (— 1/N)O(M, log A,M/N?), 
T = Az log N — A\M/N? — 2K. 
Equation (4.2) is the condition of integrability of equations (4.1). That 
this is the case may be verified by using the coordinate system of the proof 


of Theorem 3.1 with A = M. 
The invariant T of (4.3) may also be expressed in the form 


(4.4) 


where 
(4.5) M + (1/N)(M aN + MpN,a). 


This expression is obtained from those of (4.3) by expanding A: log N 
=(1/2)A. log (M?-—K). 

If Q*=8 is the cofactor of 25, in the determinant |2%5| divided by 
= —gN*, and if P and Q are given by P= 0 = where 


dag is given by (4.5), then P and Q satisfy the identities 
(4.6) P= -—Scos¢+R sin Q = — Rceos¢ —S sing, 
P?+ 0? = R?+ S? = — 4a*/gN?. 


The proof follows readily when the coordinate system of Theorem 3.1, with 
A = M, is employed. 


t O(A, B) is defined by O(A, B) =e°°A 
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From (4.2) and (4.6) we have Q=T; and hence, using (4.6) it follows 
that P and Q are both expressible in terms of M and g.s and their derivatives: 


(4.7) Q=T, e= +1. 


Throughout the remainder of this section, and also in §5, we shall be 
concerned with the case in which R and S are not both zero. Since R and S 
are real functions, this condition is equivalent to R*+S?+0, or P?+Q?+0, 
or a* #0. Then we may solve equations (4.6) for sin ¢ and cos ¢: 


If we substitute the values for P and Q from (4.7), we obtain 


— ST + eR(R? + S? — T?)1/2 
sin @ = 


R?+S? 
— RT — ¢S(R? + S? — T?)¥? 


cos ¢ = ; 
S¢ R? + S? 


(4.8) 


these expressions could be obtained more directly by solving equation (4.2) 
for sin ¢ and cos ¢. When the expressions (4.8) are substituted in (3.1) with 
A=M, we obtain the result stated in the following theorem. 


THEOREM 4.2. If R and S are not both zero, the second fundamental tensor 
satisfies the identity 
(4.9) = Udes + + 1, 
where 
Gos = — Mas + (1/N)(M aN p + 
(4.10) — 2T 2(R? + S? — T?)1/2 
= R2 + S2 


U 
» W=M—- 


and R, S and T have the values given in (4.3). 


We may use the coordinate system of Theorem 3.1, with A = M, and equa- 
tions (3.2) for the components of Q2,s. The theorem then follows readily with 
the aid of (4.8). 

When we substitute the expressions (4.9) in the equations (2.2) of Co- 
dazzi, we obtain two third order differential equations on the mean curvature 
which may be written 


(4.11) e°1(Uaas + + = 0; 


4 
4 
4 
; RP — SQ — SP — RQ 
sin = cos = 
P? + Q? Q? 
| 
4 
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where ¢ has the same value as in (4.9). These are thus necessary conditions 
on the mean curvature in the case R?+S?0. 

5. Sufficiency of the conditions (4.11). In this section the problem of im- 
mersing a given intrinsic surface will be reduced, in the general case, to finding 
a function M(u*) satisfying equations (4.11). Exceptional cases will be treated 
in §6. 

THEOREM 5.1. Jf M(u*) is any real solution of equations (4.11), then there 
exists an immersed surface, determined uniquely to within rigid motions in space, 
for which 2M(u*) is the mean curvature and gag the fundamental tensor. 


Proof. It is readily verified that since (4.11) is satisfied, 2.3 as defined by 
(4.9) satisfies the equations of Gauss and Codazzi. Thus the existence of the 
surface follows from classical theory, and its second fundamental tensor is 
given by (4.9). Moreover, g*°Q.3=2M, so that 2M(u*) is actually the mean 
curvature. 

. The ambiguity of sign in the expression for Qs in (4.9) has the following 

consequences. If M(u*) is a solution of (4.11) with e=1, then equations (4.9) 
with e=1 yieid a tensor Q,,¢ satisfying the equations of Gauss and Codazzi; 
a similar statement holds for «= —1. If it happens, however, that M(u*) 
satisfies the pair of equations 


(5.1) = 0 


in addition to (4.11), then the expression (4.9) with ¢ equal to either 1 or —1 
will satisfy the equations of Gauss and Codazzi. In this case, from a single 
function M(u*) we would be led to two surfaces, intrinsicaily identical, but 
having different immersions [3]. We remark that equations (4.11) together 
with (5.1) would lead to certain necessary conditions on the intrinsic geome- 
try of the surface; these will not be investigated here. 

6. The case R=S=0. In this case it follows from (4.2) that T=0; and 
from the identities (4.6) we have P=Q=a* =0. 


THEOREM 6.1. The condition P = —Q*«8a,3=0 is necessary and sufficient 
that the surface be isometric, that is, that the lines of curvature form an isometric 
system. 


The proof consists in taking the lines of curvature as parametric, and 
recalling that the condition that the parametric lines be isometric [4] is 
0? log (g::/g22)/0u'du?=0. This condition may be reduced to P=0 by making 
use of the Codazzi equations together with the relations 


Qn = gu(M + N), Qee = go2x(M — N). 
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Since a* =0, from (2.3) we have au:/g11 = @12/ 212 = de2/ gee. If we write these 
equations in the form a.4g=pgas, and multiply through by g**, we obtain 
p=(1/2)g*8a.s. But since T =0, from (4.4) we have 


= — + AK + 4N‘K). 
Thus 
— + AiK + 4N‘K), 
or 


6.1 
+ (gas/4M N*)(N*A2K + + 4N*K). 


Conversely, it is readily shown that equations (6.1) imply R=0, S=0 and 
T=0. 

Equations (6.1) lead to certain necessary conditions on the intrinsic ge- 
ometry, which we may obtain in the following way. Let us write (6.1) in the 
form 


(6.2) M = fas(M M, Sas), 
where fs involves the derivatives of g.s; this will be understood also in the 


functions F, and ® below. 
To obtain integrability conditions on (6.2), we make use of the identity 


(6.3) = — ». 


This is derived from the identity [5] 
Na, 78 = Ryasys 


in view of the fact that for a two dimensional surface all the components of 
Vanish except Rie = Rei = — Ri = — gk. 

When we differentiate covariantly the expressions (6.2) for M 4s, substi- 
tute in (6.3), eliminate Ms and solve for M ,., we get an equation of the form 


(6.4) =F,(M, Bas) 


We now develop the integrability condition of (6.4), eliminate M,, and solve 
for M, obtaining 


(6.5) M = (gas). 


Thus we may obtain a set of necessary conditions on gas by substituting M 
from (6.5) in (6.2): 


(6.6) ® a8 fas( ®, Sap) 


i 
) 
: 
) 
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Conversely, if g.s(u7) is such that (6.6) are identically satisfied, then M de- 
fined by (6.5) will be a solution of (6.2). 

Certain details have been obtained for the case (of greatest generality) 
when A,(A:K) £0, O(K, A,K) #0. In this case it turns out that (6.4) can be 
written in the form 


M a = @K + 


where 6 satisfies a cubic equation b*+Ab?+Bb+C =0, and a is given by 
a=(Db+£)/(Fb+G). The coefficients A, B, C, D, E, F and G are polyno- 
mials in M with coefficients formed from the differential parameters of K. 
The author is not able to give any indication of the form of (6.5). 

Suppose that (6.6) are satisfied, and that M(u*) is a solution of (6.1), 
such that A, Then equations (4.1): 


3M N, 


N A,M N 
are completely integrable. Thus we have an infinity of solutions ¢(u*, a), 
where a is an arbitrary parameter. Consider the functions Q.s(u7, a) defined 
by (3.1) with A=M: 


Qas = Cos $(bas N gas) + sin bas + M gas; bap 2NM aM 9/AiM. 


It is easily verified that the tensor Q.s so defined satisfies the equation of 
Gauss; it also satisfies the equations of Codazzi, since ¢ satisfies (4.1). More- 
over, it may be shown, as in Theorem 5.1, that 2M(u7, a) is actually 
gQ.3(u7, a). Hence we have 

THEOREM 6.2. If M(u*) is any solution of equations (6.1) such that A.M #0, 
then there exist [6] ©1 surfaces with the intrinsic geometry gas(u7) and the mean 
curvature 2M(u*). 

The case A,M =0, or M =const., automatically satisfies R?+S?=0, as is 
evident from (4.3); but the above discussion is inapplicable, since equations 
(4.1) are only valid for A,M +0. We first consider the case A,M =0, Ai. K #0. 
Then we may put A=K in equations (3.1) and (3.4). Remembering that 
N’?=M?*—K, and M,,=0, we get 


(6.7) Qas = cos o(bas — Ngas) + sin dbas + Megas, bas = 2NK.aK9/MiK, 


and 


AiK 2N? 


(6.8) 


| 
| 
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If, as in Theorem 4.1, we develop the integrability conditions of (6.8), we 
obtain the single equation 
N°A2K + AiK + 4N*K = 0. 

The method of proof is identical with that used in Theorem 4.1, except that 
the curves K =const. and their orthogonal trajectories are taken to be para- 
metric. 

We can eliminate M entirely :rom this equation by first writing it in the 
form 


(6.9) 4KM* + — 8K?) + — + = 0. 
When we solve for M? and substitute in A,(M?) =0, we get 
8K? — + (A:K — 16KA,K)"/? 


(6. 10) = 


In the particular case M=0, (6.9) reduces to 
(6.11) KA. K — A\K — 4K? = 0 


which is thus a necessary condition on the intrinsic geometry of a minimal 
surface [7]. 

Conversely, suppose that we are given an intrinsic surface g.s(u7) satisfy- 
ing (6.10) with either the + or — sign, say the + sign for definiteness. Then 
the expression k of (6.10) is a constant. If R20, then (6.9) is satisfied with 
M =(1/2)k"/?. Hence equations (6.8) are completely integrable, and we have 


= 
AVK 2N? 


There are thus «! values of ¢ differing by an additive constant. As in the 
remark preceding Theorem 6.2 we may conclude that Q.s(u7, C) as defined by 
(6.7) satisfies the equations of Gauss and Codazzi, and that 2M =k’? is the 
corresponding mean curvature. Hence we have 
THEOREM 6.3. If gas(u7) satisfies Aik =0 where 
8K? — + — 16KA,K)"!2 
K 


k= 


and if k=O, then there are ~1 surfaces = with the intrinsic geometry S and the 
constant mean curvature k'!, 


It has already been pointed out that if A,M =A,K =0, the surface reduces 
to a plane, a sphere or a circular cylinder. 


H. W. ALEXANDER 


Part II 


7. The edge of regression: definition. In view of the significance of the 
mean curvature in the immersion theory of surfaces, it becomes natural to 
consider what kind of singularities the function K,, may exhibit, and what 
corresponding singularities will arise on the immersed surface. We shall now 
consider a certain curve £ on a surface along which K,, is infinite, and which 
is the analogue for a general surface of the edge of regression of a developable 
surface. It will be referred to as the edge of regression; this name is appropriate 
not only because of the analogy with a developable surface, but also because 
it has been used to designate the envelope of a congruence of curves in 3-space 
[8]. 

In order to provide an adequate foundation for the study of the edge of 
regression, both local and in the large, we shall first define an immersed sur- 
face with boundary, and then state conditions in order that the boundary 
may constitute an edge of regression. For convenience, we shall speak in 
terms of analytic functions; but all the properties obtained would continue 
to hold if the functions involved possessed only a finite number of derivatives. 

The region of the Euclidean plane defined by |u| <e will be called a 
square; the region defined by | u'| <«, 0<u?<e, will be called a half square, 
and the segment u?=0, | «| <. will be called its bounding edge. The homeo- 
morphic image of a square is of course a region; we shll refer to the homeo- 
morphic image of a half square as a half region, and the image of its bounding 
edge will be called the bounding edge of the half region. 

Consider a two-dimensional manifold together with its boundary. The 
totality of interior points will be denoted by A, and the totality of boundary 
points by B. A+B shall be coverable by a finite number of regions Rj, 
i=1, 2,---, and half regions R;, 7=1, 2,---, each homeomorphic to a 
square S; or a half square S; of the Euclidean plane. The regions R; lie on A 
and the half regions R; have their interior part on A and their bounding edge 
on B. The coordinates u*, a=1, 2, of a point with respect to a particular R; 
or R; to which it belongs are defined to be the Cartesian coordinates of its 
image under the homemorphism. If a point belongs to more than one of the 
sets R; or R;, the transformation from one coordinate system to the other 
will be assumed to be analytic. To each point of A +B there shall correspond 
an ordered triad of real numbers x‘, i=1, 2, 3, such that the sum of the 
squares of the Jacobians of the x’s with respect to the w’s is different from 
zero. 

Let = be an immersed surface and let the curve E be its bounding edge. 
E will be assumed to possess a unique tangent at every point. The plane 


240 {March 
\ 
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normal to E through an arbitrary point P of £ will cut the surface in a curve 
C bounded by P. We define as follows a coordinate system [s, ¢] for a certain 
half region R whose bounding edge lies on E: s is the arc length along £ from 
a fixed point O to P, and i is the arc length along C measured from P. The 
curve E will be called an analytic edge of regression if it satisfies the following 
three conditions: 


ConpiTI0n I. The mean curvature is infinite and the total curvature finite 
along E. 


ConniTI0n II. The space coordinates x‘ of the curves t=const. are functions 
of s analytic in R. 

ConpitTi0n III. The curves C: s=const. have an algebraic singularity at 
t=0; that is, within R the space coordinates x‘ of C are analytic in t'!*, where a 
is an integer called the order of the singularity. a is assumed to be the smallest 
integer for which this condition is satisfied. E is not a straight line. 


8. Analytic structure of the edge of regression. We may now write the 
equations of the surface in terms of the parametrization [s, ¢] defined in §7. 
Let x‘=«x‘(s) be the equation of E, and let £{(s), &(s) and &3(s) denote, re- 
spectively, the unit tangent, principal normal and binormal vectors of £. 
Then the equations of the surface may be written in the form 


(8.1) X' = x +:a(s, + Es, 


where a(s, ¢) and 6(s, ¢) must, according to Condition II, be analytic in s; 
while according to Condition III, they must be analytic in //*. Hence 


a= > b= 
1 1 


where a, and J, are analytic in s. 

From the definition of the parameter ?, it follows that goo=1, where gag 
denotes the fundamental tensor in the [s, ¢] system. We may use this fact 
to prove that the integer a defined in Condition II (the order of the singu- 
larity) is equal to 2. We have 


1 i 1 i 
= —| to + Es. 
a 1 a 1 


ot 


1 


== Hut 2a — + 


a” j=1 


4 

7 

Hence 
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But since gx2.=1, we have, for 


ut+2a—1 
(8.2.u) + 2a — j) + = 0. 
j=1 

We first show that a+ 1. If a were 1, the coordinates of the surface would 
be analytic in the parameters [s, ¢], and the mean curvature would be finite, 
contrary to Condition I. 

Secondly, a cannot be odd. For suppose @ were odd and not 1. We shall 
prove by induction that 


(8.3) a, = by for u ¥ 0 (mod a). 
Equation (8.2.2 —2a) yields or 
(8.4) q= bi = 0. 


Suppose we have shown that a,=b,=0 for »40 (mod a), v<y. Consider 
equation (8.2.2u—2a), where 440 (mod a). Every one of the products 
@42y—», 6yb2,-, occurring in this equation will involve a term a, or b, for which 
v#0 (mod a) and <p, except the terms a’, Hence all the product terms 
will vanish except and equation (8.2.24—2a) will yield a2+0%=0, 
since 2u—2a+0. Hence a,=6,=0; and equation (8.3) is established in gen- 
eral, since we have shown independently that a;=),=0. But (8.3) implies 
that all the terms in the expansions of a and b involving fractional powers 
of ¢ drop out. Thus a and } would be analytic in ¢, which we have already 
shown to be inconsistent with Condition I. 

Finally, suppose a is even. Then an argument exactly analogous to that of 
the previous paragraph would enable us to prove that a,=b,=0 for 140 
(mod a/2). Hence a and 6 would be analytic in #/*; and from the minimal 
property of a, as stated in Condition III, we must have a=2. 

Let us put 6=?'?, Then we have 


(8.5) b=) be. 


p=1 


The remainder of this section will be occupied with showing that 


(8.6) a4=b,=0, a2=e= +1, be = a3 = O, O. 


The relations a, = b, =0 have already been obtained in (8.4). We shall use the 
notation A =0(@") to mean that lime. A4/6"=k where k is a function of s 
alone. Then we may write (8.1) in the form 


(8.7) X + + a0 + 0(6')] + + 559° + 0(6')]. 


} 

if 
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From these we obtain, using the Frenet formulas, and denoting by p and r, 
respectively, the radii of curvature and torsion of £, 


1+ 0(6?), §12 = 0(8), = i, 1 + o(6?), 


be 
p 


Ode be Obe a2 
Os T Os T 


22 = Gaba + + 0(6)]. 


The mean curvature and the total curvature are thus found to be 


(8.9) Km = (3/40)[— + + 0(8)], 


(8.10) K = — (3b2/4p0)[— asb2 + aebs + 0(6)]. 


Since, according to Condition III, Z is not a straight line, 1/p 40. Let us 
consider the neighborhood of a point at which 1/p #0. By Condition I, K,, is 
infinite for @=0, and hence from (8.9) 


(8.11) —_ F 0. 


Again by Condition I, K is finite for 9=0, so that from (8.10) we must have 
bo=0. This fact, together with (8.11), implies that a.~#0, 6;+0. Equation 
(8.2.0) yields a3+03=1, whence a2=e= +1. Finally, from equation (8.2.1) 
we have 


10(a2a3 + bobs) = 0, 


so that a;=0. This completes the proof of equations (8.6). 
In the Cartesian coordinates [y', y?], consider the curve y'=a, y?=b. In 
view of (8.6), these equations become 


(8.12) y= Diam, y= bo. 
2 3 


These are the equations of a curve with a cusp at the origin, of which one 
branch is the curve C, and whose cuspidal tangent coincides with £. Let us 
choose the sign of a2 in such a way that C corresponds to @>0, and let us 
denote by C’ the branch of the curve corresponding to 0<0. As the point P 
traverses E, the curve C will generate the surface 2, and the curve C’ will 
generate a second surface =’ meeting = cuspidally along EZ. The surfaces 2 


4 (8.8) 
t 

{ 


244 H. W. ALEXANDER [March 


and >’, corresponding respectively to @>0 and 6<0O, will be referred to as 
the two sheets of the edge of regression. 

Conversely, if we are given a plane curve whose equations in the [y!, y?] 
plane are of the form (8.12), with a2#0, a;=0, b;#0, with a‘ and b‘ analytic 
in s, and with 6? equal to the arc length of the curve, measured from the cusp, 
then the surface 


2 3 


which is generated by displacing the curve along the analytic curve E: X‘=<x‘ 
in such a way that the point 6=0 lies on £& and the cuspidal tangent at @=0 
coincides with the principal normal of £, obviously has E as an analytic 
edge of regression. 

9. Local geometrical properties of the edge of regression. This section 
will be devoted to deriving certain geometrical properties of the edge of re- 
gression. Consider a surface defined, in the neighborhood of its edge of regres- 
sion E, by 


dia’ 
2 3 


where X‘ is analytic in the haif region R: |s| <n, OS0?<re. The geodesic 
curvature of E may be defined by 


(9.1) 


The half region R is said to be convex (concave) with respect to its bounding 
edge E at a point P of E if the geodesic curvature of E is greater than 0 (less 
than 0) at P. 

We may mention in passing that the concept of convexity as defined 
above is equivalent to the following more intuitive definition, which may be 
given a rigid analytical foundation: the half region R is convex (concave) with 
respect to E at P if the geodesics orthogonal to E converge (diverge) in R 
near P. 


Property I. Jf 1/p, 1/p,, 1/7 and K denote, respectively, the curvature, 
geodesic curvature and torsion of E, and the total curvature of the surface along E, 
then 


(9.2) = K + 1/7? #0, 
Proof. From (8.7) we have 


| 

1/2 4 

Pg ot 
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=1-2 + 0(6*). 
p 
Hence, from (9.1), 


(9.3) 1/p, = a2/p + 0(6?). 


But since, from (8.6), a2= «= +1, it follows that p= ep, along E. 
Combining equations (8.8) and (8.6), we have 


— 3b; 


1 
(9.4) Qu= 6+ 0(/@), Q2e=—+0(0), [1 + 0(6)], 
p T 


4 
whence K = —9a2b3/8p —1/r?+0(6), so that, along E, 
1 Obs 


8p 8p, 


The case 1/p=1/p,=0 has already been excluded. 


Property II. A surface is convex or concave with respect to its edge of re- 
gression according as K+1/r*<0 or >0 along the edge. 


Proof. From the definition of convexity, the surface will be convex or con- 
cave with respect to its edge of regression according as p, is positive or nega- 
tive along E; that is, because of (9.5), according as K+1/7?<0 or >0 along 
E. 

Property III. The edge of regression is the envelope of both sets of asymptotic 
lines, which are analytic curves near E. It is likewise enveloped by one set of 
lines of curvature, and met orthogonally by the other set. 


Proof. The asymptotic lines are given by 
Qyds + (Qie + (- gK)*/*)dt = 0. 


We shall consider only the set of asymptotic lines for which the + sign is 
appropriate; the proof is identical for the other set. Making use of (8.8) and 
(9.4) we have 


3b; 1 
[se + Jas + |- + (— K)'/? + o() | = 0, 
T 


so that 

dt 3630 

ds 2p(1/r + (— K)*) 
This shows that dt/ds=0 for @=0, which implies that the asymptotic lines 


(9.6) + 
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are tangent to E. Since the directions of the lines of curvature bisect the 

angles between the asymptotic lines, it is obvious that one set of lines of 

curvature will envelope E, and the other set will meet it orthogonally. 
Putting di=20dé@ in (9.6) and inverting, we have 


ds — 4p 
dd 


(1/7 + (— K)"?) + 0(8). 


Since the right-hand side is analytic in s and @, it follows that s is analytic 
in 6. Let o be the arc length along the asymptotic line. Then, recalling that 
£22 = 1, we have 


do\? ds\? ds 
which shows that do/d@ is analytic in 6, and hence that @ is analytic in 6. 
But from (9.7), do/d@ is obviously not 0 for 6=0, and we conclude that 6 
is analytic in o, and that the same is true for s. Finally, substituting these 
analytic functions in the equations (8.1) of the surface, we obtain the coordi- 
nates of a point on the asymptotic line as analytic functions of its arc length. 

We may also show that the asymptotic lines cross over from = to D’ as 
they envelope E. This follows from the fact that, according to equation (9.7), 
do/d@+#0 at E. Hence, near E a change in the sign of @ leads to a change in 
the sign of 0, and thus to a change from = to 2’, or vice versa. 

10. The index of a region. Consider an immersed surface whose only sin- 
gularity is an edge of regression, consisting of one or several pieces. We wish 
to study the topology of the region bounded by such a singular locus. For 
this purpose, §10 will develop the properties of an index of a region, inti- 
mately connected with its Euler characteristic. In §11 the index of a region 
bounded by an edge of regression will be shown to depend upon the indices of 
the umbilics in that region. 

Indices of the type we are considering, and in particular the index of an 
umbilic, have been studied by Hamburger [9], Blaschke [10], and Franklin 
[11]. In their treatment of umbilics, these authors depend on the work of 
Darboux [12] and Gullstrand [13], who investigated the behaviour of the 
lines of curvature in the neighborhood of an umbilic. The present treatment 
is quite independent of these earlier discussions, and makes use of the in- 
variants of the surface at an umbilic, rather than the descriptive geometry 
of the lines of curvature near an umbilic. 

We shall now proceed to define and discuss an index jz for a region R of 
an orientable surface. 


f 

2. 
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Let R be a region of an orientable surface 2, such that the boundary C 
of R contains no umbilics and has a unique tangent at all except a finite 
number of points P;,i=1, 2,--- , at each of which it has a corner. Let C 
be oriented in such a way that the positive tangent vector T of C, the normal 
N of C directed toward R, and the normal of = form a positive triad of direc- 
tions. Consider the vector T as it traverses C in the positive sense; let 6; 
be the angle through which T must rotate in passing from one to the other of 
the two segments of C which meet at the angle P (the positive sense of rota- 
tion is from T to NV). Let P be any point of C and let V be the unit tangent 
vector to an arbitrarily chosen line of curvature through P, with an arbitrary 
orientation. Finally, let @ be the positive angle from V to T. Then we may 
define an index jz for the region R by 


g 0+ Da]. 


Consider the vector V of the above definition, and let V’ be the tangent 
vector of the other line of curvature through P. It is readily seen that, as P 
makes a circuit of C, the vectors V and V’ cannot be permuted. For if 1/p; 
and 1/p2 are the principal curvatures corresponding to V and V’ respectively, 
and if 1/p:>1/p2 at the start, then 1/p:>1/p2 over the whole path, since it 
contains no umbilics. This implies that V and V’ will still correspond to the 
saine principal directions after any circuit. 

The vector V may, however, return to its original position with sense re- 
versed. An example illustrating this fact is afforded by a circuit enclosing an 
umbilic of an ellipsoid, for which the lines of curvature in the neighborhood 
of an umbilic have the form illustrated in Fig. 1. Consider the region R: 
ABCD, enclosed by two lines of curvature, with right angles at B and D. 
The index is jg =1—(x/2r) =1/2, and it is clear that the vector V returns 
to its original position with sense reversed. 

Since V must be carried into +V after one circuit, it follows that 
F cd0+>°.0; must be some multiple of 7. Hence jg must be some multiple, 
positive or negative, of 1/2. This has the consequence that the index is un- 
changed when R is deformed continuously in such a way that its boundary 
never goes through an umbilic. 


THEOREM 10.1. If R is a region which is simply connected and free from 
umbilics, then jr=0. 


Proof. Consider any conformal mapping 


(10.1) INE 


q 


248 H. W. ALEXANDER [March 


which carries the region R, the curve C, and the vectors V and T of &, re- 
spectively, into R, C, V and T of the Euclidean plane E. Let D be a fixed 
oriented direction in the plane. Let ¢ and y denote, respectively, the positive 
angle from D to V and the positive angle from D to T. Then 0=y—¢. 


Since R is simply connected, C is a simple curve, and the vector T 
will turn through 27 in one circuit, which is the total increment in y: 


0;=22. Hence 


1 
r= — 
JR 


Since R is free from umbilics, V is a nonsingular vector field over R, and V 
is a nonsingular vector field over R. Thus the angle ¢ is a nonsingular scalar 
function over R, and the increment of ¢ on traversing the boundary C of R, 
equals zero. Hence jr =0. 

THEOREM 10.2. If R is a region which contains p holes and is free from um- 
bilics, 

jr=p=1-—x(R), 
where x(R) is the Euler characteristic of R {14}. 


Proof. We reduce R to a simply connected region R’ by introducing p 
cuts, one cut connecting each hole to the outer boundary of R. Then R’ is 


Wu | 

1 
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simply connected and free from umbilics, so that je: =0. But in making the 
cuts, we have introduced 4 new angles on the boundary, whose total con- 
tribution to >>; is 2p7; so that the index of R has been reduced by p. Hence 
jr=jr'+p=p. 

THEOREM 10.3. Let R be a simply connected region covered by a system of 
isometric coordinates, so that 


£11 = g2 =X, = 0 


and such that the boundary C of R is free from umbilics and corners. Then 


jr= arc sin { 
4nJ co AN 


Proof. Let a be the angle from the line u1=const. to the vector V previ- 
ously defined. Then under the conformal mapping (10.1), the direction du! =0 
is carried into a nonsingular vector field over R. Hence ¢—a, the angle from 
D to du'=0, is a nonsingular scalar function over R, so that $'zd(¢—a) =0. 
Thus 


Let us put a=Qy2, b=(1/2)(Qi — Qe). Then the lines of curvature are 
given by 


— + 2bdu'du? + = 0, 


from which we find sin 2a=a/AN = Q2/AN, and the theorem is proved. 

11. Umbilics. Region bounded by the edge of regression. In this section, 
Theorem 10.3 will be used to evaluate the index of a region containing an 
umbilic of the simplest type, in terms of a certain invariant evaluated at the 
umbilic. The method is perfectly general, however, and could be extended to 
umbilics of higher order; the present results are intended merely as illustra- 
tive. It is then possible to evaluate the Euler characteristic of a region 
bounded by an edge of regression. We shall assume that the coordinates of 
the surface in the neighborhood of the umbilic are functions of class Cv in the 
parameters. We shall also assume that the parametrization [u,v] is such 
that the positive tangent to v=const., the positive tangent to w=const., and 
the surface normal form a positive triad. 

We shall deal only with the simplest type of umbilic, namely, those for 
which 


(11.1) 


T = 0, 


. 
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where Qus, = Qas,y; we have suppressed the comma since Qu¢,, is symmetric 
in all three indices. 


THEOREM 11.1. At an umbilic the invariant T satisfies the identity 


Kn 
T == = 


where K and Ky, are, respectively, the total and mean curvatures. 
Proof. In an isometric coordinate system we find that both sides of the 
identity reduce to 


2 2 
(11.2) = + — Qirz — 


If the simply connected region R contains a single umbilic, then jr is 
called the index of the umbilic. We shall use the notation sign (x), or some- 
times sign x, to denote a quantity which is 1, —1 or 0 according as «x is posi- 
tive, negative or zero. 

THEOREM 11.2. Jf U is an umbilic for which T 0, then its index ju is given 
by 

ju = (1/2) sign (T) 
where T is given by (11.1). 


Proof. Let R be a simply connected region surrounding U, covered by an 
isometric coordinate system [u, v] of which the umbilic is the origin, and 
bounded by the curve k: 


(11.3) au + bv =rsin 8B, cu-+ dv=rcos8B, 
where 7 is constant and 
@=Qi2, b= = (1/2)(Qirr — = (1/2)(Qisr2 — 


all evaluated at the origin. We shall assume that at the origin gi = g2 =A =1. 
Making use of (11.2), it is readily verified that at the origin, bc-—ad=I'/4. 

Using Taylor’s series, we find the following evaluations for 2:2. and W at 
points of k: 


Qi2 = r sin B + o(r?), N =r+ o(r?). 
Hence, on k, 
sin 2a = Q42/AN = sin B + o(r), 2a = B+ o(r). 


Consider in the [u, v] plane the conic H defined by (11.3). Since T' +0, 
it is readily shown that H is a nondegenerate ellipse. The curve & will like- 


> 
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wise be a nondegenerate closed curve; and as the curve & is traversed in the 
positive sense, the curve H will also be traversed in the positive sense. That 
is, the angle y defined by y =arc tan v/u will run from 0 to 27. 

The relationship between 6 and 7 is given, from (11.3), by 


(11.4) 


This shows that as tan y runs from — © to ~, tan 8 covers the same range in 
the positive or negative sense. That is, as y increases by 27, 6 increases by 
+27. From (11.4) we obtain 

dp T cos? sec? 

dy 4(c+dtan vy)? 


which shows that as 7 increases by 27, 8 increases by 27 sign (T°). Hence 


= (1/2) sign (T) + o( 
w= B+ = (1/2) sign + o(7). 


But jv is independent of the size of the curve k, and so jy = (1/2) sign (I). 


THEOREM 11.3. Jf R is a region entirely bounded by the edge of regression, 
free from singularities and containing umbilics U;,i=1,2,-- - , with indices jj, 
then the Euler characteristic of R is given by x(R) =), ¥ji. 

Proof. The edge of regression cannot contain umbilics, since along E 
K,, = and K is finite, while at an umbilic K2 =4K. Since the boundary E 
of R is met orthogonally by one set of lines of curvature, the angle @ appear- 
ing in the definition of jz is constantly equal to 0, 7/2, 7 or 37/2. Hence by 
definition, jr =1. 

Suppose that there are g umbilics, and that R has p holes. Let R,, 
i=1, 2,---, 9, be a set of nonoverlapping simply connected regions, each 
with a boundary C; which contains neither umbilics nor corners, and such 


that U;¢ R;. Then 
1 
a. 
2rJ ¢; 


On the other hand, the region R’=R—}_;R; is free from umbilics and has 
holes, and its boundary is Hence 


Lis, 


4 a+btany 
tan 6 = ———_——_ 
6 c+dtany 
| 
| 
f 
- 
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x(R) =1- p= Di 


In the case when the umbilics U; are all such that !¥0, we may combine 
Theorems 11.2 and 11.3 to obtain 


THEOREM 11.4. If R is a region entirely bounded by the edge of regression, 
free from singularities, and containing umbilics U;, i=1, 2,---, such that 
I'(U;) #0, then the Euler characteristic of R is given by 


1 
x(R) = > sign 


It is, of course, always to be understood that E may consist of one or 
several pieces. As simple illustrations of Theorem 11.3, consider the surfaces 
of revolution whose meridian curves are shown in Fig. 2. In each case BC 


B B 


A C 


Fic. 2 


is the axis of revolution. In the first example, we obtain a simply connected 
region, free from singularities, and bounded by the edge of regression traced 
out by the cusp at A. For such a region, x(R) = 1; hence Theorem 11.3 implies 
that there must be one or more umbilics. As a matter of fact, B is an umbilic 
of index jy = 1. However,  =0 for that umbilic, so that this illustration does 
not come under Theorem 11.4. In the second example the region is again 
simply connected, so that x(R) = 1. Since the surface is of negative curvature, 
there can be no umbilics. Thus Theorem 11.3 necessitates the existence of a 
singularity—in this case a conical point at B. 
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ON THE DEGREE OF CONVERGENCE OF SEQUENCES 
OF RATIONAL FUNCTIONS* 


BY 
J. L. WALSH 


The writer has recently studiedf the convergence of certain sequences of 
rational functions of the complex variable, under the hypothesis that the 
poles of these functions are prescribed and satisfy certain asymptotic condi- 
tions. The rational functions are determined either by interpolation to a given 
analytic function, or by some extremal property of best approximation to 
such a function. Degree of convergence and regions of uniform convergence 
of the sequence of rational functions are then obtained (op. cit.). It is the 
object of the present paper to go more deeply than hitherto into properties 
of degree of convergence of sequences of rational functions, to make more 
precise the previous results, and especially to introduce and study the con- 
cept of maximal convergence of a sequence of rational functions with pre- 
assigned poles; this is a generalization of the corresponding concept for 
sequences of polynomials. The analogy between convergence properties of 
sequences of polynomials and convergence properties of sequences of more 
general rational functions is strong, but has hitherto not been sufficiently 
strong to justify the use of the term maximal convergence in the latter case 
(compare op. cit., p. 258). We show now that maximal convergence is charac- 
teristic of various sequences of rational functions determined by interpolation 
and by extremal properties. The present results would seem to be more or less 
definitive in form. 

1. Introductory results. We choose as point of departure the following 
relatively simple but typical formulation (op. cit., §8.3): 


THEOREM 1. Let R be an annular region bounded by two Jordan curves Cy 
and C2, with C2 interior to Cy. Let the points oni, Ona, + - * , Onn lie exterior to Ci, 
and let the points Bn, lie on or interior to C2.t Let R denote the 


* Presented to the Society, December 30, 1938, under the title Maximal convergence of sequences 
of rational functions; received by the editors September 22, 1939. 

| Interpolation and Approximation by Rational Functions in the Complex Domain, American 
Mathematical Society Colloquium Publications, vol. 20, New York, 1935. See especially Chapters 
VIII and IX. Unless otherwise indicated, all references in this paper are to this work, to which the 
reader should refer also for terminology. 

} It is a matter of taste whether or not to allow points anx to lie on C; and points nx to lie on C2, 
and whether or not to require that (1) should hold in R or on suitably restricted closed sets in R. 
There are a variety of allowable choices hcre. The one we have adopted seems to the writer the most 
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closure of R. Let the relation 


(1) lim | A (z Bni)(z Bn2) (z Bn,n+1) 


= ® 
no (z —_ (z Qn2) ees (z Gnn) @) 


hold uniformly on any closed set in R containing no point of C2. Let the function 
&(z) be continuous in the closed region R, and take constant values y; and y2<‘1 
on C, and Cz respectively. Denote generically* by C, the curve ®(z)=y in R, 

If the function f(z) is analytic throughout the interior of C, but is not analytic 
throughout the interior of any C,, with y'>v, then we have (y2<d<7) 
(2) lim sup [max | f(z) — ra(z)|, z on Cy]"/" S X/y, 


and we have also the limiting case of (2): 


(3) lim sup [max | f(z) — ra(z)|, 2 on C2]"/" < y2/7, 


where r,(z) is the rational function of degree n whose poles lie in the points 
Qn, * * Ann, and which inter polates to f(z) in the points Bn2, 


Inequality (3) is a direct consequence of (2), by means of the relation 
fmax | f(z) — ra(z)|, zon C2] [max | f(z) — ra(z)|, 2 on 


and by allowing ) in (2) to approach 72. 

The form (1) obviously breaks down whenever a point a,, is infinite, a 
highly important case which we do not intend to exclude. We therefore use 
the convention (op. cit., §§8.1, 8.2, 8.5) that in such an expression as the 
left-hand member of (1) one or more of the points a, may be infinite; under 


convenient in view of the applications. If other choices are made, the conclusions corresponding to 
Theorem 1 can be read of at once from the present Th orem 1. In later parts of the present paper 
other choices seem more desirable. There is an obvious asymmetry in Theorem 1 relative to ang 
and C, on the one hand, and 8,4 and C; on the other hand. This is due to the fact that we assume f(z) 
analytic on C2 but not on C;, and desire to study degree of convergence of rn(z) to f(z) on C2. It is 
then desirable to allow the points 8,4 to lie on (not merely within) C2; on occasion the points 6px are 
to be chosen uniformly distributed on C2. We need, however, a curve C; or Cy,712u>v, in such a 
relation as (4); it is desirable for explicitness to allow u to be 71, hence desirable to assume (1) valid 
on C, and undesirable to allow points ang to lie on C;. That is to say, points 8, are readily and con- 
veniently admitted to R, but not points anx. 

In Theorem 1 the demands on the location of the an, and Bn, may without change in proof be 
replaced by the demands that no more than a finite number of the an shall lie on or within C,, and 
that the 8,4 shall have no limit point exterior to C2. But if this new hypothesis is used, it may occur 
that for small 2 some of the Bnx lie outside of the domain of definition of f(z); thus 7,(z) need not be 
defined for sufficiently small , but nevertheless is defined for sufficiently large. 

* The notation C; and C; is exceptional to this, but no confusion should arise; there is double 
notation for both C; and C.. 
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those conditions the corresponding factors z—a,, are simply to be omitted; 
and all of our formulas and conclusions remain correct without other modifi- 
cation. 

We have hitherto (op. cit.) employed systematically condition (1) with 
the restriction A, =1. Nevertheless the present more general form has ap- 
peared on occasion (for example, op. cit., pp. 206, 235, 261, 266, 274-275) 
and requires in the proof of Theorem 1 no change in method over the simpler 
form with A, =1. Throughout the present paper we shall adopt (1) as stand- 
ard.* 

Even some elementary situations that are of interest are included in 
Theorem 1 but are not included if we require A, =1. For instance we may 
take C, and C2 as the circles |z| =r, and |s| =r2<ri<ro, the numbers 
Qni, ‘* * » Qnn aS the nth roots of an arbitrary a, whose modulus is not less 
than 7%, and the numbers Bn, - , aS the (n+1)st roots of an arbi- 
trary 6, whose modulus is not greater than r+’. Equation (1) is valid with 
A, =4,, independently of the behavior of a, and 6, satisfying the conditions 
given; but equation (1) is not valid with A, =1 unless the numbers |a,|' 
approach a finite limit. 

For the truth of (2) itself we assume f(z) analytic throughout the interior 
of C,, but need not assume f(z) to be analytic throughout the interior of no 
C,, with y’>v~y. Indeed f(z) may be analytic throughout the closed interior 
of C,,. For our later purposes in the present paper, however, we find it desir- 
able to make the complete assumption of Theorem 1. For appropriate ex- 
amples illustrating convergence and degree of convergence when f(z) is ana- 
lytic throughout R, the reader may refer to the book already mentioned, page 
239. 

An interesting complement to Theorem 1 is 


THEOREM 2. Under the hypothesis of Theorem 1 we have for arbitrary yu, 
<p 71; 


(4) lim sup [max | r,(z)|, on C,]!/" S p/y. 


* Contrary to the situation involving asymptotic conditions for poles, there would seem to be 
no advantage in the study of asymptotic conditions for points Bx of interpolation in replacing the 
condition that 
(a) lim | (¢ — + (8 — Bn.nsa)| 

should exist uniformly by the condition that lim... | (¢—Bn,n41)| should exist uni- 
formly and not vanish identically; for it follows from Theorem 8 with a,4= © that each of these con- 
ditions implies the other—this entire remark is made on the assumption that (a) is studied in the 
usual geometric situation, exterior to a curve within which the 8,, lie. On the other hand, sucn a rela- 
tion as (34) is ordinarily considered interior to a curve to which the a,, are exterior. 


{ 
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A formula for r,(z) is (op. cit., p. 186) 
E (2 — Bar) (2 — 


(z = (z Qnn) 
(t — (¢ — aan) 
(¢ — Bar) — z 


where I is a Jordan curve on and within which f(z) is analytic, and which 
contains all the points 8, in its interior. Equation (5) is valid for all finite 
values of z other than the a,x, even exterior to I’, provided of course the inte- 
grand when not defined for such a value of z is replaced by its limit for that 
value of z. 

Choose the numbers we, and ws with wi >y and choose 
I in (5) as the locus C,,. For z on C, and ¢ on C,, we have by (1) when x is 
sufficiently large 


= — 
QriJdr 


(5) 


Anks 


(2 Bn1) (z Bn n+1) | < 


n 


(2 — aur) (3 — | 
| (t — ani) - ++ (t — ann) 
A,(t Bni) (t Bn,n+1) 


From (5) we read off at once 


i/us. 


lim sup [max | r,(z)|, on C,]!/" S s/us, 


and by allowing 4: to approach yw and y; to approach y we obtain (4). 

2. Degree of convergence. We shall shortly obtain inequalities in opposite 
senses to (2) and (4), but in order to do this it is important to show how a 
certain degree of convergence on C; of rational functions F,,(z) with poles in 
the points a,, implies a corresponding degree of convergence on C,. The diffi- 
culty here lies in using the relation (1) directly, for the function 


(2 — Bui) - (2 — 


(s — Qn1) (z GQnn) 


F,(z) + An 


may have poles on C2, and cannot be used for immediate comparison.* Never- 
theless we shall prove 


THEOREM 3. Under the hypothesis of Theorem 1 let us suppose 


(6) lim sup [max | F,(z) |, z on C2]!/" = q, 


* Condition (44) is a consequence of (1) and applies here directly. Nevertheless condition (1) 
is more elementary and more natural; it seems desirable to prove Theorem 3 without using as inter- 
mediary Theorem 12, whose proof involves a different order of ideas. 
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where F(z) is a rational function of degree n with its poles in the points ont. 
Then we have (y2< S71) 


(7) lim sup [max | F,(z) |, on C,]"/" Ag/y2. 


Let g:>q be arbitrary, so that we have for m sufficiently large | F,.(z)| <q, 
z on Cs. Let us denote by w=¢(z) a function which maps the exterior of C2 
onto |w| >1 so that the points at infinity correspond to each other, and de- 
note generically by Jy, N>1, the locus |¢(z)| =N exterior to C:. All the 
points a, lie exterior to a suitably chosen J,4, so for Z<A, Z>1 we have 
(op. cit., p. 250, Lemma I)* 


AZ — 1)" 
zonJz. 


By the principle of maximum for analytic functions we have for z on and 
exterior to Jz 


(2 — Bm) (2 


(z aad (z @nn) 


Fa(s) + {4. 


< [min A, (z Bn1) eee (z Bnn+1)| oan 


A=+Z 


AZ —1 
lim sup [max | F,(z) |, on < Aq + [min #(z), z on Jz]. 


When we allow Z to approach unity, the curve Jz approaches C2, so by allow- 
ing q: to approach g we obtain (7). 
Our most important preliminary result is now available: 


THEOREM 4. Under the hypothesis of Theorem 1 there exists no sequence of 
rational functions R,(z) of respective degrees n with poles in the points an. such 
that we have either of the relations 


(8) lim sup [max | f(z) — R,(z) |, zon Co]!/" = x/y, kK <2, 


no 


or (y2<A<y) 
(9) lim sup [max | f(z) — R,(z)|, 2 on Cy)!" = x/y, K<X. 


Consequently, in Theorem 1 the equality sign holds in both (2) and (3). 


* In the extension (§11) of Theorem 3 to a set C, composed of several Jordan curves, this inequal- 
ity for F,(z) is established on a level curve Jz corresponding to each of the Jordan curves; the re- 
mainder of the proof holds without change. 


4 
} 
no 
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If we assume (8) or (9) to hold, we find by means of (3) or (2) for a specific 
i, v2 = <7; 


lim sup [max | r,(z) — Ra(z)|, on S 


no 
whence from Theorem 3 for arbitrary uw, y<uS71, 


lim sup [max | rn(z) — |, zonC,|!/" < 


no 


a change of notation is necessary in this application of Theorem 3 if \>ve. 
By Theorem 2 we now derive (y <u <7) 


(10) lim sup [max | R,(z)|, z on C,] S w/v. 


The function log @(z) is harmonic at every point of R, as the uniform limit 
of the sequence of harmonic functions 


(z Bn1) (z Bn n+1)| 


(3 — ani) (3 — ann) 


1 
(11) — log| A, 
n 


and is continuous in R, equal to log 7: and log y2 on C; and C; respectively.* 
In any closed simply connected region interior to R, suitably chosen con- 
jugates of the functions (1/) converge uniformly to a suitably chosen con- 
jugate of the function log ®(z). As z traces a curve C, in the counterclockwise 
sense, the conjugate of (11), which is the argument (that is, angle or ampli- 
tude) of the function 


— Bu) --- 


increases by 27(n+1)/n; so as z traces C, the conjugate of log ®(z) increases 
by 27. Consequently (z) is not identically constant, and we have 7172. 
Theorem 4 is a consequence of the following theorem, a treatment of 
which the writer hopes to publish shortly in these Transactions. The theorem 
may be proved from the two-constant theorem, in a manner similar to that 
previously used by the present writer.t Theorem 5 is much more general than 
we need at the moment, and will be applied also later in the present paper. 


THEOREM 5. Let S be a region bounded by two disjoint Jordan curves Ky and 


* We cannot have y2=0, for in that case the analytic function exp [log @(z)+i¥(z)], where 
W(z) is conjugate to log &(z) in R, would approach the boundary value zero everywhere on C2, and 
would be locally single-valued and analytic in R, hence (op. cit., §1.9) would vanish identically. 

t Proceedings of the National Academy of Sciences, vol. 24 (1938), pp. 477-486; these Transac- 
tions, vol. 46 (1939), pp. 46-65. 
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K_,, with K_, interior to Ky. Let the function u(x, y) be harmonic in S, continu- 
ous in the corresponding closed region S, equal to zero and —1 on Ky and K_, 
respectively. Denote generically by K, the locus u(x, y)=0,0>a>-—1, and by S, 
the open seta >u(x, y) > —1in S bounded by K, and K_,; denote by S, the closure 
of Sz. 

Let the function f(z) be analytic throughout S, but not analytic throughout 
any S,-, p’>p, and let f(z) be continuous in the two-dimensional sense on K_, 
with respect to the domain S. Let the function f,(z) be analytic in S, continuous 
in S, with the relations 


(12) lim sup [max | fa(z) |, zon Kol!" < e« > 1, 


(13) lim sup [max | f(z) — f,(z)|,20n Ky)/*< & <1, 


Then we must have 
(14) a+ap— Bp 20; 
if the equality sign holds here we have 


(15) lim sup [max | f,(z) |, z on K,]!/" = 


(16) lim sup [max |-f(z) — fu(z) |, zon K,|!/" = | 


If Q is an arbitrary continuum in S not a single point, and if the equality 
sign holds in (14), we have 


(17) lim sup [max | fn41(z) — fr(z)|, on = , 


where U=max [u(x, y) on Q]. Consequently if the second member of (17) is 
greater than unity, the first member is equal to 


(18) lim sup [max | f,(z) |, z on Q]*/*; 


if the second member of (17) is less than unity, the first member is equal to 


(19) lim sup [max | f(z) — f,(z) |, on 


It is a consequence of (17) and (18) that the sequence f,(z) converges through- 
out no region containing in its interior a point of K,, 0>u2p. 

We apply Theorem 5 to the situation of Theorem 4 by identifying Ci 
and Cy (y2SA<vy) with Ky and K_, respectively. Inequalities (10) for w=: 
and (8) or (9) are identified with (12) and (13), so we have 


: 
n— © 

q 

q 
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a = log y:1 — log 7, B = log «x — log y. 
We also set 


log &(z) — log y1 log y — log 11 
log — log 71 log — log 71 


Direct substitution yields for (14) the inequality 


log y — log 71 
log — log y1 


(log x — log A) 2 O, 


whence xX, and Theorem 4 is established. 

Let the equality sign hold in (14), under the conditions of Theorem 5. 
If the sequence f,(z) converges throughout some region containing in its in- 
terior a point of K,, 02=u2p, it follows, from Osgood’s theorem to the effect 
that in a region of convergence subregions of uniform convergence are every- 
where dense, that the sequence f,(z) converges uniformly in some closed re- 
gion Q containing in its interior a point of some K,,, 0>y’>p, contrary to 
the equality of (18) with the second member of (17). 

The sequence /,,(z) can converge like a convergent geometric series on no 
continuum in S exterior to K, and consisting of more than one point. 

3. Maximal convergence. Theorem 4 is our chief justification for the 


DerFinition. Under the hypothesis of Theorem 1, any sequence of rational 
functions R,(z) of respective degrees n with poles in the points nr, &n2, * 
is said to converge maximally to f(z) on the set C constituting the closed interior 
of C2 provided we have 


(20) lim sup [max | f(z) — Ra(z) |, on C]*/" = y2/7. 


We mention explicitly that maximal convergence is not defined if f(z) is 
analytic throughout the interior of Ci. 

As an immediate consequence of the definition we have from Theorems 1 
and 4 


THEOREM 6. Under the hypothesis of Theorem 1, the sequence r,(z) converges 
maximally to f(z) on C. 


Of course the condition 


lim sup [max | f(z) — on 2/7, 


holding for all \ greater than but sufficiently near 7, is sufficient for maximal 
convergence, for we have 


F 
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[max | f(z) — R,(z) |, zon C2] < [max | f(z) — R,(z) |, zon], 


and after making the corresponding substitution we may allow \ to approach 


As an alternative in the definition of maximal convergence we may re- 


place (20) by 
(21) lim sup [max | Rayi(z) — R,(z)|, 2 on < y2/y, 


provided that the sequence R,(z) is assumed to converge to f(z) on C; under 
this assumption we may also replace (20) by (21) with the sign < replaced 
by the equality sign. This remark is an immediate consequence vi the easily 
proved relation 


lim sup [max | — |, z on C]!/" 


= lim sup [max | f(z) — R,(z) |, zonC|t/", 


provided either of these expressions is less than unity. 


THEOREM 7. Under the hypothesis of Theorem 1, let R,(z) be a sequence of ra- 
tional functions of respective degrees n whose poles lie in the points an, and which 
converges maximally to f(z) on C. Then we have Su 


(22) lim sup [max | f(z) — R,(z)|, z on Cy]! = X/y, 


no 


(23) lim sup [max | R,(z)|, on C,]*/" = 


If Q is an arbitrary continuum in R not a single point, we have 


(24) lim sup [max | Rnszi(z) — Ra(z) |, zonQ]!/" = [max &(z), z on Q]/y. 


n- 
Consequently if the second member of (24) is less than unity we have 


(25) lim sup [max | f(z) — R,(z) , zonQ]'/" = [max (z), z on Q]/7; 


if the second member of (24) is greater than or equal to unity we have 


(26) lim sup [max | R,(z) |, on Q]'/" = [max ®(z), z on Q]/y. 


It is a consequence of (26) that the sequence R,(z) converges throughout no 
region containing in its interior a point of C,,71>uZzy¥. 


From the assumed maximal convergence of R,(z) and from the maximal 
convergence of r,,(z) (Theorem 6) we have 
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lim sup [max | r,(z) — Rn(z)|, z on < 2/7, 


whence from Theorem 3 


lim sup [max | r,(z) — R,(z)|, on Ci]!/" < y1/y. 


By application of Theorem 2 we may now write 


(27) lim sup [max | R,(z) |, zon C,|'/" < y;/y. 


Inequalities (27) and (20) with C replaced by C2 place us in a position to 
apply Theorem 5 again. We identify C; and C2 with Ky and K_, respectively, 
and we set from (27) and (20) 

a = log y1 — log 7, B = log v2 — log y. 
Moreover we have 


log @(z) — log y1 log y — log y1 


log v2 — log y1 log y2 — log y1 


Direct computation shows that the equality sign is valid in (14), and hence 
the conclusion of Theorem 7 follows. 

Theorem 7 is a generalization and a sharpening of the corresponding re- 
sult (op. cit., §§4.7 and 4.8) for the case of approximation by polynomials; 
relations (24), (25), (26) are new even in the latter case. For approximation 
by polynomials we have a,.= © ; according to the usual convention (op. cit., 
§§8.1, 8.2, 8.5) the corresponding factors z—a, in (1) are simply to be 
omitted. With a,,= © there exist (op. cit., chap. 7) various sets of points Bnx 
for which the relation (1) obtains; for instance we may take ®(z) =A|¢(z)|, 
where w=A-¢(z) maps the exterior of C2: onto |w| >A with ¢’(«) =1; the 
first such set 8,, was exhibited by Fejér, uniformly distributed on C2 with 
respect to a suitably chosen parameter. 

In connection with Theorem 7 it is worth remarking that maximal con- 
vergence of the sequence R,(z) to f(z) on the closed interior of C2 implies 
the maximal convergence of the sequence R,,(z) to f(z) on the closed interior 
of every Cy, y2<A<y. 

4. Completion of a partial sequence of a,,. Theorem 1 is valid if the an 
and 8,x, and hence also the functions r,(z), are defined not for every ” but 
merely for an infinite sequence of indices m. But in the proof of Theorem 7 
we have employed both R,(z) and Rr+:(z), and thus have made essential use 
of the fact that the R,(z) are defined for every n. It is sufficient for our pur- 
poses thus far, even in the study of maximal convergence, as the reader may 
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notice, if the a,, and R,(z) are defined not for every but for an infinite se- 
quence of indices with >; and bounded for all j. But if the 
a,x and R,(z) are defined only for a sequence of indices m;, and if m;41—m; is 
not bounded, our fundamental conclusions (22) and (23) may fail even for 
the specific functions R,(z) =r,(z) of Theorem 1, as we now proceed to show 
by examples. These examples, chosen from Taylor’s series, are closely related 
to gap theorems and to overconvergence in the sense of Ostrowski. 

Choose anx = ©, Bnx =0, so that we have ®(z) =| z|. Choose C: as the circle 
's| =1/2, C, as the circle |z| =1, and C, as the circle |2| =2. Choose the 
integer m, so that 2"~-!>3, the integer m_>m so that 2‘"*-»/"1>3, and in gen- 
eral the integer m4; >, so that > 3, It is sufficient to choose =0, 
=3, =2n,.+1. If we set 


(28) f(z) = 1 tom t grt 
and denote by r,,(z) the sum of the first 7+1 terms of the corresponding series 


with all of the powers of z present by indication, we have by Theorem 7 


(29) lim sup [max | f(z) — ra(z)|, for | s| = 1/2] = 1/2. 


But we have for |z| =1/2 
1 1 1 


2nk+2 


whence 


lim sup [max | f(z) — ra,(z)|, for | z| = 1/2]'/" < lim sup 
k 


1 


2 nk 


1 


in contrast to (29). 

With the same choice of ax, Bnx, C2, C1, and C,, let us now choose the in- 
teger m so that 2/(™—) <3/2, the integer mz>m so that 2(+)D/(m-D <3/2, 
and in general the integer m4; so that 2(**+)/(*+-) <3/2; it is sufficient to 
choose 2) =0, m41=2n,.+3. Again we define f(z) by equation (28), and we 
denote by 7,(z) the sum of the first +1 terms of the corresponding series 
with all the powers of z indicated. From Theorem 7 we have 


(30) lim sup [max | r,(z)|, for | z| = 2] = 2. 


But from (28) we may write for |z| =2 
| Tn,-1(2) | 


whence 


n— 2 
n— 

j 

4 


SEQUENCES OF RATIONAL FUNCTIONS 


lim sup [max | , for | z| = 


< lim sup 2 (nk-1+1) / (nk—-1) < 3/2, 


ko 
in contrast to (30). 

The examples just formulated, in connection with such inequalities as (2), 
(3), and (4), suggest the following problem. Let C;, C2, R, ®(z) be given so 
that the conditions of Theorem 1 are satisfied, including equation (1) but 
where the a, and 8,, are defined not for all ”, only for an infinite sequence of 
indices; naturally, in equation (1) only those indices are admitted. To 
define now new numbers an. and Bn. where necessary so that equation (1) shall hold 
for all n. We proceed now to the discussion and solution of this problem. In 
the solution we need the following preliminary result: 


THEOREM 8. Let the relation for some infinite sequence of indices n 


Bn — 1/n 
(31) lim Ay ( B ) ( B +1) = eU (zy) 
(3 — (2 — Gun) 


be valid uniformly on every closed set interior to an annular region R bounded 
by Jordan curves C; and C2, w’*h C2 interior to Ci, where each Bn. lies on or 
interior to C2 and each an, lies on or exterior to C,. Then the function U(x, y) is 
harmonic* in R and not identically constant in R; indeed we have 


(32) 


where v indicates the exterior normal, where T is an arbitrary analytic Jordan 
curve separating C, and C2, and where integration is in the counterclockwise 
sense. At every finite point exterior to C2 we have 


lim | (zs — Bn1) (z = Bn n+1) 


1 log r 
- ex f (uv — log r — s=x+1y, 
Jr, Ov Ov 


uniformly on any closed finite set exterior to C2, where T2 is an analytic Jordan 
curve in R containing C2 but not (x, y) in its interior; at every point (x, y) in- 
terior to we have 


(33) 


* The left-hand member of (31) if existent uniformly on any closed set in R vanishes at every 
point of R or at no point of R. For the corresponding analytic functions are locally single-valued, 
different from zero, and form a normal family in any simply connected subregion of R. By Hurwitz’s 
theorem any limit function of the family vanishes at every point or at no point of R. 
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lim | — (3 — |! 


= exp | — —logr—)ds|, 


uniformly on any closed set interior to C,, where T; is an analytic Jordan curve 
in R containing (x, y) and C2 but not C, in its interior. In (33) and (34) the limits 
are to be taken over the given sequence of indices for which (31) holds. The inte- 
grals over T; and YT, are to be taken in the counterclockwise and clockwise senses 
respectively, and v denotes exterior and interior normal respectively. 


(34) 


Theorem 8 is only a slight modification of a previous result (Theorem 18, 
op. cit., p. 266), and the proof is therefore left to the reader. In the direction 
of a converse we have 


THEOREM 9. Let R denote an annular region bounded by Jordan curves C, 
and C2 with C2 interior to C;. Let the function U(x, y) be harmonic interior to R, 
continuous in the corresponding closed region, taking the values gi and g2<g, on 
C, and Cz respectively, and satisfying equation (32), where T is an arbitrary 
analytic Jordan curve separating C, and C2. Then for every n there exist points oj, 
on C, and points B, on C2 and constants A,, such that we have 


(35) lim 1.2 = 
| — an) (2 — aha) 


uniformly on any closed set interior to R. 


If we replace A, in equation (35) by g"A,, where q is positive, the equation 
persists with U(x, y) replaced by U(x, y)+log gq. In particular, then, it is no 
loss of generality to assume g:=0 in the proof of Theorem 9; we make this 
assumption. 

To exhibit the points aj, and 8, desired it is now sufficient to choose the 
a;, and 8/, uniformly distributed on C; and C2 respectively with respect to 
the parameter a, where 


dU aU 
do = —ds on(,, do = — —ds onCxz, 
Ov Ov 


for we have the equation for - y)inR 
(36) U(x, y) = log rdo — — log r do. 
Ce Cy 


These equations for do and U(x, y) still have a meaning in an extended sense 
even if the Jordan curves C, and C; are not analytic, and so also does the con- 
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cept of uniform distribution of points on C; and C2; compare op. cit., §§7.6 
and 9.12. Further details of the proof of Theorem 9 are so similar to a proof 
given elsewhere (Theorem 9, op. cit., pp. 210-211) that they are omitted 
here. Equation (35) is valid with A,=1 and with U(x, y) replaced by 
U(x, y) —g:, hence is valid in the original form with A, =e". 

We are now in a position to solve the proposed problem: 


THEOREM 10. Under the hypothesis of Theorem 8, where U(x, y) takes con- 
stant values on C, and C2, new numbers an, and Bn can be defined for those values 
of n for which the original an, and Bx are not employed in (31), in such a way 
that (31) holds uniformly on any closed set interior to R for the entire sequence 
n=1,2,3,---. 

The original sequences a, and 8, used in (31) yield by Theorem 8 a 
function U(x, y) which assumes constant values g; and g2 on C; and C2, and 
which satisfies (32), where [is an arbitrary analytic Jordan curve separating 
C,; and C2, and where v indicates exterior normal. It then follows that we have 
g2<gi. By virtue of Theorem 9 there exist for every ” points a/, and B/, which 
satisfy (35), uniformly on any closed set interior to R. For the values of n 
that do not appear in the sequence in the relation (31) of our hypothesis we 
now define for those values of m. Then the points a, and Brx 
are now defined for every m, and equation (31) is valid uniformly on any 
closed set interior to R for the complete sequence =1,2,3,---. 

Theorem 10 applies directly in the situation of Theorem 1 but where (1) 
is assumed merely for a suitable sequence of indices n. But it is to be noticed 
that in Theorem 1 equation (1) is assumed to hold uniformly on C,, whereas 
in Theorem 10 equation (1) holds uniformly merely on any closed set interior 
to R. 

Proof of Theorem 10 by means of Theorems 8 and 9 is essentially the exe- 
cution of a program previously outlined (op. cit., p. 268 ff.). 

5. Determination of the £,,, when C and the a,, are given. Our definition 
of maximal convergence involves the points a,x, the point set C, and the func- 
tion ®(z), but does not involve the points 6,; directly; of course the B,. are 
intimately related to the function ®(z). This raises the question of the de- 
termination of &(z) and the 8,;, when C and the a,, are given, a question that 
we proceed to discuss. 

By Theorem 8, condition (34) is a consequence of (31), so (34) or some 
similar relation is the natural hypothesis for us to use on the points an. 
Such a condition as (34) is fulfilled whenever the points a,, are uniformly 
distributed on a Jordan curve with respect to a continuous parameter. 


THEOREM 11. Let the point set C be the closed interior of a Jordan curve C2. 


io 
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Let C{ be a Jordan curve containing in its interior the set C but none of the points 
nz, and let us suppose 


(37) lim | (2 — ent) (& — = 


interior to C{, uniformly on any closed set interior to C{. Then there exists a region 
R bounded by C2 and by a Jordan curve C, containing C2 in its interior, and there 
exists a function V(x, y) harmonic in R, continuous in the corresponding closed 
region, constant on C, and on C2; for suitably chosen points Bn. on C2 we have 
interior to R 


1/n 
(38) lim | A (z Bn1) (z Bn .n+1) 


n = eV (zy) 


uniformly on any closed set interior to R. 
The function U(x, y) can be written as the limit of the sequence of har- 
monic functions 


Un(x, y) = (1/m) log | (g — ami) — @nn)/An| 


uniformly on any closed set interior to C{, so U(x, y) is harmonic interior to 
Ci. 

Let G(x, y) denote Green’s function for the complement K of C with pole 
at infinity; thus G(«, y) —} log (x?+-y?) is harmonic at infinity, and G(x, y) 


vanishes on C2. Let W(x, y) denote the unique function which is harmonic 
in K (even at infinity), continuous in the corresponding closed region, and 
equal to U(x, y) on C2. Introduce the notation 


(39) V'(x, y) = W(x, y) +G(«, y) — U(x, y), 


so that V’(x, y) is harmonic in the annular region R’ bounded by Cj and C2, 
and is continuous with the value zero on C2. If denotes an arbitrary analytic 
Jordan curve separating C{ and C2, and if v denotes exterior normal, we have 


ow 0G 
(40) —ds= —ads+ ds = 2%; 
r ov r ov r ov r ov 


for the first and third integrals of the second member vanish because W(x, y) 
and U(x, y) are harmonic respectively in the closed exterior and closed in- 
terior of T. 

We shall now show* that V(x, y) is positive at every point of R’. Consider 


* The entire proof of Theorem 11 can be interpreted as the carrying out in detail of a method 
previously indicated (op. cit., p. 269). But the inequality V’>0 is an indispensable condition for the 
validity of that method, and the present proof of that inequality is the first ever given of wide gen- 
erality. 
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the function (compare (39)) 


Vi(x, y) W(x, y) + G(x, y) U,(x, y), 


which approaches V’(x, y) uniformly on any closed set in R’+C2. The func- 
tion V;(x, y) is defined and harmonic at every point exterior to C2, except 
the points a, and except at infinity. When (x, y) approaches a finite point 
z=a,x, the functions — U,(«, y) and V;(«, y) become positively infinite. When 
(x, y) becomes infinite, the functions W(x, y), G(x, y) —4 log (x?+~y?), and 
3 log (x?+y*)—U,(x, y) approach finite limits, except that log (x?+-y?) 
—U,(x, y) becomes positively infinite if one or more of the points a,, are 
infinite. Consequently the minimum of the function V,’ (x, y) considered in 
the entire closed region exterior to C2 exists and occurs for (x, y) on the.curve 
C2 itself: 


[Vi(x, y), for (x, y) exterior to C2] = [min V.(x, y), on Co]. 


By the uniformity of convergence of V/(x, y) to V’(«, y) on C2 as becomes 
infinite, this right-hand member approaches the minimum of V’(x, y) on C2; 
thus 


[V'(x, for (x, y) in R’] 2 [min V"(x, on C2]. 


Consequently for (x, y) in R’ we have proved V’(x, y)20. The function 
V’(x, y) is zero on C2, can approach no negative value as (x, y) in R’ ap- 
proaches CJ, and is harmonic in the region bounded by C{ and C2. But V(x, y) 
is not identically zero in R’, by equation (40). It follows from the well known 
properties of the minima of harmonic functions that the inequality V’(x, y) 
>0 persists throughout R’. 

We shall now exhibit the desired points G,,;.. Let us suppose for the moment 
that C2 is an analytic Jordan curve. For (x, y) exterior to C2 we have (op. cit., 
p. 266, Lemma IV) 


W(x, y) + G(x, y) 


41 
(41) 


1 al +G 
[ar +6) Jog 


Ov 


where v indicates the interior normal for C2, and where q is suitably chosen. 
For (x, y) exterior to C2 we also have (op. cit., p. 265, Lemma IIT) 
1 0 log r 
o-—f 


] a 
— log r —)ds; 
Ov 


Ov 


this equation is first established with U replaced by U,,, and then use is made 
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of the uniformity of convergence of U, and 0U,/dv on C2. It follows by sub- 
traction from (41) for (x, y) exterior to C; that 


1 0 log r av’ 
W(x, y) + G(x, y) = — (v’ — logr—)ds+q 
c, ov ov 


(42) 


Thanks to the inequality V’(x, y)>0 in R’, we have on C, the inequality 
do = —(dV'/dv)ds =0. If now the points 8, are chosen uniformly distributed 
on C; with respect to the parameter o, we may write from (42) and from 
— fc,(0V’/dv)ds =2m (a consequence of (40)) the relation 


(43) lim | — Bat) (2 — = 


for z exterior to C2, uniformly on any closed set exterior to C2 (compare op. 
cit., §8.7). It follows now from (37) and (43) by the choice V(x, y) =V’(x, y) 
—g that equation (38) is valid uniformly on any closed set interior to R’. 

In (41) and later equations we have for the sake of convenience assumed 
C2 to be an analytic Jordan curve. It is sufficient if C2 is an arbitrary Jordan 
curve, provided the integrals are interpreted in an extended sense (compare 
op. cit., §7.6). Even if C2 is a still more general set, the integrals may be taken 
over analytic Jordan curves near but exterior to C2 on which V(x, y) is con- 
stant (which does not alter the validity of (42) or of the other equations), 
and the points 6, may be chosen on these curves by the method of op. cit., 
§4.4; but here we must relax the requirement that the 6,x shall lie on or in- 
terior to C2, and may replace it by the requirement that the 8, shall have no 
limit point exterior to C2. 

A region R satisfying the requirements of Theorem 11 is easily defined. 
Let g: denote the least upper bound of V’(x, y) in R’, and let g be arbitrary, 
0<g<g,. Then the locus C;: V’(x, y)=g in R’ is an analytic Jordan curve; 
the annular region bounded by C; and C; fulfills all the conditions of Theo- 
rem 11. Our fundamental results on approximation apply only to loci 
V’(x, y) =const., so it is no great disadvantage to cut R off along such a curve. 

It is not uninteresting to note that if in Theorem 11 we assume equation 
(37) to hold merely for an infinite sequence of indices m, then (as in Theorem 
10) new points a, can be provided, and also the points 8,x, so that both the 
an, and 8,x shall be defined for every m with (38) valid. Indeed, the definition 
of U(x, y) and the proof of (43) do not assume the a,x defined for every n; 
Theorem 11 can be used to determine the £,, for the values of » for which 


= 
og r— das ° 
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the a, are defined, and then Theorem 10 applies. Of course equation (43) 
is substantially the same as equation (33) of Theorem 8. 

6. Invariant formulation of results. The general problem of greatest degree 
of approximation to a given analytic function f(z) by rational functions with 
prescribed poles a,, culminating in Theorem 7, is invariant under linear 
transformation of the complex variable. But our fundamental condition (1) 
is not invariant, and has no obvious invariant properties. We proceed to 
discuss conditions analogous to (1) but having properties of invariance. 


THEOREM 12. Under the conditions of Theorem | (it is sufficient if (1) holds 
uniformly merely on any closed set in R) let the function w =$(z) map the exterior 
of C2 onto | w| >1 so that the points at infinity correspond to each other. Then we 
have 

[(cn1)$(z) 1] [$(ann)o(2) mini 1] 
(44) lim 
oe [¢(z) $(an1) | [$(z) (ann) | 
uniformly on any closed set in R, where ®,(z) is a suitable consiant multiple of 
the function ®(z) of (1). 

From condition (1) it follows that we have (34) fulfilled; it follows from 

(34) (method of op. cit., §9.12) that 


#,(z) ’ 


exists uniformly on any closed set interior to R. By another method previ- 
ously employed (op. cit., §9.4) it follows that (44) is valid uniformly on any 
closed set in R, where ®,(z) is suitably chosen. It is to be noted that the func- 
tion whose absolute value appears in (44) can be considered defined even on 
C2, and to be continuous there, whence ®,(z) also is continuous on C2: 
®,(z)=1 on C2. Then the limit in (44) can be considered uniform on any 
closed set in R containing no point of C;. The function whose absolute value 
appears in (44) is greater than unity at every point exterior to C2, so we have 
®,(z)=1 in R. 
From (1) and (44) we may write 


Bn1) Bn n+1) 
(3 — ani) (2 — Onn) 
— 1] - - — 1] 


uniformly on any closed set in R. Denote by ¥,,(z)(z—8n1) the function whose 
modulus occurs in (45). Then W,(z) is analytic and different from zero at 


lim | 


(45) 


4 


) 

= 
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every point of the extended plane exterior to C2, when the function is suitably 
defined in the points a@,x.* Moreover lim,...{2—@m|'/"=1 uniformly on any 
closed bounded set exterior to C2. Then (45), being valid on an arbitrary C,, 
71 >¥ >‘2 when suitably interpreted, is valid at every finite point in the closed 
exterior of C,; the logarithm of the right-hand member of (45) can be con- 
sidered defined and harmonic at every point of the extended plane exterior 
to Cs, is continuous in the corresponding closed region, and has the constant 
value log yz on C2. Hence throughout R we have ®(z)/#,(z) =72, and Theorem 
12 is established. 

Under the conditions of Theorem 12 it may occur that C; is a curve 
|@(z)| =const., say c; under such circumstances the function 


log yi — log v2 
log ¢ 


log ®(s) — log | $(z) | — log v2 


is harmonic in R, continuous in R, zero on C; and C2, hence is zero in R: 


log y1 — log y 
log &(z) = —— ~ log | 6(z) | + log v2. 


log ¢ 


But by (32) we have 


0 log P(z 
r 


Ov 


where I is an analytic Jordan curve separating C, and C>2; also (op. cit., p. 71) 


f | (2) | ds = 2r, 
r Ov 


whence we deduce (log y:—log y2)/log c=1, and for z in R, 


This equation is satisfied, it may be added, provided the points a,, and Bn: 
are distributed on C; and C2 respectively uniformly with respect to the har- 
monic function conjugate to log |¢(z)| ; see op. cit., §4.3. 

The converse of Theorem 12 can also be established: 


THEOREM 13. Let R be the region between and bounded by two Jordan curves 
C, and Cs, with C2 interior to C,. Let w=¢(z) map the exterior of C2 onto the 


* When a point lies at infinity, the function [¢(z) — (ans) —1] in (44) and (45) 
is to be replaced by its limit as an.— ©, namely 1/¢(z). In accordance with the convention already 
made (§1) concerning factors z—anx, tl.ere is here no exception in the behavior of ¥,,(z) even if points 
a» are infinite. 


t 
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region |w|>1 so that the points at infinity correspond to each other. Let the 
points cn, lie exterior to C:, and suppose (44) valid uniformly on any closed set 
in R not containing a point of C1. Then for suitably chosen numbers A,, and suit- 
ably chosen points Bn on C2, equation (1) is valid uniformly on any closed set in 
R, where ®(z) is a constant multiple of ®,(z). 


From equation (44) follows (op. cit., p. 274, Corollary 2) an equation of 
type (37), valid uniformly on any closed set interior to C:. By Theorem 11 
we now derive a condition of form (1), and inspection of the proof of Theorem 
11 shows that equation (1) is valid uniformly on any closed set in R. It fol- 
lows now from Theorem 12 that (z) is a constant multiple of ®,(z), so Theo- 
rem 13 is established. 

In Theorem 13 the Jordan curve C; naturally need not be a locus obtained 
by setting ®(z) equal to a constant. 

We remark (op. cit., p. 274) that condition (44), valid uniformly on any 
closed set in R, implies the existence of 


| (3 — ani) (3 — |*!* 


lim 
uniformly on any closed set in R; if a particular a,, is infinite, the correspond- 
ing quotient (z—anx)/¢(a@nx) is to be replaced by the limit of that quotient 
as an, becomes infinite, namely —1/¢’(~). By virtue of (33), a consequence 
of Theorems 13 and 8, it now follows that equation (1) is valid uniformly on 
any Closed set in R for a suitably chosen ©(z) provided we have 


(46) A, = (nn) - 
The proof just given, that (44) implies the existence of 


eee 
lim | (3 — Bni) (2 — Ba.n+1) 


shows the uniform existence of this limit merely on any closed set in R; the 
limit is different from zero there. But if (1) itself is satisfied under the conci- 
tions of Theorem 1, it then follows that for the original A, 

lim 


Ay 


exists and is different from zero. Consequently (1) with the substitution (46) 
made is valid uniformly on any closed set in R containing no point of C2. 
It is not essentially more general to consider (1) in its original form than to 
consider (1) with (46) satisfied. 


' 
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Let us now consider the function W,,(z) defined in connection with (45), 
where A, is given by (46). We see by inspection that V,,(«) =1, from which 
it follows that 6(z)/#,(z) is identically unity. Thus we have proved 


Coro.iary 1. Under the conditions of Theorem 1, we have 


(47) lim | $(@n1) + 6(@nn) = 


(z = On1) (z Gnn) 


uniformly on any closed set in R containing no point of C2, where ®,(z) is given 
by (44). 

If z) is an arbitrary point interior to Ci, the hypothesis of Theorem 8 im- 
plies (34) for z=2o, so for the given sequence of indices 


lim | (Zo Q@n1) (Zo ann)/An |!” 


exists. This limit is different from zero, by the form of (34) itself. It follows 
now from (31) that for the given sequence of indices 


(Zo Gn1) (zo Onn) (Z Bi) (z Bn n+1) 
lim 


(2 — an) (2 — 


exists uniformly on any closed set in R. Consequently whenever equation (1) 
is satisfied, that equation is also satisfied for some function ®(z) with 


where 2 is an arbitrary point interior to C,. 
As a matter of record we formulate 


CoroLiary 2. Under the hypothesis of Theorem 13, let R,(z) be a sequence 
of rational functions of respective degrees n, whose poles lie in the points cnx. 
Denote generically by C, the curve ®,(z) =~ in R, and let the function f(z) be 
analytic throughout the interior of C, but not throughout the interior of any Cy, 
y'>v¥. 

A sufficient condition for the maximal convergence of the sequence R,(z) to 
f(z) on C (closed interior of C2) is 


(48) lim sup [max | f(z) — R,(z) |, zon C2|'/" < 1/y; 


if the inequality sign holds here, so also does the equality sign. 


Condition (44) is invariant under linear transformation of the complex 
variable, and in some respects is therefore more advantageous than condi- 
tion (1). It is obviously immaterial whether the loci C, and the right-hand 


i 
‘ 
no 
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members of (22)—(26) are determined from (z) or from ®,(z); in the future 
we shall use these functions interchangeably. 

The method of proof of Theorem 12, namely the use of such an equation 
as (45), yields 


Coro tary 3. Under the conditions of Theorem 1, suppose also that points 
exist on or within the curve Cy, so that the relation 


1/n 
lim | A}, Baa) Bast) = const. 


holds uniformly on any closed set in R’ containing no point of C,, where R’ is 
the region between and bounded by C, and C,, and where ®,(z) is constant on Cy. 
Then the quotient ®,(z)/(z) is identically constant in R’. 


We remark too that this corollary can be established by the use of Theo- 
rem 7 itself. 

7. Maximal convergence of extremal sequences. We are now in a posi- 
tion expeditiously to treat extremal sequences. 


THEOREM 14. Under the conditions of Theorem 1, let C denote the closed 
interior of C2 and let R,(z) be the (or a) rational function of degree n with poles 
in the points cnx, of best approximation to j(z) on C in the sense of Tchebycheff, 
or in the sense of least pth powers (p>0) over C2 (assumed rectifiable), or in the 
sense of least pth powers (p>0) as measured by a surface integral over C, or in 
the sense of least pth powers over y: |w| =1 when K is mapped onto the exterior 
of y so that the points at infinity correspond to each other, or in the sense of least 
pth powers over the circumference |w| =1 or over the closed region | w| <1 when 
C is mapped onto |w| <1, in every case with a positive continuous weight func- 
tion. Then the sequence R,(z) converges maximally to f(z) on C. 


Inequality (48) is established for the present sequence R,(z) precisely as 
in previous cases (op. cit., p. 264, Theorem 17; p. 254, Theorem 12). The de- 
tails are left to the reader. 

The restriction that the weight function be positive and continuous can 
be considerably lightened in the various cases; compare op. cit., §5.7. 

8. Necessary conditions on the §,, for uniform convergence. We have 
hitherto presented such conditions as (1) and (47) as sufficient conditions on 
the 8, for maximal convergence. We now consider their necessity as condi- 
tions for uniform and maximal convergence. 


THEOREM 15. Let C; and C; be Jordan curves, with C2 interior toC,, and let R 
denote the annular region between them. Let the points an, lie exterior to Cy and 


| 
‘ 
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satisfy the condition 


(49) lim | 
n—e | [o(z) = $(an1) | [o(z) (ann) 

uniformly in R; such a condition as (49) is satisfied whenever the condition (37) 

is fulfilled uniformly on and within C,. Suppose the points B,. are given on or 

within C2, and suppose the corresponding sequence of interpolating rational func- 

tions r,(z) of respective degrees n converges uniformly to f(z) on and within C2 

whenever f(z) is analytic on and within C2. Then we have uniformly on any 

closed set in R the equation 

| (3 — Bar) — ) 


Consequently the sequence r,(z) converges maximally to f(z) on the closed interior 
of C2 whenever f(z) is analytic in that closed region but not analytic throughout R. 


This theorem is due to Kalmar for the case a,,= ©; the present method 
is due to the present writer (op. cit., §7.3), an extension of the method in the 
Case = 

We introduce the notation 


(z = Bn) (z Bn .n+1) 
it is obvious that lim,.,. |¢(z)|'/"=1 uniformly on any closed limited set ex- 
terior to C2, so (50) is equivalent to 
(51) lim | ¥,(z) = (2) 
uniformly on any closed set in R. The relation @(z)=1 in R follows at once 
from (49). 
The sequence 


converges uniformly on any closed set in R to a nonvanishing function (op. 
cit., p. 274). Hence the sequence log | ¥,,(z)| /" is uniformly bounded on any 
closed set in R, and forms a normal family of harmonic functions in R;* these 


* We are using here easily proved properties of sequences of harmonic and analytic functions, 
uniformly bounded and hence equicontinuous on any closed set interior to R. 

We also use the fact that a uniformly convergent sequence of nonvanishing analytic functions 
converges to a nonvanishing analytic function unless the limit function vanishes identically. 
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functions are obviously single-valued and harmonic in R. Denote by 
log | ¥(z)| an arbitrary limit function of the family. We shall prove the 


Either | ¥(z)| approaches the constant unity as zin R approaches Cz 
or for some points of R the function |V(z)| has a value greater than unity and 
for other points of R this function | ¥(z)| has a value less than unity. 


A subsequence of the functions | ,(z)|"/" approaches | ¥(z)| uniformly 
on any closed subset of R, so the corresponding sequence 


— 1] -- + — 1] 


approaches | ¥(z)|/#(z) uniformly on any closed subset of R. The function 
whose modulus appears in (52) is analytic and different from zero exterior to 
Ce, even in the points a,,, when properly defined there, and has the modulus 
1/|¢’()| at infinity. The sequence (52) therefore converges uniformly on 
any closed set of the extended plane exterior to C2, to the modulus of a func- 
tion analytic exterior to C2, and which has unit modulus at infinity. Thus 
log | ¥(z)/#(z)| has a meaning and is harmonic in the extended plane ex- 
terior to C2, and has the value zero at infinity, even though ®(z) and W(z) are 
not properly defined exterior to Ci. 

Of course each of the quantities in (49) whose limit is ®(z) is greater than 
unity in R; the function ©(z) is not constant in R, so we have ®(z)>1 in R 
(compare op. cit., p. 229); but @(z) is continuous and equal to unity on C2. 
The lemma now follows from the well known properties of the maxima and. 
minima of harmonic functions. 

We introduce the notation w,(z) =¢(z)V,,(z). In the expansion of the func- 
tion 1/(¢—z), where ¢ is exterior to C:, by interpolating functions r,(z), we 
have (op. cit., §8.1) 


(52) 


(53) f(z) — = 
wa(t)(t — 2) 
If we introduce the notation 

(54) M, = max [| wn(z) |, ¢ on Col, 
our hypothesis implies 


(55) lim M,,/w,(t) = 0. 


no 


If (51) is not satisfied, the normality of the family | ¥,(z)| 1" implies that 
some limit function | ¥(z)| of this family is different from ®(z). Then for 


ab 

a 

{ 

| 
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some point ¢, which may be chosen in R, we have by the lemma for suitably 
chosen indices 
lim | |/™* = W(t) <1. 


We may also write 


lim | n,(é) = W(t) < 1, 
too 


and for suitably large index 
(56) | wn, (t)| <1. 


Choose this point ¢ as the value in (53). From the definition of w,(z) and 
from the properties of ¢(z) on C2 we have 


M, = max [| wn(z) |, z on C2] = max [| W,(z)!, ¢ on Col. 


From the properties at infinity of the function whose modulus appears in (52) 
we have 


(57) max [| ¥,(2)|,z0nC2] = 1/|¢(~)|, 


Inequalities (56) and (57) are in contradiction to (55), so equation (51) is 
established. The remainder of Theorem 15 is a consequence of Theorem 6. 

A result closely related to Theorem 15, an extension of a result due to 
Fekete (op. cit., p. 163), is 


THEOREM 16. Let Ci, C2, R, and the an) satisfy the conditions of Theorem 15, 
including (49). Let the points Bn lie on or within C2, and let M,, be defined by 
(54). Then 
(58) lim =1 
is a necessary and sufficient condition that the sequence of rational functions 
r,(z) of respective degrees n with poles in the points cn. and interpolating to f(z) 
in the points B.., should converge uniformly to f(z) on and within C, whenever 
f(z) is analytic on and within C2. Thus (58) is also a necessary and sufficient 
condition for the maximal convergence of the sequence r,(z) to f(z) whenever f(z) 
is analytic on and within C2 but is not analytic throughout R. 


If condition (58) is satisfied, the functions 
| [¢(z) $(an1) | [o(z) (ann) 
¥,(z) —— 
— 1] — 1] 


are locally single-valued and analytic in the extended plane exterior to C2 and 


(59) 
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form a normal family in that region in an extended sense (op. cit., p. 162). 
No limit function of the family can have a modulus in that region greater 
than unity, by (58). But each function of the family has a value at infinity of 
modulus | ¢’()|-"/", and each limit function has a value at infinity of modu- 
lus unity. Consequently every limit function of the family is of modulus unity 
throughout the extended plane exterior to C2, and the sequence (52) ap- 
proaches unity uniformly on any closed set exterior to C2. Then by (49) equa- 
tion (50) is valid uniformly on any closed set in R, which implies the uniform 
convergence of r,,(z) to f(z) whenever f(z) is analytic on and within C2, and the 
maximal convergence under these conditions if f(z) is not analytic through- 
out R. 

Conversely, let us now assume that the sequence r,,(z) converges uniformly 
to f(z) on and within C, whenever f(z) is analytic on and within C2. If (58) 
does not hold, we have from the reasoning used on the functions (59) for a 
suitable infinite sequence m, and for a suitable A>1 


(60) M,, > 1. 


By Theorem 15 equation (50) is satisfied. Choose ¢ in R with 1< ®(t) <A. By 
(51) we have for sufficiently large n 


(61) | wa(é)| Ar. 


For the function f(z) =1/(¢—z) inequalities (60) and (61) contradict our hy- 
pothesis (55). This contradiction proves (58), and implies the maximal con- 
vergence of 7,(z) to f(z) whenever f(z) is analytic on and within C; but not 
analytic throughout R. Theorem 16 is established. 

It should be mentioned that results closely related to Theorems 15 and 
16 have been previously established by Shen (op. cit., p. 258); but the hy- 
pothesis on the a,; is there geometric, not asymptotic, and the necessary and 
sufficient conditions derived, such as (50) and (58), are not for uniform con- 
vergence, but for an inequality corresponding to (2). 

Theorems 15 and 16 are of interest chiefly in connection with maximal 
convergence. Nevertheless under the conditions of both those theorems 
(compare the remarks made concerning Theorem 1), whenever f(z) is analytic 
throughout the interior of @(z)=7 in R, we have 


lim sup [max | f(z) — ra(z)|, 2 on Co!" < 1/T. 


In connection with Theorems 15 and 16 we shall prove the 


Coroxiary. Let Ci, C2, R, and the on, satisfy the conditions of Theorem 15, 
including (49). Let the points Bn: lie on C2. Then a necessary and sufficient con- 
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dition that the sequence of rational functions r,(z) of respective degrees n with 
poles in the points a, and interpolating to f(z) in the points B,x should converge 
uniformly to f(z) on and within C2 whenever f(z) is analytic on and within Co, 
is that the points Bn. be uniformly distributed on C2 witn respect to the function 
conjugate to log &(z) in R, continuous in R. 

The sufficiency of this condition (due to Fejér if a,,= ©) is essentially 
contained in the proof of Theorem 11, in the light of the proof of Theorem 13. 
To prove the necessity of the condition, which is due to Kalmar if a,,= ~, 
we note that (50) is a consequence of Theorem 15 and that (33) then follows; 
in (33) we may take I: as identical with C, if the integral is interpreted in an 
extended sense; by the fact that U(x, y) is constant on C2 we may write (33) 
in the form 


1 
lim — Bus) (© Banas) = exp | log 
Co Ov 
uniformly on any closed bounded set exterior to C2. The conclusion follows 
at once by methods previously set forth (op. cit., §7.6). 

On the topic of uniform distribution of points it is appropriate to establish 

THEOREM 17. Let Ci, Co, R, and the an. satisfy the conditions of Theorem 8, 
including (31), and let U(x, y) be constant on C,. Let the points cn, lie on Cy. 
Then the an. are uniformly distributed on C, with respect to the function con- 
jugate to U(x, y) in R, continuous in R. 

Let 2 be an arbitrary fixed point interior to C;. In (34) we take the in- 
tegral (in an extended sense) over C1; by the fact that U(x, y) is constant on 
C; we have 


— (5 — Gun) |*!* 1 r dU 
lim | = exp|— log —:— as| 
Ov 


| (Zo (Zo Gnn) | r° 


uniformly for z on any closed set interior to C;, where a@ is a variable on C; 
and r=|z—a|,r°=|2.—a|. If we set 


we may then write 


Tn 
lim — > log — 


keel 


aul 


; 
| 
f 
1 aU 

du = — —ds, 
2r Ov 
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By virtue of (32), this integral over C; can be considered an integral over the 
interval 0<w<1. An arbitrary function of a continuous on C; can be uni- 
formly approximated on C; as closely as desired by a suitably chosen constant 
plus a linear combination of functions 


log [| — @| /| 2 — 


where the z;, are suitably chosen points interior to C,; this follows by the trans- 
formation z’=1/(z)—a) from a former lemma (op. cit., p. 169, Lemma II).* 
An arbitrary function x(a) constant on C; has the trivial property 


lim D x(ank) = f x(a)du, 
no NM Cy 

so it follows from the possibility of approximation that every function con- 

tinuous on C, has the corresponding property. It follows (compare op. cit., 

§§7.5 and 7.6) that the set a,, is uniformly distributed on C, with respect to 

the parameter u. 

9. Maximal convergence of sequences interpolating in the Fekete-Shen 
points. Certain sets of points, first introduced by Fekete for the case of poly- 
nomials, were used by him as points of interpolation to define polynomials 
converging favorably to a given analytic function on a given point set. The 
analogous points for the case of rational functions with preassigned poles a,, 
were introduced and used by Shen (op. cit., §9.7) when the a, are subject 
to geometric conditions; Shen’s results on degree of convergence, even for the 
case Q,,= ©, are more precise than those of Fekete. These same points were 
used subsequently by the present writer (op. cit., §9.10) when the a,, satisfy 
asymptotic conditions. We are now in a position to prove 


THEOREM 18. Let Ci, Co, R, and the an, satisfy the conditions of Theorem 15, 
including (49). Let the Bn. be the Fekete-Shen points for C2. Then conditions (50) 
and (58) are fulfilled. Consequently whenever f(z) is analytic on and within C2 
but not analytic throughout R, the sequence of rational functions r,(z) of respec- 
tive degree n with poles cn. defined by interpolation to f(z) in the points Br 
converges maximally to f(z) on and within C2. 

If f(z) is analytic throughout t .e interior of the curve Cr: ®(z)=T in R, 
we have (op. cit., p. 263, Corollary 2) 


lim sup [max | f(z) — ra(z)|, s on Co|"/" < 1/T. 


* It is essential to admit an additive constant, for otherwise no nonvanishing constant could 
itself be approximated; a uniformly convergent sequence of approximating functions converges to a 
uniform limit in the closed exterior of C,, and each function log | (ze—ax)/ (zo—a)| is harmonic and 
vanishes at infinity: a= ©. 
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The maximal convergence of the sequence r,(z) follows from Corollary 2 to 
Theorem 13, if f(z) is not analytic throughout the interior of any Cr, T’>T. 
The remainder of Theorem 18 follows from Theorems 15 and 16. 

It is of interest to note that the Fekete-Shen points 8,x lie on C2 itself, 
and hence by the Corollary to Theorem 16 these points are uniformly dis- 
tributed on C2 with respect to the function conjugate to log ®(z) in R, con- 
tinuous in R. 

It is of some interest to note that the entire theory of maximal conver- 
gence of sequences of rational functions may be developed by taking not (1) 
but condition (49) as fundamental, using the Fekete-Shen points (as in op. 
cit., §9.10) to obtain a sequence of rational functions 7,(z) satisfying the 
above inequality; the analogue of (4) is readily proved, so that Theorem 5 
applies. The remainder of the theory can then be built up. It seems simpler 
and more natural to the writer to make (1) fundamental rather than (49). 

10. A general extremal problem on approximation by functions with pre- 
assigned poles. The problem of approximation by rational functions with 
preassigned poles can be considered a special case of approximation by more 
general functions with preassigned poles. 


THEOREM 19. Let Ci, Co, R, and the points an, and Bx, satisfy the conditions 
of Theorem 1, including condition (1). Let R, denote generically the annular re- 
gion bounded by C2 and C,. Suppose the function F(z) to be analytic in R,, 
but not analytic throughout any y' suppose F(z) continuous 
in the two-dimensional sense on C2. 

Denote by K the region exterior to C2. Then there exist functions F(z) analytic 
in K except for possible poles in the points an, continuous in the two-dimensional 
sense on C2, such that we have 


(62) lim sup [max | F(z) — F,(z) |,z on Ce]'/" = y2/y; 


but there exists no such sequence F,(z) for which the left-hand member of (62) is 


less than y2/Y. 
Any sequence F,,(z) for which (62) holds possesses also the following proper- 


lies: 


(63) lim sup ymax | F(z) — F,(z)|,zonQ,]/"=/7, wSA<7, 


no 


(64) lim sup [max | F,(z) |, z on C,]/" = p/y, 


If Q is an arbitrary continuum in R not a single point, we have 


(65) lim sup [max | — F,(z)|, on = [max (z), z on Q]/y. 


no 
= 7 - 
no 
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The function F(z) can be written as the sum of its two components: 


(661) F(z) = fi(z) + fo(z), zin R,, 
1 F(t)dt 
(662) f(z) =— , z interior to C,, 
2ridr, t—2 
1 F(t)dt 
(663) = z exterior to Ce, 


2ridr,t — 2 

where I; is a rectifiable Jordan curve in R, containing z and C; in its interior, 
and where I; is a rectifiable Jordan curve in R, containing C in its interior 
but having z exterior to it; the curves I’; and TI, depend then on z, but the 
functions f,(z) and f2(z) are independent of the particular curves chosen. 
Equation (66;) is valid for z in R,. Nevertheless the integrals in (662) and 
(663) define f;(z) and f2(z) as functions analytic respectively throughout the in- 
terior of C, and throughout the exterior of C; (even at infinity, by a limiting 
process). Equation (66;) can be used to define f2(z) on C2; with this additional 
definition, the function f2(z) is continuous on C2. The function f;(z) is analytic 
throughout the interior of no C,,, y’>v¥. 

We are now in a position to identify the function f(z) of Theorem 1 with 
the present f(z). If we write 


f(z) = f(z), = Fn(z) — fol), 


equation (62) is a consequence of (indeed identical with) equation (3) (see 
Theorem 4). 

The method of proof of Theorems 3 and 4 applies also in the present case, 
and shows that there exists no sequence F,,(z) for which the left-hand member 
of (62) is less than y2/y. 

Let us suppose now F,(z) to be an arbitrary sequence satisfying (62). 
With the aid of the comparison sequence r,(z) +/2(z) just considered, which 
satisfies (62) in place of F,(z), we find as in the proof of (10) 

lim sup [max | Fa(z) |, zon C,|"/" < p/y, 
Theorem 5 now applies, and yields the remaining parts of Theorem 19. 

A slight modification of Theorem 19 is of interest. Let us replace the re- 
quirement that F(z) be continuous in the two-dimensional sense on C2 by the 
requirement that F(z) be bounded in the neighborhood of C2, with the identi- 
cal modification in the requirements on F,,(z). The expression 


max | F(z) — F,(z) |, zonCe, 
which occurs in (62) is then to be interpreted as 
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(67) lim sup [max | F(z) — F,(z)|, s on Cy], 

which is necessarily finite. With this understanding, also similarly for (63), 
(64), and (65), Theorem 5 is valid for the corresponding sequences, and 
Theorem 19 is valid in the generalized form. 

With this new convention, there exists for each n at least one admissible func- 
tion F,,(z) for which (67) is least. By an admissible function F,,(z) we under- 
stand here a function analytic in K except for possible poles in the points an, 
and bounded in the neighborhood of C;. Let No denote the greatest lower 
bound of all numbers (67) for the class of admissible functions. Let 
F(z), F®(s),--- be admissible functions for which the corresponding 
numbers N®,--- approach No: 


(68) lim N® = No. 


We have 


[max | 


(zs) — Fo () |, on Cy| 


(1) 


(69) < [max | F(z) — F, (z)|,s on Cy] + [max | F(z) — FS (s) |,z on Cy], 
lim sup [max | Fy’ (2) — (2)|,sonG] +N. 


The function F° (z) — F(z) is analytic in K except for poles in the points 
a,x. The function 


[FS (2) — F(z) — o(ant)] [6(2) — (ann) | 
— 1] — 1] 


when suitably defined in the points a,,, is analytic throughout K and by (69) 
is uniformly bounded (independently of k) in K. From any infinite sequence 
of functions (70) can be extracted a subsequence which converges throughout 
K, uniformly on any closed set in K, to a bounded function of form (70) with 
F(z) replaced by an admissible function F(z). The corresponding subse- 
quence of the F(z) then converges to F®)(z) throughout K except in the 
points a,,, uniformly on any closed set in K containing no point a,x. Let us 
suppose (this supposition involves merely a change of notation) that the origi- 
nal sequence F(z) so converges. 

Let » be chosen arbitrarily but fixed, y>u>vye2, and let us suppose 
¥2<X<y, where \ will be allowed to approach y2. We now apply the two- 
constant theorem (or Hadamacd three-circle theorem), which is valid under 


(70) 
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the present generalized conditions on the functions involved: 


[max | F(z) — FS” (z) |, zonC,| 


u—r) / (u—2) 


(71) < [max | F(z) — FS (z)|, on ew 
- [max | F(z) — Foz) |, z on C,| 


The second square bracket in the second member of (71) has a bound N inde- 
pendent of &; the first square bracket in the second member of (71) ap- 
proaches No, by (68). Thus we have by letting k become infinite 


[max | F(z) — Fy (z) |, s on Cy] = lim [max | F(z) — Fy. (2) |,z on Cy] 


(72) < 
the first equality sign is a consequence of the uniform convergence of F(z) 


to F®(z) on C). If we allow \ to approach 2 in (72), we have 


[max | F(z) — F,(z)|, z on Co] No; 


the inequality sign is impossible here by the definition of No, so we have 
established the existence of at least one extremal function F,,(z). The question 
of the uniqueness of this extremal function is still open. 

Naturally the extremal functions F,,(z) whose existence has just been es- 
tablished satisfy condition (62); and for them the conclusion of Theorem 19 
is valid. 

We remark too that the requirements of continuity of F(z) and F,,(z) on 
C2 need not be replaced by the requirement of boundedness in the neighbor- 
hood of C, but may simply be omitted, without essentially altering our con- 
clusions; the square bracket in the left-hand member of (62) is merely 
understood as (67); a suitable comparison sequence F,,(z) can be obtained 
as before from Theorem 1; at least one extreme function F,,(z) exists. 

Whether or not this last generalization is allowed, we shall prove 


THEOREM 20. Let the conditions of Theorem 19 be fulfilled, including equa- 
tion (62), and let the respective components of the function F,,(z) be fn(z) and 
fn2(z), defined by equations analogous to (66). Then the function f,1(z) is a ra- 
tional function of degree n with poles in the points anx, and the sequence f,.(2) 
converges maximally to fi(z) on the closed interior of C2. 


In the region R, we have the equation 


where fni(z) is analytic throughout the interior of C,, and f,2(z) is analytic 


} 
} 
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throughout the exterior of C2, even at infinity. But F,(z) is analytic through- 
out K except in the points anx, SO fni(z) can be extended analytically from R,, 
and can be considered defined and analytic throughout K except for poles in 
the points a,x. Consequently f,:(z) is a rational function of degree » whose 
poles lie in the points ans. 

In the defining equations for f;(z) and f,1(z) we may choose IT; as the curve 
Cy, whence 


zonCe. 


1 F(t) — F,(t 
f,(2) — far(z) = (t) 


Then equation (63) yields 
lim sup [max | f1(z) — far(z) |, on 


no 


In this inequality we may allow \ to approach 72: 


(73) lim sup [max | fi(z) — |, on S 


The function f2(z) is analytic throughout the region K, and F(z) is analytic 
throughout the interior of C, but not throughout the interior of any C,,, 
y'>vy. Then fi(z) also is analytic throughout the interior of C, but not 
throughout the interior of any C,-. Inequality (73) thus establishes the con- 
clusion of Theorem 20. 

Results analogous to but less explicit than Theorems 19 and 20 lie at 
hand if we replace the original requirement on F(z) by the requirement that 
F(z) be analytic throughout R. For instance there exist functions F,,(z) 
analytic in K except for possible poles in the points a, such that the first 
member of (62) is not greater than 72/71. 

We have several comments to make regarding the general significance of 
the problem studied in Theorems 19 and 20. 

1°. Theorem 19 is a result concerning a problem which is invariant under 
arbitrary one-to-one conformal transformation of the region K, even under 
some circumstances (compare §11 below) if K is transformed into a region not 
bounded by a Jordan curve. But the full import of this invariant property 
appears best if the hypothesis (1) is replaced by the equivalent hypothesis 
(49). 

2°. The two groups, Theorems 1-4 on the one hand and Theorems 19 
and 20 on the other, are intimately related to each other, especially in view 
of Theorem 5. Theorem 1 can be employed as above to furnish a sequence 
F,,(z) which converges as rapidly (in the sense indicated by (62)) as does any 
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sequence of admissible functions. Reciprocally, Theorem 20 shows that Theo- 
rem 19 can be employed to furnish a sequence of rational functions which 
converges maximally. 

3°. Theorem 1 can be formulated so as to be invariant under arbitrary 
linear transformation of the complex variable. Condition (49) has the more 
general property of being essentially invariant under arbitrary one-to-one 
conformal transformation of the closed exterior of C:. Remarks 1° and 2° 
serve to explain this latter invariant property, which has been in the past 
somewhat mystifying. 

4°. Theorem 19 is a companion piece (Gegenstiick) to results previously 
established by the present writer concerning interpolation by functions ana- 
lytic and bounded in a given simply connected region K.* Prescribed poles 
on the one hand correspond to prescribed points of interpolation on the other, 
in each case satisfying asymptotic conditions in an annular region R interior 
to K, one of whose boundaries is the boundary of K. In the problem of inter- 
polation there are two equivalent conditions on the prescribed points, com- 
pletely analogous to (1) and (49). The function approximated to in the one 
problem and the function interpolated to in the other are assumed analytic 
in respective regions mutually complementary with respect to K, and conver- 
gence of approximating and interpolating functions is established throughout 
those (suitably chosen) regions of analyticity bounded by loci =const. in R. 
Indeed, this entire pair of configurations exhibits a complete duality, in the 
sense already defined (op. cit., §8.3), except that the present duality is con- 
cerned with functions meromorphic or analytic in a region rather than with 
rational functions as in the former duality. Theorem 5 is sufficiently powerful 
to apply to both configurations. 

11. Generalizations and extensions. In connection with the foregoing re- 
sults, there suggests itself the question of extensions to regions of higher con- 
nectivity, and to regions not bounded by Jordan curves. We now proceed to 
discuss these questions in order. 

We have hitherto limited ourselves to a region bounded merely by two 
Jordan curves C; and C; instead of two such sets of curves, entirely for the 
sake of simplicity and ease of exposition. Our methods are applicable with 
only minor modifications in the more general case. For instance we sketch 
rapidly the proof of 


THEOREM 21. Let R be a finite region bounded by two disjoint sets C, and C2, 
each composed of a finite number of disjoint Jordan curves; let one of the Jordan 
curves C{ of the former set contain in its interior all points of C:—C}+Co. Let 


* These Transactions, vol. 46 (1939), pp. 46-65. 
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the points Oni, Qn1,*~**, Onn be separated from R by C,, and let the points 
Bri, Bre, » not Lying on C2 be separated from R by C2. Let R denote the 
closure of R. 

Let the relation (1) hold uniformly on any closed set in R containing no 
point of C2. Let the function (z) be continuous in the closed region R, and take 
constant values and on and C2 respectively. Denote generically by C, 
the locus ®(z)=y in R, y2Sy SN. For y2<y<, the locus C, consists of a 
finite number of mutually disjoint analytic Jordan curves, except that for each 
of a finite number of values of y there are a finite number of multiple points, 
each common to a finite number of the Jordan curves composing C,. Denote ge- 
nerically by R, the open set composed of the interiors of the Jordan curves compos- 
ing C2 plus the point set in R on which we have y2< ¥(z) <7; thus R, need not 
be connected, but is the sum of a finite number of regions bounded by the entire 
locus Cy. 

Let the function f(z) be single-valued and analytic on R, but not single-valued 
and analytic on any R, with y’>+y. Then we have (2), (3), and (4) fulfilled, 
where r,,(z) is the rational function of degree n whose poles lie in the points on: 
and which interpolates to f(z) in the points Bux. 

There exists no sequence of rational functions R,(z) of respective degrees n 
with poles in the points on, such that either (8) or (9) is satisfied. 

Whenever a set of rational functions R,(z) of respective degrees n with poles 
in the points cn, satisfies (20), we shall say that the sequence R,(z) converges 
maximally to f(z) on the set C composed of the Jordan curves C2 and their res pec- 
tive interiors. Consequences of maximal convergence are equations (22) and (23), 
and if Q is an arbitrary continuum in R not a single point, also equations (24)- 
(26). 

In Theorem 21 the function f(z) need not be a monogenic analytic func- 
tion; nevertheless f(z) can be extended analytically from the neighborhood 
of C2 by paths in R, so as to be single-valued and analytic at every point of 
R,; but this property is shared by no set R,, with y’>~y. Then (a) for some 
path of analytic extension in R, from C; to C, the function f(z) has a singular- 
ity on C,, or (b) the locus C, has a multiple point A and the analytic exten- 
sions of f(z) from C; along paths in the various regions into which C, falls 
of which A is a boundary point fail to be analytic and identical throughout 
a neighborhood of A; or both (a) and (b) occur. 

Theorem 5 extends to a region R bounded by two sets of Jordan curves, 
and the original proofs already given yield now Theorem 21. 

With only minor modifications, which we now mention, the entire dis- 
cussion of $$1—10 of the present paper is valid for the more general region R 
introduced in Theorem 21. 


i 
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Under the hypothesis of Theorem 12 (that is to say, the hypothesis of 
Theorem 1), equation (44) may be written 


(74) lim > G(z, = log 


WM 
uniformly on any closed set in R, where 


— 1 
(2) — | 


is Green’s function* with pole in the point a,; for the region exterior to the 
Jordan curves C;. With this change in the manner of writing (44), the new 
formulation of Theorem 12 is obviously valid; theorem and proof extend 
without great difficulty to the situation of Theorem 21. But equation (44) 
is obviously simpler than (74), and more easily applied. Of course C; may 
consist of several Jordan curves even when C; is a single Jordan curve; under 
such circumstances (44) and similar relations need no revision. 

Let us be more explicit about the extension of Theorem 12, using now the 
hypothesis of Theorem 21 rather than of Theorem 1; it is sufficient if (1) holds 
uniformly merely on any closed set in R. On an arbitrary closed set C’ in R 
the functions G(z, an.) are uniformly bounded, fcr the points a,x are bounded 
from C’, and the functions G(z, a,,) in R depend continuously on z and an, 
except in the neighborhood of a,x. The functions 


G(z, = log 


(75) Gz, ene) 
N k=l 

are harmonic in R and uniformly limited on any closed set C’ in R, hence 
form a normal family of harmonic functions in R. Let log #,(z) denote an 
arbitrary limit function of the family (75), the uniform limit on any closed 
set in R of a suitably chosen subsequence of the family. The functions (75) 
are continuous in the two-dimensional sense on C; and vanish there, so the 
subsequence converges uniformly on any closed set in R containing no point 
of C;. The limit function log ,(z) is continuous in the two-dimensional sense 
on C; and vanishes there. Consider now the function 


(z Bn) (z Bn | 


(2 — ani) (2 — Gan) 


— log | A, 


1 ~ 1 
n n 


k=1 


* The term Green’s function is sometimes used for the negative of the present function. 


} 
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which when suitably defined in the points a,, is harmonic without exception 
in the region exterior to and bounded by the curves C;. The sequence (76) 
or any subsequence converges uniformly on any closed set interior to R when- 
ever that is true of the corresponding sequence or subsequence (75). By es- 
sentially the reasoning previously used in the proof of Theorem 12 we now 
have ®(z)/®,(z)=72 throughout R. Then the function #,(z) is uniquely de- 
termined; from every subsequence of the sequence (75) can be extracted a 
new subsequence converging uniformly on any closed set in R to the function 
log ,(z), hence the sequence (75) itself converges uniformly on any closed 
set in R to the function log #,(z); the extension of Theorem 12 to the situation 
of Theorem 21 rather than of Theorem 1 is established. 

In the extension of Theorem 13 to a region R bounded by more than two 
Jordan curves, we naturally replace (46) by 


(77) og An = > Glank, ©); 
k=1 


since only the modulus of A, is of significance in (1), equation (77) is essen- 
tially equivalent to (46) under the hypothesis of Theorem 13. Of course the 
validity of (1) with the substitution (77) is to be established by the method 
indicated for the proof of (1) with the substitution (46) (op. cit., p. 274). The 
indicated extension-of the remainder of §$1—-10 now presents no difficulty, as 
the reader may verify; but in §8 a somewhat unusual convention is desirable 
regarding normal families of analytic functions (compare op. cit., $7.3). 

We turn next to the question of replacing by more general sets the Jordan 
curves in Theorem 21 and in the corresponding results of §§1-10. Theorem 5 
extends without difficulty and with only minor modifications to the case that 
R is bounded by a finite number of continua, none of which is a single point. 
There is no inherent difficulty in extending almost all of the discussion of the 
present paper to this more general case. However, with this more general hy- 
pothesis, such integrals as appear in (36) no longer have the meaning previ- 
ously assigned, and points a, and 8,, cannot be taken or proved uniformly 
distributed on C; and C; by the previous methods. There are then two possi- 
ble procedures for determining the points a,, and 6,,: (i) consider integrals 
not over C; and C; but over sets of curves I’, and , in R and approaching C; 
and C; respectively, choosing points a, and 6, on the sets I’; and rs (as in 
op. cit., §4.4); but of course these points a,, and B,, then lie interior to R, 
and (1) may not be valid uniformly on C,; (ii) if each point of C; and C2 is a 
boundary point of the complement of R, the harmonic function U(x, y) in 
(36) may be uniformly approximated in R by functions harmonic throughout 
R, by Lebesgue’s theory of variable harmonic functions; these approximating 


n 
2 
4 
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functions may be handled by the original method of uniform distribution of 
points, and yield points a,, and B,, exterior to R (compare op. cit., §4.4); 
this method can be used also for the appropriate points a,;, or Bx if only one 
of the sets C; and C; has the property that each of its points is a boundary 
point of the complement of R. It will be noticed that method (i) enables us 
to use for C, the point set on which the given function is approximated, any 
closed bounded set not separating the plane having only a finite number of 
components of which none is a single point. By an extension of Theorem 5 
we may here take C an arbitrary closed bounded set whose complement is 
connected and possesses a Green’s function. 

Neither (i) nor (ii) enables us to establish uniform distribution on C, or C2 
of given points, and thus the necessity of the uniform distribution in the 
Corollary to Theorem 16, in Theorem 17, and in §9, is still unproved. In this 
connection there suggests itself another method: (iii) consider the integrals 
in a still more general sense, say in the sense of Stieltjes with respect to a 
variable defined on the boundary elements of the region; in the generalization 
of (36) this variable would be the conjugate of U, locally single-valued and 
continuous in R. It seems to the writer probable that this method would be 
completely satisfactory both in determining points a,, and 8,; from such an 
equation as (36), and in establishing the uniform distribution of given points 
as in the Corollary to Theorem 16; but this method has never been completely 
carried out. 

We have hitherto considered merely a single region R, but it is possible 
(op. cit., §§8.7 and 8.8) to have such a relation as (1) valid simultaneously 
interior to two mutually disjoint regions of the kind considered in Theorem 1. 
Indeed if these regions R are preassigned, if the corresponding closed regions 
are mutually disjoint, and if no region separates another from the point at 
infinity, suitable harmonic functions can be used as generating functions to 
define the sequences a, and B,, so that (1) is valid on any closed set in each 
region R. Then our entire discussion of §§1—10 carries over to the new situa- 
tion, with a single exception. The function ®(z) of (1) is harmonic in each R, 
and a locus C, occurs in each R. But it may occur that vy as defined from the 
function f(z) is limited by the behavior of f(z) in one region R, and not by 
the function f(z) in a second region R; for instance f(z) may be analytic 
throughout the latter. Theorem 5 then fails to apply to this second region R, 
and the conclusions (22)—(26) that we have drawn from Theorem 5 apply to 
the first region R but have not been established for the second region R.* 


* But for a series of interpolation (78) the principal results are valid also for the second region R. 
For various other specific examples the corresponding statement is true; the general question is still 


open. 


| 
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An important special case of Theorem 1 is that in which the a,, and B,x 
are independent of m. Under these circumstances the interpolating functions 
r,(z) of Theorem 1 are the partial sums of a series of interpolation 

z— 6 (2 — Bi)(z — Be) 
(78) = ao +a + 


(z a,)(z — a) 


and some of the results of Theorem 7 so far as it applies to the sequence r,,(z) 
can be read off by elementary methods, without recourse to Theorem 5. For 
instance under the hypothesis of Theorem 1 we know (op. cit., §8.3) that the 
series in (78) converges to f(z) uniformly on any closed set interior to C,, but 
by the definition of y can converge uniformly throughout the closed interior 
of no Cy, y’>+¥. There follows (op. cit., §3.4, Theorem 5) the relation 


(79) lim sup | an/An|/" = 1/y. 
For the series (78) we deduce by inspection inequalities (2)—(4). Impossibility 
of the inequality sign in (2) and (4) follows at once from (1) and (79). Much 
of Theorem 7 for the series (78) is also a consequence of (1) and (79). = me 
In generalizing the results of the present paper, it is also of interest to no- 
tice that points a,, and £,, interior to R may be admitted in restricted num- 
bers, and that the equation (1) need not be supposed to hold uniformly on 
any closed set in R; under suitable circumstances it is sufficient if (1) holds 
uniformly on C; and on each C, for \ everywhere dense in the interval 
¥2<A<y. A sufficiently general instance of this remark has already been 
elaborated elsewhere (op. cit., §8.5). 


HARVARD UNIVERSITY, 
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NOTE ON THE DEGREE OF CONVERGENCE OF 
SEQUENCES OF ANALYTIC FUNCTIONS* 


BY 
J. L. WALSH 


It is the object of this note first to present a general theorem (Theorem 1) 
on maxima and superior limits of sequences of analytic functions; this is es- 
sentially a result in the theory of subharmonic functions, presumably of some 
interest in itself. Second, Theorem 1 is employed to establish a sharper theo- 
rem (Theorem 2) on the precise degree of convergence of general sequences of 
analytic functions. Finally, these general results are used to establish a quite 
specific result (Theorem 3) on the degree of convergence of certain sequences 
of analytic functions in an annular or more general region. Parts of Theorem 3 
have previously been established, but in a more restricted form and by an- 
other method. The present Theorem 3 is sufficiently general to dominate 
results established elsewhere by the author on maximal convergence of se- 
quences of polynomials,f on approximation by functions analytic in a given 
region,{ on interpolation by functions analytic in a given region,§ and on 
maximal convergence of sequences of rational functions.|| Various other ap- 
plications of Theorem 3 seem to suggest themselves and will presumably ap- 
pear in the future.4 

The following treatment is chosen rather for elements of simplicity than 
for ultimate generality. Some extensions present themselves at once as obvi- 
ous; others are scarcely less immediate. But even in its present form, Theorem 


* Presented to the Society, December 30, 1938, under the title Maximal convergence of sequences 
of rational functions; received by the editors October 2, 1939. 

t Interpolation and Approximation by Rational Functions in the Complex Domain, American 
Mathematical Society Colloquium Publications, vol. 20, New York, 1935. All references in the present 
note not otherwise indicated are to this book. 

t Proceedings of the National Academy of Sciences, vol. 24 (1938), pp. 477-486. 

§ These Transactions, vol. 46 (1939), pp. 46-65. 

|| These Transactions, vol. 47 (1940), pp. 254-292. 

{| In particular the writer hopes later to apply these methods to the study of such questions as 
overconvergence, gap theorems, and the analogues of Jentzsch’s theorem. 

No general study of these questions seems as yet to have been made for sequences f,(z) of the 
type considered in Theorem 3, as contrasted with the partial sums of a series } dnfn(z) when the 
asymptotic character of the ~,(z) is known. But certain results on this general study for the special 
case of maximal sequences of polynomials have recently been obtained by Dr. Z. I. Mosesson in his 
1937 doctoral dissertation at Harvard University. Mosesson’s results are still unpublished, but were 
obtained prior to those of the present note; for the special case of sequences of polynomials, they over- 
lap slightly our Theorem 3. Mosesson employs a new form of the two-constant theorem. 
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3 seems to be of sufficient power and importance to deserve a systematic and 
independent exposition. 

The following theorem is largely an application of known principles; 
nevertheless the present form is highly convenient for reference: 


THEOREM 1. Let R be a region whose boundary B consists of a finite number 
of Jordan arcs J,, mutually disjoint except possibly at end points A;. Let the 
function V(z) be harmonic and bounded in R, continuous in the corresponding 
closed region R except in the points A ;, constant on each J. 

Let the functions F,(z), n=1, 2,--- , be uniformly bounded in R, locally 
analytic except perhaps for branch points although not necessarily single-valued 
in R, but let | F,,(z)| be single-valued in R and continuous in R except perhaps in 
the points A;; and suppose we have for each k 


(1) lim sup [l.u.b. | F,(z)|, on Jz] S on J; 


Then on every closed set Q in R containing no point A; we have 


(2) lim sup [max | F,(z)|, z on Q] < [max e”, z on Q]. 

In the proof of Theorem 1 let us suppose for the moment that V(z) and 
|F,(z)| are continuous in R. If »>0 is arbitrary, we have from (1) for 
sufficiently large 


(3) log | F,(z)| S V(z) +2, zon B. 


To be sure, the function F,,(z) may vanish in R, so here and below the value 
—« is contemplated as admissible in the first member of (3). The sub- 
harmonic character of the function log | F,(z)| in R now yields from (3) 


(4) log | Fa(z)| V(z) +, z in R, 


for sufficiently large, and (2) therefore follows. 

If V(z) and | F,(z)| are no longer assumed continuous in the points A ;, 
the reasoning just given is to be modified slightly. It is no loss of generality 
to assume, as we do, that R is a finite region bounded by analytic Jordan 
curves; for this situation can be obtained by transforming the original con- 
figuration by a suitable conformal map. Let 7 >0 be arbitrary. Denote by M 
a common upper bound for log | F,(z)| and V(z) in R, and denote by W,/(z) 
a function which is harmonic in R, continuous in R, equal to 2M +7 in each 
point A ;, never greater than 2M+7 on B, and equal to zero on B except in 
the neighborhood of diameter v of each point A;. When the diameters v of 
these neighborhoods approach zero, the function W,(z) approaches zero at 
every interior point of R, as follows from the representation of W,(z) in R 


no 
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by Green’s formula involving Green’s function for R. For m sufficiently large 
we have from (1) 


[l.u-b. log | Fa(z)|, on Jey S [V(z) + 7,2 on 


The function V/(z) =log | F,(z)| — V(z) —n is subharmonic in R. When z in R 
approaches B, the function V;(z)—W,(z) has a superior limit not greater 
than zero, whether z approaches a point A; or an interior point of J;; it 
follows that the superior limit of this function in R is not greater than zero: 


Vii (s) S W,(s), zin R. 
This inequality is true for each v, so we have by allowing v to approach zero, 
V, (zs) £0, z in R, 


which is equivalent to the inequality (4), valid for m sufficiently large at every 
point of R; by allowing z in R to approach B, we see that inequality (4) holds 
throughout R, except in the points A; where V(z) is not continuous. In- 
equality (2) follows, so Theorem 1 is completely established. 

Theorem 1 persists if the functions F,,(z) are not required to be continuous 
on the arcs J; except in the points A ;, provided (1) is valid, where the square 
bracket in the first member of (1) is interpreted as the least upper bound of 
the set of limit values approached by | F,,(z)| when z in R approaches an arbi- 
trary point of J;,, end points of J; excepted. Similarly, if Q contains points 
of B, the square bracket in the first member of (2) is to be interpreted as the 
least upper bound of the set of values approached by | F,(z)| as z in R ap- 
proaches an arbitrary point of Q. The proof just given is valid in this more 
general case. 

In a similar manner we may interpret and establish (2) even when the 
F,,(z) are not required to be continuous on the arcs J; except in the points A; 
and when Q in R is allowed to contain points A;. 

A result complementary to Theorem 1 is now to be proved: 


THEOREM 2. Under the conditions of Theorem 1 suppose the equality sign 
holds in (2) for a particular continuum Qy in R (Qo may be a single point): 


(5) lim sup [max | F,(z) |, z on Qo] = [max e”, z on Qo]. 


Then on every continuum Q in R consisting of more than one point and contain- 
ing no point A; we have the corresponding equality: 


(6) lim sup [max | F,(z)|, z on Q] = [max e”, ¢ on Q]. 


if 
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Our proof of Theorem 2 is indirect. Let us suppose first that Q lies in R. 
If (6) is not valid we may assume 


(7) lim sup [max | F,(z)|, z onQ] = M, 
M < [max z on Q]. 


We are to show the impossibility of (7) and (8). Replacing Q by a proper 
subset of Q (still a continuum not a single point) without altering the second 
member of (6) leaves us with a stronger statement to be proved and hence is 
allowable. Thus it is no loss of generality, since V(z) is continuous in R except 
in the points A;, to assume that we have 


(9) V(z) > log M, zonQd. 


We assume also, as we may do, that the complement of Q is simply connected. 
Denote by V;(z) the function harmonic and bounded in the region R;: 
R—Q, continuous and equal to V(z) on each J; except in the points A;, and 
continuous and equal to log M on the boundary points of R; which belong 
to Q. Theorem 1 in generalized form applies to the region R;; for the conformal 
map z= V(w) of the complement of Q onto the interior of a circle C maps R 
onto a region satisfying the original hypothesis of Theorem 1. On the circle C 
we have by (7) 
(10) lim sup [max | F,[¥(w) ]], wonC|]< M, 
provided the square bracket in the first member of (10) is interpreted as the 
least upper bound of all limit values of | F,,[¥(w)]| as w approaches C. For 
the region R; no point A; lies on Q. From Theorem 1 follows by (2) the in- 
equality 


lim sup [max | F,(z)|, on Qo-Ri] S [max e”, on Qo- Ri]; 
no 


a glance at the proof of Theorem 1 shows that the possible lack of one-to-one- 

ness of the transformation z= ¥(w) on Q and C plays no role; the relation (4) 

valid on an open set in R is valid also on the corresponding closed set. By 

virtue of (7) and (8) the corresponding inequality holds also in points of 

Qo-Q, provided we define V:(z) as equal to log M in the interior points of Q: 
lim sup [max | F,(z)|, z on Qo-Q] S [max on Qo-Q]. 


Combination of these two inequalities gives us 


(11) lim sup [max | F,(z)|, z on Qo| S [max e”', z on Qo]. 


P 
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However, the function V(z) — Vi(z) is harmonic and bounded in R,, con- 
tinuous in the corresponding closed region except in the points A;, zero on 
the J;, and by (9) is positive in the boundary points of R; which belong to Q. 
Consequently we have throughout R; 


V(z) > Vi(z). 


Inequality (12) is also valid in the points of Q, hence throughout R. The 
functions V(z) and V;(z) are continuous on the closed set Q, in R, so we have 


[max V(z), s on Qo] > [max V;(z), z on Qo]. 


Thus inequality (11) contradicts (5), and thereby equation (6) is established 
provided Q lies in R. 

The proof just given may require modification if Q intersects B, as we 
now suppose. If Q is identical with R, the proof is immediate, for no point A; 
can exist and the function V(z) is identically constant on each component 
of B; the negation of (6) yields a majorant V;(z) defined throughout R and 
which may replace V(z) in Theorem 1. We require that V;(z) shall be har- 
monic in R, continuous in R, equal to log M as defined by (7) on the compo- 
nent or components of B on which V(z) takes its maximum value in R, and 
equal to V(z) on the remaining components of B. In R we have (12) as before. 
It follows from Theorem 1 that when Q, lies in R the first member of (5) is 
not greater than [max e”'“), z on Qo], which is less than the second member 
of (5); this contradicts (5) and thereby establishes (6). 

If Q in R is not identical with R but intersects B, the set Q separates R 
into one or more subregions each containing no point of Q. Denote by R; an 
arbitrary one of these subregions. At least one boundary point of R; is a 
point of Q. Of course we suppose (7), (8), and (9) valid on Q as before; we are 
to reach a contradiction. 

We assume as before that the complement of Q is simply connected, and 
assume also that Q intersects but one component of B. Let B; be the boundary 
of R:. We denote by Vi(z) the function bounded and harmonic in Rj, con- 
tinuous and equal to log M in the points of B, which belong to Q, and continu- 
ous and equal to V(z) in the points of B, not points A ; and not belonging to Q. 
Whether or not B, lies entirely in B, some component of B,; contains some 
point D of B, such that every point of B, in a neighborhood of D belongs to Q. 
Map onto the interior of a circle C the complement of that component of B, 
(there can be but one such component) which contains points of Q. In this 
conformal map the boundary elements (prime ends) of Ri which consist of 
points of Q correspond to precisely an entire arc of C, possibly the entire 
circumference. From this map it becomes clear that Theorem 1 in generalized 


(12) 
| 


298 J. L. WALSH [March 


form applies to the region R;, and that (12) is valid in R:. Consequently we 
have (compare (11)) 


(13) lim sup [max | F,(z)|,z 0nQ;] [max on Qy], 


provided merely that Q; is an arbitrary continuum which lies in R;. Then Q: 
also lies in R, and inequalities (12) and (13) contradict (6) as already estab- 
lished for a continuum which lies in R. Theorem 2 has now been completely 
proved. 

It is to be noted that under the conditions of Theorem 2 the conclusion (6) 
may fail if we do not suppose Q to consist of more than one point. This is 
illustrated by the example R: |z| <1, F,(z)=z!/", V(z)=0. On every con- 
tinuum Q in R consisting of more than one point the first member of (6) has 
the value unity; but if Q reduces to the single point z =0, the first member of 
(6) is zero. 

We shall now apply Theorems 1 and 2 to a configuration in which the 
function V(z) takes on only two distinct values on B, and in which the loci 
V(z)=const. in R have especially simple topological properties. This con- 
figuration occurs rather frequently in various studies on interpolation and 
approximation (loc. cit.). 


THEOREM 3. Let R be a region bounded by a finite number of mutually dis- 
joint Jordan curves Ky and a finite number of mutually disjoint Jordan curves 
K_, disjoint with Ko. Let the function U(z) be harmonic in R, continuous in the 
corresponding closed region R, equal to zero and —1 on Ky and K_, respectively. 
Denote generically by K, the locus U(z) =o, 0>a0>—1, in R, by R, the open set 
o>U(z)>—1 in R bounded by K, and K_,; then R, is a sum of regions; the 
closure of R, is denoted by R,. 

Let the function f(z) be analytic throughout R, but (considered with its possi- 
ble analytic extensions) not be analytic throughout any R, with O>p'>p, and 
let f(z) be continuous in the two-dimensional sense on K_, with respect to the 
domain R. Let the functions f,(z) forn=1,2,--- be analytic in R, continuous 
in R, with 
(14) lim sup [max | f,(z)|, on e« > 1, 


(15) lim sup [max | f(z) — fa(z)|, 2 on <1. 


Then we must have 
(16) a+ ap — Bp 20: 


moreover we have 


no 

bs 
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(17) lim sup [max | f,(2) |, on 


provided a+apn—Byu=0 (this inequality is satisfied if we have OZ[y=p), and we 
have 


(18) lim sup [max | f(z) — fa(z)|, on Ke]*/" < exter, 

provided a+aa—Ba <0 (this inequality is satisfied for o sufficiently near —1). 
If the equality sign holds in (16): 

(16’) a+ ap — Bp = 0, 

then the equality sign holds also in (17) and (18): 


(17’) lim sup [max | f,(z) |, on = 
no 


(18’) lim sup [max | f(z) — fa(z) q zon K,|!/" = >o > — 1. 


no 


Indeed, if Q, is a continuum in R consisting of more than one point and lying 
in R, but having at least one point in common with K,, then we have 


(19) lim sup [max | fn+1(2) — fr(z) |, zon Q,]!/" = , 


and we have 


(20) lim sup [max | f(z) — |, zon Q, = (ee) ifo <p, 


(21) lim sup [max | fa(z) |, s on Q,]!/" = e(e-8)(e-) ifo =p. 
no 


From the general properties of harmonic functions it follows (as in op. cit., 
§§3.3 and 4.1) that each K, in R consists of a finite number of disjoint ana- 
lytic Tordan curves, except that for each of a finite number of values of o the 
curves may have a finite number of multiple points. At such a multiple point 
the tangents to the various branches of K, are equally spaced. Each K, sepa- 
rates each point of Ky from each point of K_;. The open set R, is not neces- 
sarily connected, but consists of one or more regions, each bounded by points 
of K, and points of K_1. 

It is not the intention in Theorem 3 to demand that f(z) shall be a mono- 
génic analytic function. The function f(z) shall be single-valued and analytic 
at every point of R,, but there shall be no function single-valued and analytic 
throughout the interior of any R,-, p’>p, which coincides with f(z) in R,. 
Thus (a) some branch of f(z) found by analytic extension in R, from the 
neighborhood of K_; has a singularity on K,; or (b) the locus K, in R has a 
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multiple point, and the monogenic functions defined at that multiple point 
by analytic extension in the various separated parts of R, from the neighbor- 
hood of K_, are not identical; or (c) both (a) and (b) occur. 

Of course a+aa—8e is merely a linear function of ¢, which for ¢ =0 re- 
duces to a and for ¢= —1 reduces to 8.* 

From inequality (14) we may write for arbitrary e>0 and for m sufficiently 
large 


| fn(2) | | fa41(2) | en(ate) | zon Ko, 
— fa(z) | S zon Ko, 


(22) lim sup [max | fr4i(z) — fa(z) |, 2 on Ko]'/" 


From inequality (15) we may similarly write 


(23) lim sup [max | fr4i(2) — fa(z) |, on 
We are now in a position to apply Theorems 1 and 2, identifying the re- 
gion R of Theorem 1 with the region R of Theorem 3, setting 


F(z) = [fn4s(2) — fa(z)]"*, 
and setting 

V(z) =a+ (a — B)U(z). 
Inequality (2) yields at once (0>0>-—1) 


(24) lim sup [max | fn41(z) — fr(z)|,2 on < 


We are now in a position to establish (16). It follows from (15) that f,(z) 
approaches f(z) uniformly on K_,. If (16) is not true, we have a+ap—fp <0, 
from which it follows that we have a+ap:—{8p:<0 for a suitably chosen pu, 
0>p:>p. Then by (24) for =p, the sequence f,(z) converges uniformly on 
K,,, hence converges uniformly in the closed set R,,, to some function which 
we denote by F(z), analytic in R,, and continuous in R,,. The function 
F(z) —f(z) is analytic in R,, continuous on K_, with respect to the region R, 
and vanishes on K_;. Consequently (see for instance op. cit., §1.9) the func- 
tion F(z) —f(z) vanishes identically in the neighborhood of K_, interior to R, 
and vanishes identically whenever defined by analytic extension from that 
neighborhood. The function F(z) is single-valued and analytic throughout 

* It may seem to the reader somewhat clumsy to employ the values zero and —1 for U(z) on 
the two parts of the boundary of R. Such choice is, however, rather convenient in the applications 


of Theorem 3. If any other two constants are used instead, conditions (16) and (16’) are easily trans- 
formed into the new notation by means of the linearity property. 


no 
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R,,; hence f(z) can be defined so as to be single-valued and analytic through- 
out R,,, contrary to hypothesis. This contradiction completes the proof of 
(16). 

Inequality (24) implies for arbitrary «>0 and for m sufficiently large 
(25) | fars(2) — falz) | zon 


so merely by writing 


= + [fwsr(2) — + — 
+--+ + [fnsilz) — falz)], n2QN, 


we deduce from (25) inequality (17), for all values of u for which a+ap— uy is 
nonnegative, hence certainly for all u satisfying the inequality 0=y =p. 

If we have a+ac—fo<0, and if «>0 is chosen so small that also 
a+ac—Bo+e<0, then by (25) the sequence f,(z) converges uniformly on K,, 
hence by (15) converges uniformly in R, to some function F(z) which by 
the reasoning used above is identical with f(z) in R,. Inequality (25) holds 
for sufficiently large, and the identity 


(27) — = — faz) + — + 


(26) 


then gives us inequality (18). 
If the equality sign holds in (16), that is to say if (16’) is valid, we proceed 
to establish 


(28) lim sup [max | fnsi(z) — fa(z)|, 2 on K,|!/™ = 1. 


If (28) does not hold, it follows from (25) that we have 


(29) lim sup [max | fa4n(2) — fa(z) |, zon K,|"/" < ev <1; 


we show that (29) leads to a contradiction. Apply Theorem 1 to the region 
or regions in R between and bounded by K, and K,, setting as before 


F,(z) = [ fn1(z) fa(z) 
and now with the choice 
V(z) =a+ (y — a)U(z)/p. 


By virtue of (22) and (29), Theorem 1 applies here. On K, we have 
V(z) =y <0, so on a suitably chosen K,, with 0>p:>p we also have V(z) <0. 
The corresponding inequality (2) for each component of K,, implies uniform 
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convergence of the sequence f,(z) on K,,, which we have already shown to be 
impossible. This contradiction establishes equation (28). . 

Theorem 2 now applies to the original region R, with V(z) =a+(a—£)U(sz), 
thanks to (28) as a consequence of (16’), and establishes from (22) and (23) 
the equation 


(30) lim sup [max | — fa(z)|,20n = 


By use of (26) and (27) respectively, equation (30) implies 


(31) lim sup [max | f,(z) |,z on K,]'/" < =u2zp, 


(32) lim sup [max | f(z) — fa(z) |, zon K,]'/" < p>a2-1. 


On the other hand, elementary inequalities show that the inequality sign in 
(31) or (32) would contradict (30). Consequently equations (17’) and (18’) 
are established. 

Equation (19) follows from equation (28) and Theorem 2 applied to the 
original region R by use of (22) and (23). Equations (20) and (21) follow from 
(19) precisely as we have derived (17’) and (18’) from (30). Theorem 3 is 
completely proved. 

In connection with Theorem 3 it may be noticed that inequalities (17) 
and (18) may both be expressed in essence in the form 


(33) lim sup [max | fa4(2) — fa(z) |, 2 on < 
ns 


with no restriction that a++aa —Be should be positive, negative, or zero. But 
(18) is more specific than (33), in the sense that (18) exhibits the limit f(z) 
of the sequence f,,(z) if the second member of (18) is less than unity. Similarly, 
inequalities (17’) and (18’) may be combined in the single form (30), which 
is true for every ¢, 020 = —1, provided (16’) is valid. We formulate 


Coro.iary 1. Under the hypothesis of Theorem 3, inequality (33) is valid 
for every O20 = —1; if equation (16’) holds, then equation (30) is valid for 
every ¢, 0202-1. 


In the nature of a converse to Corollary 1 we have 


Corotiary 2. Let R and f(z) satisfy the hypothesis of Theorem 3. Let the 
sequence of functions f,(z) analytic in R and continuous in R converge uniformly 
to f(z) on K_1, and satisfy the inequalities (22) and (23), with a>0, B<0. Then 
the conclusions of Theorem 3 and of Corollary 1 are fulfilled. 


The proof of Corollary 2 is contained in our previous discussion, for we 
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have used essentially (22) and (23) rather than (14) and (15) in the proof of 
Theorem 3. 

For the sake of simplicity we have assumed in Theorem 3 and its corolla- 
ries that R is bounded by a finite number of mutually disjoint Jordan curves 
K, and a finite number of mutually disjoint Jordan curves K_, disjoint with 
Ky; and have assumed f(z) to be continuous on K_, in the two-dimensional 
sense with respect to R, and f,(z) to be continuous in R. Theorem 3 and its 
corollaries persist if these requirements are somewhat weakened, namely replaced 
by the requirement that R be bounded by two disjoint sets Ko and K_,, each of 
which consists of a finite number of components none of which is a single point; 
and the requirement that f(z) is bounded in the neighborhood of K_; in R, and 
that f,(z) is bounded in R. Under these new conditions on R it is no loss of 
generality to assume that R fulfills the original conditions, for the method of 
successive conformal mapping onto the interior of a circle of simply-con- 
nected regions containing R each bounded by a single component of the 
boundary of R maps R onto a region fulfilling the original requirements on 
R and which is even bounded by a finite number of analytic Jordan curves. 
The function U(z) is invariant under such transformation. In such expres- 
sions as appear in (14), (15), (22), (23), the term “max” is now to be inter- 
preted as the least upper bound of the limit values as z in R approaches Ko 
or K_,. We may also take here not least upper bound of all limit values, but 
least upper bound of boundary values for normal approach in the sense of 
Fatou; these values exist almost everywhere (we assume R bounded by ana- 
lytic Jordan curves), and may be used also in Theorem 1; the least upper 
bound of limit values cannot exceed the least upper bound of Fatou boundary 
values. With the new hypothesis and this new interpretation of notation, the 
previous reasoning remains essentially valid.* 

It is fairly obvious that Theorem 3 extends to the case that Ky and K.; 
may have a finite number of points in common. But here the topological 
nature of the loci K, may become rather complicated. Indeed, Theorem 3 
extends also to the case that U(z) is no longer piecewise constant on the 
boundary B of R, but is bounded in R and continuous in R except at a finite 
number of points. Under these conditions we replace inequalities (22) and 
(23) of Corollary 2 by such a relation as 

* We need, however, some such proposition as the following: If the function (2) is analytic and 
bounded for r<|z| <1, and if the boundary values of (2) for normal approach to |z|=1 vanish almost 
everywhere on || =1, then $(z) vanishes identically. Form Cauchy’s integral for z in the annular region 
r<|z| Sr<1, the sum of an integral over |z| =r and an integral over | z| =r; as r: approaches unity 
the Cauchy integral for ¢(z) over || =r, approaches zero and therefore vanishes identically; hence 


¢(z) can be extended analytically across |z| =1 so as to be analytic for every z with || 2r. Since 
¢(z) has the value zero almost everywhere on the circle |z| =1, that function vanishes identically. 
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lim sup {I.u.b. — | fasi(z) — fa(z) 2 on BE = 0, 
where as before the square bracket refers to limiting values on B. Theorems 1 
and 2 admit a corresponding extension, where V(z) is merely harmonic and 
bounded in R, and continuous in R except at a finite number of points. 
We establish still another corollary to Theorem 3: 


Corotiary 3. Under the conditions of Theorem 3 with (16’) fulfiled, the 
sequence f,(z) converges throughout no region lying in R but not in R,. 


If the sequence f,(z) converges in a region which lies in R but not in R,, 
that sequence converges uniformly in a region Q which lies in R but not in R,, 
for it follows from a theorem due to Osgood that every region of convergence 
contains a region of uniform convergence. For the particular region Q we have 


lim sup [max | fn4i(z) — fa(z)|, 2 on Q]'/" < 1, 


in contradiction to (19). 

The two-constant theorem can be employed with ease in the proof of 
Theorem 3. Indeed, the conclusions (16), (17), (18), (17’), (18’) can be estab- 
lished by the method used for the preliminary results (in the papers already 
mentioned) which suggested Theorem 3 and are contained in it. Also the 
conclusions (19), (20), (21) can be proved by the two-constant theorem pro- 
vided «> —1, by an extension of that same method. These proois are less 
immediate than the present ones, namely applications of Theorem 2. The 
writer doubts that (19), (20), (21) can be proved by the two-constant theorem 
if ¢= —1, that is to say, if Q, is an arc of K_. 


HarvARD UNIVERSITY, 
CAMBRIDGE, Mass. 
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ON A DECOMPOSITION OF TRUE CYCLIC ELEMENTS* 


BY 
DICK WICK HALLt 
INTRODUCTION 
Part I. DEVELOPMENT OF THE THEORY 


Part II. APPLICATIONS 
Part ITI. ExaAMPLes 


INTRODUCTION 


The study of locally connected continua has been greatly simplified by 
the introduction of the cyclic element concept of G. T. Whyburn.f By defini- 
tion, a cyclic element of a locally connected continuum M is any subset E 
of M satisfying some one of the following conditions: (1) Eis a cut point of M; 
(2) E is an end point of M; (3) E is any nondegenerate subcontinuum of M 
containing no cut point of itself which is saturated§ in M with respect to this 
property. Every cyclic element of type (3) is called a true cyclic element. 

Along these lines much light has been shed upon the knotty problem of 
the structure of a locally connected continuum M by considering M as the 
sum of its cyclic elements and then deducing properties of M from the prop- 
erties of cyclic elements and the known relationships which exist between 
them. 

The richness of the results in this direction has led to the hope that some 
still finer decomposition of locally connected continua may be possible. One 
such finer decomposition, based on combinatorial concepts, is given by the 
cyclic elements of higher order.|| It is to the problem of obtaining a decompo- 
sition in the set theoretic direction that the present paper is devoted. We 
begin with a true cyclic element C as our space and attempt to decompose it 
into subsets having desirable properties. The decomposition of the space into 
its cyclic elements then gives the decomposition we want. 

This paper is but a first step towards the ultimate goal of an extensive 
structure theory of true cyclic elements. It explores only the most fundamen- 


* Presented to the Society, April 9, 1938, and October 29, 1938; received by the editors June 26, 
1939, and, in revised form, December 19, 1939. 

+ This paper was completed while the author was a National Research Fellow at the University 
of Pennsylvania. 

t See Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 305-331. In 
this article an extensive bibliography may be found. 

§ A subset E of M is said to be saturated in M with respect to a property P provided E has 
property P and no subset of M containing E but distinct from E has this property. 

|| See G. T. Whyburn, American Journal of Mathematics, vol. 56 (1934), pp. 133-146. 
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tal properties of our new elements, and the most elementary relationships 
existing between pairs of such sets and between such sets and their comple- 
ments. It leaves for future study such considerations as the following: 

(1) The possible existence of analogues of simple cyclic chains. 

(2) The possible existence of analogues of A-sets. 

(3) The study of the hyperspace formed when each secondary element 
is considered as a single point. 

The author wishes to state that he benefited greatly from conversations 
with Dr. G. E. Schweigert during the earlier parts of the work. 


Part I. DEVELOPMENT OF THE THEORY 


Let C be a cyclicly connected continuous curve which is not a simple 
closed curve. 


Lema 1. Every free arc* of C is a subset of a maximal free arc of C. 


Proof. Let a be a free arc and a be an interior point of a. Let J be a simple 
closed curve containing a. Obviously J > a. On each of the two arcs of J from 
a let x and y be the first point of the closed set C—J. Since C#J, x and y 
exist. Further x+y, for otherwise this single point would be a cut point of C. 
Then xay is a free arc containing a and maximal. 

We now define the following terms: 

(a) A 2-set consists of any pair of points of C which separate C and do not 


lie together on the same free arc of C. 

(b) A 2-point of C is any point h# belonging to a 2-set of C. 

(c) Two points a and 6 of C are biconjugate if no 2-set separates C between 
a and b. 

(d) By a secondary element of C we shall mean any subset E of C satisfying 
some one of the following conditions: 

I. E consists of a non 2-point a of C together with all points 6 of C bicon- 
jugate to a, and there is at least one such point bd. In this case E is called a 
true secondary element. A true secondary element is said to be nondegenerate 
provided that it contains at least one nondegenerate component. 

II. £ is a non 2-point a such that no point bd of C is biconjugate to a. 
In this case a is called a 2-end point. 

III. £ is a maximal free arc of C containing at least one 2-point in its 
interior. 

IV. Eis a 2-set. 

* An arc axb of C is called a free arc of C provided the interior of axb, which we denote by 
(axb), is an open subset of C. We shall denote the sets axb—a and axb—b by (axb and axb), respec- 


tively. An arc axb is said to span a point set M provided axb- M=a+. This lemma is an unpublished 
result of G. C. Watson. The proof here given was suggested by the referee. 
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The following theorems are easily established: 


THEOREM I. (a) The space is the sum of its secondary elements, in fact every 
point p of C is contained in a secondary element of type I, II, or IV. 

(b) Every secondary element is a closed set. 

(c) Every two points of a true secondary element are biconjugate. 

(d) Every true secondary element is independent of the non 2-point defining 
it, that is, it may equally well be defined hy any non 2-point which it contains. 

(e) Every non 2-point belongs to at most one true secondary element. 

(f) The product of two true secondary elements is vacuous, a 2-point, or a 
2-set. 

(g) If A be a free arc of C with end points a and b containing at least one 
2-point r in its interior, then every 2-set K of C which contains r separates C be- 
tween a and b. 

(h) If A be a free arc of C, then a necessary and sufficient condition that A 
contain a pair of biconjugate points is that every interior point of A be a non 
2-point. 

(i) If E be a true secondary element, then every interior point of every free 
arc of Eis a non 2-point. 

(j) If E be a secondary element of type III, then every interior point of E 
is a 2-point and E contains no biconjugate pair of points. 

(k) If E be a true secondary element containing b and c, then E contains 
every free arc joining b and c inC. 


THEOREM II. Let E be a true secondary element and K any component of 
C—E. Then 

(a) F(K)=K—K consists of exactly two points, r and s; 

(b) both r and s are local separating points of C of order greater than 2; 

(c) either r or s is a 2-point. 


Proof. (a) Since C is cyclic, F(K) contains at least two points x, y. Let z 
be any third point of F(K). Let U and W be regions containing x and 2, re- 
spectively, and having disjoint closures neither of which contains the point y. 
Let x’, 2’ be arbitrary points in KU, KW. There exists a simple arc x’z’ in K; 
hence x’z’ does not contain y. Let V be a region in C, containing y, such that 
V is disjoint with each of the three sets U, W, and x’y’. Let x’x, z's be simple 
arcs in U, W, respectively, and x’’, z’’ the first points of Z on these arcs 


(Theorem I(b)). It follows easily that there exists a simple arc «’’s’’, having 


its interior in K, which does not intersect V. We may find a point c in K and 
three simple arcs cx’’, cy’’, cz’’, disjoint except for c, having their end points 
x’, y’’, s’’ in E, but otherwise lying in K. Now let a be any non 2-point of £. 
Then ¢ is not biconjugate to a, hence there exists a 2-set H separating C be- 
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tween a and c. Let L be the component of C—H which contains c. Since H 
consists of two points, 2 must contain one of the three arcs cx’’, cy’’, cz’’, 
say cx’’. Thus x’’ is not biconjugate to a, which contradicts Theorem I(c). 
This proves (a). 

(b) Evidently r and s are both local separating points of C. Neither of 
these points is of order one in C, since C is cyclic. Hence (b) will be proved 
if we show that r is not of order 2, since the same proof will hold for s. We 
: first observe that Z contains a non 2-point distinct from both r and s. If (r, s) 
is a 2-set, this is immediate. Otherwise there exists a free arc rs in C. By 
Theorem I(k), rs is in E, hence by Theorem I(i) every interior point of rs is 
a non 2-point. Therefore, using Theorem I(d), we may assume that the non 
2-point a used to define E is neither r nor s. Let z be any point of K and define 


4d = min (p(a, r), p(z, 7), p(r, s)) 2 0. 


Assuming that r is of order 2 in C, let U(r) be a neighborhood of r in C of 
diameter less than d, having two points y and w as its boundary. From the 
definitions of K and d we may assume without loss of generality that w lies 
in K and yin C—K. Thus (w, y) separates C between a and r. Since r is in E, 
it follows by Theorem I(c) that there must exist a free arc wy in C. We have 
at once that either 7 or s is interior to the free arc wy. Call the one of these 
points satisfying this condition ¢. Now w is not biconjugate to a, hence there 
exists a 2-set (h, k) separating C between w and a. Since ¢ is in E, (h, k) does 
not separate C between a and ¢. Thus either h or is ¢ or (h, k) separates C 
between ¢ and w. Hence in either case one of the two points h, k, say 4, must 
be interior to the free arc wy. Thus k does not lie on wy, and we see at once 
that if p is any point interior to wy then (p, k) is a 2-set separating C between 
a and w. Taking # interior to the subarc ty of wy, we have at once that (f, k) 
separates C between a and /, which is impossible since ¢ lies in E. The proof of 
(b) is thus complete. 

(c) We postpone the proof of this part of Theorem II until after the proof 
of Theorem VI(a) in order to establish some results which we shall need in its 
demonstration. To this end let R be the collection of all 2-points of C; L the 
collection of all non im kleinem cut points* of C; and W the set of all ramifica- 
tion points of C. 


LemMA 2. Every nondegenerate subcontinuum G of R contains a free arc of C. 


Proof. Since G consists entirely of local separating points of C it followst 


* For definitions of the new terms used see G. T. Whyburn, Mathematische Annalen, vol. 102 
(1930), pp. 313-336. We shall use Theorem 10, p. 320, of this paper and refer to it as Theorem B: 
Let T be any arc of C. Then if W is dense on T, LT has at least the power of the continuum. 

t See G. T. Whyburn, Bulletin of the American Mathematical Society, vol. 39 (1933), p. 97. 
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that G is a locally connected continuum. Let T be any simple arc in G. It 
follows* that T contains at most a countable number of points of order differ- 
ent from 2. 

Since T consists entirely of local separating points of C, it follows by 
Theorem C that every point of T is an im kleinem cut point. Thus LT =0. 
Therefore, W is not dense on T, by virtue of Theorem B. Hence T contains 
a subarc T’ which is a free arc of C. Since T’ is contained in G, the proof is 
complete. 


THEOREM III. (a) Every continuum of convergence K of C is contained in 
some true secondary element E of C. Moreover, every such K contains a non 
2-point of C. 

(b) If (K,) be an infinite sequence of disjoint subcontinua of C having a 
nondegenerate limit inferior L, then there exists a true secondary element G of C 
which contains L, and is such that L=lim inf KG. 


Proof. (a) Since K is a continuum of convergence of C, no two points of K 
can be separated in C by a finite set. Thus every two points of K are bicon- 
jugate and, in particular, K contains no free arc. Hence the proof is complete 
if we show that K contains at least one non 2-point of C. This fact follows at 
once from Lemma 2. 

(b)f It follows from the disjointness of the K; that L is a continuum of 
convergence of C, hence by (a) there exists a true secondary element G of C 
which contains L. Let L’ be the limit inferior of (K,G). We have at once that 
L’ is contained in LZ and need only show the reverse. 

To this end let g be any point of LZ, and (g;) any sequence of points con- 
verging to q such that q; lies in K; for each i. If q is not in L’, we may assume 
without loss of generality that g; lies in K;—G for every 7. Let S; be the com- 
ponent of C—G containing q;. By definition g lies in F(>>S;), andt 


S) DF(S,). 

Assume for the moment that there exists an S;, call it S, which contains 
infinitely many of the sets K;. It follows at once that every point of L is a 
boundary point of S, contrary to Theorem II(a). 

We shall show in Theorem IV that for any positive number d there can 


* See G. T. Whyburn, Monatshefte fiir Mathematik und Physik, vol. 36, pp. 305-314. We shall 
use Theorem 9 of this paper and call it Theorem A: All save possibly a countable number of the local 
separating points of a continuum M are points of order 2 of M. We shall also refer to Theorem 8 of 
this paper as Theorem C: The properties of being an im kleinem cut point and of being a local sepa- 
rating point are equivalent for all points of a continuum M at which M is locally connected. 

7 See Kuratowski and Whyburm, loc. cit. The present proof is a modification of the proof of (6, 7) 
of this paper. 

t See Hausdorff, Mengenlehre, Berlin, 1927, p. 155. 
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exist at most a finite number of S; having diameter greater than d. From this 
result and the previous paragraph it follows easily that we may pick a sub- 
sequence of the S;, which we may assume is the whole sequence, consisting 
of distinct elements, and then a subsequence of the K;, which we take as the 
whole sequence, such that each K; contains a point 7; not in S; and a point g; 
in S;. It follows at once that for every 7 the set K; contains a point p; of F(S;). 
Hence p; converges to g since g; converges to q. But p; lies in G- K;, for each 7; 
thus g belongs to L’, and the proof will be complete when we establish Theo- 
rem IV. 


THEOREM IV. Jf E be a true secondary element, then there exists for every 
positive number d at most a finite number of distinct components of C—E having 
diameter greater than d. 


Proof. Otherwise there exists an infinite sequence (S;) of distinct compo- 
nents of C—E each of diameter greater than d. We lose no generality in as- 
suming that (S;) is a convergent sequence to the limit set L. From the fact 
that E is closed (Theorem I(b)) we deduce immediately that L lies in E. 
Since L is a connected set of diameter at least d, let a, b, c be any three dis- 
tinct points of L. Choose U, V, W as regions in C having disjoint closures 
and containing a, b, c respectively. Let S, be an S; intersecting all three of 
the regions U, V; W. It then follows easily that S; has at least three boundary 
points, contrary to Theorem II(a). 

This completes the proof of Theorems III and IV. 


THEOREM V. /f E be a true secondary element and N a component of C—E, 
then for every true secondary element F we have either FN =0 or N>F. 


Proof. Let a and } be non 2-points defining E and F respectively. Then 
there exists a 2-set (h, k) which separates C between these two points. It fol- 
lows easily that C—(h, k) has exactly » components A;, (¢=1, 2,---, m), 
for some finite 7. We lose no generality in assuming that 0 lies in A; and a in 
A>. It follows at once that F is contained in Ai, and E is contained in Ae. 
But C—E contains C—A:=A:+)_3A;; hence if N is the component of C—E 
containing 6 we have that WV contains A; which contains F. Thus N > F. Evi- 
dently, FM =0 for every other component M of C—E. This zompletes the 
proof of Theorem V. 

Lemna 3. If E be a true secondary element, and K a component of C—E with 
boundary points r and s, then K contains at most one true secondary element F 
of C containing r+s. 

Proof. Assume that there exist two such true secondary elements F and G 
of C. By Theorem I(f), (7, s) is a 2-set; hence both r and s are 2-points. Let a 
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and 6 be non 2-points defining F and G, respectively, and let axb be a simple 
arc in K. Let w be the last point of axb in F and z the first point of axb follow- 
ing w which is in G. By Theorem I(f), w and z are distinct points; hence the 
arc wz is nondegenerate. If M be the component of C —G containing a, then M 
contains F by Theorem V. It follows that M has the three boundary points 
r, 2, Ss, contrary to Theorem II(a). The proof is thus complete. 


THEOREM VI. (a) For every positive number d there exists at most a finite 
number of true secondary elements E having components of diameter greater 
than d. 

(b) C contains at most a countable number of distinct true secondary elements. 


Proof. Contrary to the theorem, let (Z;) be an infinite sequence of distinct 
true secondary elements having components of diameter greater than d. The 
proof now splits into two cases: 


Cask (i). For each i the set E; intersects at most a finite number of the sets E;. 


In this case there is an infinite subsequence of the E; no two of which have 
a point in common, and we may assume this is the entire set E;. Let e; be a 
component of £; of diameter greater than d. We may assume that the se- 
quence (e;) converges to a limit set e of diameter at least d. From Theorem III 
it follows that there exists « true secondary element F of C containing e. We 
may assume F is distinct from all the Z;. Using Theorems IV and V, we may 


assume that there exists a component N of C—F such that W contains E; 
for every i. Using Theorem II(a) we may assume that all the £; are disjoint 
with F. Hence all the (e;) are contained in NV, a single component of C—F 
which gives an easy contradiction to Theorem II(a) since C is a continuous 
curve. Thus the theorem is proven for Case (i). 


CASE (ii). There exists an E; intersecting infinitely many E;. 


We may assume in this case that Z; intersects all the remaining £;, and, 
by Theorems IV and V, that there exists a component N of C— £; such that V 
contains all the remaining £;. Using Theorem II(a), let ry and s be the bound- 
ary points of V. By Lemma 3 we may assume that every £; contains r and 
no £;, other than &;, contains s. Continuing, this process of taking subse- 
quences indefinitely we may assume without loss of generality that for 7 not j 
we have E,;E;=r. Let q¢ lie in E,—(r, s) and define 5m=p(q, N), 5n=d and 
k=min (m, n). If we define d’ = 3k, we have at once that d’ is less than d. 

Let e; be a component of Z; having diameter greater than d’. It follows 
easily that there exists a point p; in e;, such that p(;, r) is greater than k. 
Let V; and U, respectively, be the spherical k-neighborhoods of p; and q; and 
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define G; as the sum of- these neighborhoods. We shall assume, henceforth, 
that i is not one. We note in passing that U and &; are disjoint for all such i. 
We now know that e; is a continuum and G; is an open set intersecting both e; 
and C —e;. It follows, therefore, by a well known theorem* that the compo- 
nent K, of G,e; which contains p; contains at least one point of F(G,), and 
hence at least one point of F(V;). Thus K; is a continuum of diameter at least 
k which does not contain r. The K;, being subsets of the corresponding £,, 
are disjoint by pairs. The proof given for (i) now holds exactly if we substitute 
the sets K; for the sets e; used in that proof, and & for d. This leads to the same 
contradiction and completes the proof of (a). 

We postpone the proof of (b) until after the development oi some special 
theory of degenerate true secondary elements. Meanwhile we give the follow- 
ing proof. 

Proof of Theorem II(c). Assuming the theorem false we first prove 


(i) K contains a continuum of convergence of itself. Furthermore, every simple 
closed curve J containing r, s and a point of K intersects some continuum of 
convergence of K in at least two points. Moreover, the true secondary element F 
of C which contains this continuum of convergence is contained entirely in K. 


Proof. Let J be any such simple closed curve and let A be any simple arc 
of J joining r and s in K. Since (r, s) is not a 2-set, but does separate C, it 
follows that there exists a free arc B=rxs in C, and B isin E by-Theorem I(k). 
Thus if we define J’= A+B, it follows that J’ is a simple closed curve such 
that J’K is contained in JK. Hence it suffices to prove the theorem using J’ 
in place of J. 

From our hypothesis and Theorem I(i) it follows that every point of B 
is a non 2-point, hence no point of K is biconjugate to any point of B. Let «x 
be an interior point of A; then there exists a 2-set (I, ki) separating r from x 
in C. It follows at once that both / and K, are interior to A and that we may 
assume that / lies between r and x and k; between x and s on this arc. 

Now (r, k:) does not separate C. If it did, since 7 is a non 2-point, we could 
find a free arc rk; in C. It follows easily that this gives a theta curve in C 
having r and &; as vertices. This is impossible since k; is not biconjugate to r. 

Since (7, k:) does not separate C, there exists a simple arc W joining x to a 
(an interior point of B) but containing neither r nor fi. Since (J, k:) separates 
C between x and s, and since no interior point of A is biconjugate to s, we 
may find a simple arc 7; in K spanning J’ and having its end points a, hi 
interior to the subarcs ri, and sk; of A, respectively, except that a: may possi- 
bly be 


* See Hausdorff, loc. cit., p. 161. 
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Now 41 is not biconjugate to 7; hence there exists a 2-set (/2, ke) separating 
a; from r in C, and we may assume that / is interior to ra; and 2 is on the 
half open arc sb,). Using the argument of the preceding paragraphs, we may 
find a simple arc T2 in K spanning J’ between a, and 62. These points will 
lie respectively in the half open arc (r/2 and the open arc (skz). It follows at 
once that (he, ke) separates C between every point interior to 7; and every 
interior point of J, whence an easy consequence is that 7;, T2 are disjoint. 

In the same manner we may find an infinite sequence (7;) of disjoint 
simple arcs in K spanning J’ each between a point of r/, and a point of ski; 
hence all of the 7; are of diameter as least as great as the distance between 
these disjoint closed sets. Thus we may assume that the 7; converge to a non- 
degenerate limit set T. Hence by Theorems III(a), I(f), V, the fact that both r 
and s are non 2-points, and the following assertion (which follows easily from 
Theorems II(a) and III(b)), there must exist a true secondary element F of C 
which contains T and is contained in K. 


AssERTION. If E be a true secondary element, then there exists no convergent 
infinite sequence of disjoint subcontinua of C—E each member of which is of 
diameter greater than some preassigned d such that the limit of this sequence is 
in E. 


From the compactness of rh, and sk; we have at once that T must inter- 
sect the interiors of both of these arcs. This completes the proof of (i). 
We continue to use the simple closed curve J’ defined in proving (i). We 


see by that Theorem that K contains a continuum of convergence 4, of itself 
which is contained in a true secondary element £; of C. Moreover, by (i), £: is 
contained in K and has at least two points in J’. It follows at once that these 
points must both be interior to A. Let mm, m be respectively the first and last 
points of the closed set Ei in A. Define 


d = min (diam 4, p(rm,, sm)). 
We shall now prove the following assertion: 
(ii) (r, m:) does not separate C. 


Proof. Otherwise, since 7 is a non 2-point, there exists a free arc rm in C. 
By Theorem II(b), s is not interior to this free arc; hence (rm is contained 
in K. Let z be any point of (rm). Then (s, z) separates C between r and m,. 
Otherwise there exists a simple arc rwm, in C—(s, 2), and it follows easily 
that (rwm, lies in K. Since rwm, does not contain z, it must be disjoint with 
the interior of the free arc rm. It is easily established from these facts that K 
contains a point w which can be joined to r by three independent arcs of C. 
This is impossible since no point of K is biconjugate to r. 
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Therefore, (s, z) separates C. Thus, since s is a non 2-point, there must 
exist a free arc sxz in C. This free arc cannot contain r by Theorem II(b), 
hence it must contain m. But the half open arc rym) is contained in a single 
component NV of C—&,, by definition of m. This gives a contradiction to 
Theorem II(b), and thus establishes (ii). 

It is immediate that there exists a component N of C—£; such that 
F(N) =(m, m); thus (m, m) separates C. Therefore, by (ii), there exists a 
simple arc xy in K spanning J’, where x is in (rm) and y in sm. Thus «x is 
biconjugate to y, whence y is not s. 

Using the notation of (i) we find a 2-set (Jn, ki) separating r from x in C, 
where /; is in (rx) and h; in (sm). It follows at once that (I, ki) separates C 
between r and m. Continuing as in (i) we obtain a continuum of convergence 
t, of K intersecting both sk, and (rh,). We let E2 be the true secondary element 
of C containing #, and note that £, is contained in K and is of diameter at 
least d. Also, EZ; and £2 are distinct. Repeating this process indefinitely gives 
an infinite sequence (¢;) of continua of convergence of K, each lying in a differ- 
ent true secondary element of C and each of diameter at least d. This contra- 
dicts Theorem VI(a) and completes the proof of Theorem II(c). 


THEOREM VII. /f E be a degenerate true secondary element, then every two 
points p and q of E are vertices of a theta curve in C. 


Proof. By a theorem of N. E. Rutt* our theorem is equivalent to showing 
that no pair of points (/, k) separates p and qg in C. Assuming i. false, let J 
be any simple closed curve in C containing p and q; then J contains / and k. 
By Theorem I(c) there exists a free arc hxk in C. 

CAsE (i). p is a non 2-point. 

If hxk contains p, then by Theorem I(j) the free arc Axk is contained in E, 
which is impossible since E is degenerate. If hxk contains g, then, since g is 
biconjugate to p, every interior point of hxk is biconjugate to p, and we are 
led to the same contradiction through Theorem I(d). 

Thus hxk spans J, whence h is biconjugate to k, and by Theorem I(h), 
every interior point c of hxk is a non 2-point. Thus /xk lies in a nondegenerate 
true secondary element F of C. By Theorem I(f), c is not in E; hence c is not 
biconjugate to p. This yields an easy contradiction to the fact that p and q 
are biconjugate points, since any 2-set which separates c from # in C will also 
separate p from g. Thus Case (i) is established. 


* See N. E. Rutt, American Journal of Mathematics, vol. 51 (1929), pp. 217-246, where the theo- 
rem is established for the plane. (Note in particular Theorem 4, p. 244, of this paper.) For the proof 
of the theorem for more general spaces see G. Noebeling, Fundamenta Mathematicae, vol. 18 (1932), 
p. 23-38. 
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Cas (ii). Both p and q are 2-points. 


There exists a point z such that (p, z) is a 2-set. By Theorem I(c) there 
exists a component K of C—(, q) such that K contains E; hence K contains 
a non 2-point a of E. Let 6 be any point of C—K, and J any simple closed 
curve in C containing a and 6. Thus J contains both # and gq. The half open 
arc (pb of J is contained in C—K and hence in C—E. Thus # is a boundary 
point of some component of C—£. Hence by Theorem II(b), #, and similarly 
qg, is a local separating point of C of order greater than 2. Thus hxk spans J; 
hence h is biconjugate to k, and, by Theorem I(h), every interior point of hxk 
is a non 2-point. Let c be any interior point of hxk and F the true secondary 
element of C containing c. Since p is biconjugate to q, it follows easily that 
both p and g are biconjugate to c, hence, Theorem I(f), EF = (p, q) and (9, g) 
is a 2-set. F is also nondegenerate, when considered as a true secondary ele- 
ment. If 6 be a non 2-point defining £, it follows at once that d is not on the 
free arc hxk. Thus (h, k) separates C between 0 and either p or q, say p. Let J’ 
be a simple closed curve in C containing p and 5; then J’ contains / and k and 
is spanned by the simple arc xk. It follows that b is biconjugate to c, since p 
is biconjugate to b. Hence EF contains the three distinct points p, g, b con- 
tradicting Theorem I(f) and proving the theorem. 

In the first paragraph of the proof of Theorem VII we established the fol- 
lowing theorem. 


THeorEM VIII. Every 2-point p of C which is contained in a true secondary 
element E of C is a local separating point of C of order greater than 2 and also a 
boundary point of some component of C—E. 


THEOREM IX. /f E be a true secondary element containing no free arc, and K 
is any component of C—E, then F(K) is a 2-set. 
The proof is immediate from Theorems I(k), II(a), and II(b). 


THEOREM X. If E be a degenerate true secondary element, then E contains 
infinitely many 2-sets and C—E contains an infinite sequence of components 
whose closures are disjoint by pairs. 


Proof. Let a be any non 2-point of Z and # an arbitrary point of E—a. 
By Theorem VII there exists a theta curve H =) tax, in C having a and b 
as vertices. Using Theorem I(k) and the fact that a is a non 2-point, we have 
at once that C —(a, b) is connected. It follows that there is an arc (ki span- 
ning H between axb and one of its other two arcs. We lose no generality if 
we assume that /; lies in (ax1b) and hk; in (ax2b). It is immediate that both 
and k; are in E since both of these points are biconjugate to a. 
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We have thus shown that for any point }) in E—a and any theta curve H 
in C having a and b as vertices, there exists a point g (4; above) interior to ax:b 
such that g and a are vertices of a theta curve in C. 

Using as b we may find an /2 in (ax,’) such that fe is in E and Jy and a 
are vertices of a theta curve in C. Continuing this process indefinitely we may 
construct an infinite sequence of points (X;) such that for every 7 we have 

(a) h; is in EB; 

(b) a precedes h;4, precedes h; precedes b on 

(c) A; and a are vertices of a theta curve in C. 

We may assume that the sequence (/;) converges to a point 4. We have that a 
lies on ax,b and precedes all the /; on this arc. 

Since E is degenerate there exists for each m a point p, in the subarc 
(he,Xhen—1) of ax,b which is not in E. Hence, (Theorem I(b)), let wn, z, be re- 
spectively the last point of Z preceding and the first point of EZ following /, 
on ax,b. We have at once that both of these points are contained in the closed 
arc he,Xih2,-1; hence if K is the component of C—E containing P, it follows 
from Theorem II(a) that F(K,,) =(wn, Zn). 

We have at once that the infinite sequence of components (Ke:-1) of C—E 
are mutually separated by pairs. The remainder of the theorem follows at 
once from Theorem IX. 

Proof of Theorem VI(b). By virtue of Theorem VI(a) it suffices to prove 
that C contains but a countable number of degenerate true secondary ele- 
ments. Assume the theorem false and let (Z) be any uncountable collection 
of degenerate true secondary elements of C. Let 


(1) pi, ps, 


be the set of all local separating points of C contained in at least one of the 
sets (£). This set is countable by Theorem A. Using Theorems VIII and X, 
we see that every set E contains infinitely many distinct points of (1). It fol- 
lows that some point of (1), say #1, must be contained in an uncountable sub- 
collection of the (Z); hence we lose no generality in assuming that it is con- 
tained in all the Z. Let E, be any one of these sets. From Theorems IV and V 
we lose no generality in assuming that there exists a component K, of C—E, 
such that K; contains all the sets (Z) except £;. Using Theorem II(a) and 
Lemma 3, we may let F(K,) =(f1, s:) and assume that s; lies in none of the 
sets E other than £;. From Theorems VIII and X every E contains a 2-point 
gq distinct from /;. From this it follows easily that we may assume f, lies in 
uncountably many £; hence uncountably many £’s contain both /; and p>. 
This gives an easy contradiction to Lemma 3 using Theorem IV. The proof 
of Theorem VI(b) is thus completed. 
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THEOREM XI. Every isolated point q of a true secondary element E is a 2- 
point. 


Proof. Let a be any non 2-point of Z and akg a simple arc in C. Let k be 
the last point of Z preceding g on akg. It follows at once from Theorem II(a) 
that there exists a component K of C—E such that F(K) =(k, q). The theo- 
rem is then immediate by Theorem I(k). 

Notation. For any set M let L(M) denote the number of components of M, 
if M0, and L(M) =1 if M=0. 

THEOREM XII.* Let F be a closed subset of a compact continuum S such that 
each component of S—F has a most n limit points in F. Then for any continuum 
N of S, we have 


L(NF) < nL(S — F). 


Proof. We have only to consider the case where L(S—F) is finite and 
N ¢ F, as the inequality is obvious in the other cases. Let P be the set of all 
limit points in F of components of S—F. Then the number of points in P 
is less than nL(S—F). Let g be a point of NF —P. By a theorem of Hausdorff 
the component of NW containing g and lying in the open set U=S—S—F has 
a limit point on F(U). But this component belongs to NF —P and F(U) c P. 
Thus each component of VF contains a point of P which proves the theorem, 


COROLLARY. For any true secondary element E of C and any continuum N 
in C we have 


L(NE) S 2L(C — E). 


THEOREM XIII. /f Z(E) is finite, and K is a continuum of convergence of C 
which is contained in E, then K contains a continuum of convergence of E. 


Proof. Let Z(E) =h, and let d be so chosen that the diameter of K is 4hd- 
Since K is a continuum of convergence of C, there exists an infinite sequence 
(K;) of disjoint subcontinua of C converging to K. By Theorem III(b) the 
sets K;E will also converge to K. We thus lose no generality if we assume that 
the diameter of K;£ is greater than 3hd for all 7. Since K is a continuum of 
diameter 4d, there will exist 3h points p;, ({=1, 2,---, 3h), in K such 
that min p(p;, p;))=d, (ij). Construct the neighborhoods V,(p,), 
(i=1, 2,---, 3h), in C having disjoint closures. For 7 sufficiently large 
KE will intersect all of these neighborhoods. By the corollary to Theorem 
XII, K;E has at most 24 components for every 7. It follows that for every suf- 
ficiently large 7 some component k; of K;E must intersect at least two of the 
neighborhoods V;(p;). Using this fact and the information that the V;(p;) 


* This theorem and its proof were suggested by the referee. 
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have disjoint closures, the required continuum of convergence of £ is easily 
constructed. 


Part II. SECONDARY EXTENSIBILITY AND REDUCIBILITY 


DEFINITION. Let P be a property of point sets. Then P will be said to be 
secondarily extensible provided C has property P whenever every component of 
each true secondary element of C has property P. The property P will be said to 
be secondarily reducible provided the assertion C has property P implies that 
every component of each true secondary element E of C has property P. 


THEOREM XIV. Let C have the property that for each true secondary element 
E of C, L(C—E) is finite. Let P be any one of the following properties: (1) being 
hereditarily locally connected; (2) being a regular curve; (3) being a rational 
curve. Then P is secondarily extensible and reducible. 


Proof. The proof that each of these properties is secondarily reducible 
follows at once from the fact that if C has property P then every subcon- 
tinuum of C necessarily has property P. 


(1) is secondarily extensible. 


Otherwise there exists a continuum of convergence K of C. Using Theo- 
rems III(a) and XIII we obtain at once a continuum of convergence of some 
component of a true secondary element £ of C. This contradiction establishes 
our assertion. 


(2) and (3) are secondarily extensible. 


Assume that C is not a regular (rational) curve. Then, by a theorem of 
Menger,* C contains a subcontinuum N composed entirely of irregular (irra- 
tional) points of C. Using two theorems of G. T. Whyburn,f we see that the 
non-local separating points of C are dense on N. Let a be any non-local sepa- 
rating point of C contained in NV. Then a is a non 2-point of C. Since a is of 
order greater than 2, it is not a 2-end point of C and hence defines a true sec- 
ondary element E of C. Since Z(£) is finite and a is not a local separating 
point of C, it follows that a is not a limit point of C— EZ. Hence by Theorems 
XI and XII we see that a lies in a nondegenerate component K of NE. Let M 
be the component of £ containing K. From the Corollary to Theorem XII 
we have that a is not a limit point of C—M, hence the order of a in M is the 
same as the order of a in C. Therefore, a is an irregular (irrational) point 
of M. Thus M is not a regular (rational) curve. This contradiction establishes 
(2) and (3). 


* See K. Menger, Kurventheori«, Leipzig, 1932, pp. 127, 133. 
T See Bulletin of the American Mathematical Society, vol. 35 (1929), p. 102, Theorems 13 and C. 
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THEOREM XV. The property of being a regular curve is not secondarily ex- 
tensible.* 


Proof. The proof will be by an example constructed in the Euclidéan 
plane P. Let ABD be an equilateral triangle in P with base AD. Let E be 
the midpoint of AD and join E to the midpoints of AB and BD by line seg- 
ments EF and KG respectively. There will then be two triangles (namely 
AFE and EGD) having their bases on AD. Repeat the above construction 
on each of these triangles, and continue the process indefinitely. Call the re- 
sulting configuration K Let K’ be the reflection of K in AD with B’ the point 
corresponding to B under the reflection. Through each point of AB’ having 
order three construct a segment parallel to AD and extended until it meets 
the segment B’D. Denote by H the set K’ modified by the addition of these 
intervals. Let C’ consist of H, K and a free arc BB’ formed by two segments 
and spanning the point set H+K. Let ¢ be any free arc of H+ BB’ and p any 
interior point of ¢. With p as center and sufficiently small radius we may draw 
a circle disjoint with C’—1, but lying in the plane of C’. Let C be the set C’ 
modified by the addition of such a circle to every free arc of H+ BB’. Then 
the secondary elements of C may be classified as follows: (1) one disconnected 
nondegenerate true secondary element G consisting of K and all points of 
H+ BB’ of order greater than two; (2) a countable number of connected non- 
degenerate true secondary elements, each consisting of a theta curve com- 
posed of a circle and a proper subinterval of some free arc of H+ BB’; (3) a 
countable number of secondary elements of type III each consisting of the 
closure of a component of the complement in C of all secondary elements 
mentioned in (1) and (2). 

It will be noted that although no secondary element of C contains an 
irregular point of itself, the set C is not even hereditarily locally connected. 


Part III. EXAMPLES 


THEOREM XVI. There exist true secondary elements E having each of the 
following properties: 

(a) E is connected and locally connected; 

(b) E is connected but not locally connected; 

(c) E is locally connected but not connected; 

(d) E ts countable; 

(e) E is uncountable; 

(f) E is the closure of a free arc; 

(g) E is cyclic; 


* Cf. Theorem XIV. 
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(h) E has exactly one end point of itself; 
(i) E is neither connected nor locally connected. 


Proof. (a), (e), (g): Let C be a 2-cell; then E=C. 

For the remaining examples we define a lumped free arc of C to be on open 
subset A of C which contains B, where A is an open arc, B is a 2-cell, and 
A -B is an arc (closed). 

(c), (e): Let C consist of two disjoint 2-cells H and K joined by three dis- 
joint lumped free arcs; then E=H+K. 

(e), (i): The example shall be constructed in the Cartesian plane. Let C; 
be a circle and its interior having the center (2-‘, 0) and the radius 1/2'+?. 
It follows easily that all the C; are disjoint by pairs. Let p;, g; be respectively 
the points of C; having the maximum and minimum ordinate. For each i let A; 
be the line segment joining 7p; to pi,:, and B; the line segment joining gq; to 
gi41. Let T denote the closed interval of the x axis from (0, 0) to (1/2, 0), 
and let D consist of the sum of all the sets A;, B;, C;, T. In D replace each free 
arc by a lumped free arc and denote the resulting configuration by C. Let E 
denote the subset of C consisting of the origin and all the sets C;. Then E 
is a true secondary element of C fulfilling the conditions (e) and (i). 

(e), (f): Let C consist of a right triangle plus the three segments parallel 
to the hypotenuse and joi ing the points dividing its legs into four equal 
parts. Then E will be the middle one of these segments. 

(d), (i): Let D’ consist of an equilateral triangle pgr, having p at the 
origin and the side pg along the positive x axis, plus an infinite sequence of 
disjoint free arcs spanning pgr between points on pg and pr and converging 
to the point p. Let D’’ be the reflection of D’ in the y axis, where q’ is the 
reflection of g and r’ is the reflection of r. Define D as the sum of D’ and D’’ 
plus two disjoint spanning arcs of this set, one between q’ and gq, the other 
between r’ and r. Let C be the configuration D in which every free arc has 
been replaced by a lumped free arc. Then £ will consist of the non 2-point p 
plus the end points of all the lumped free arcs of C. 

(a), (e), (h): In the Euclidean plane P Jet D be the sum of two disjoint 
2-cells A and B. Let a, b, c be three distinct po.nts of A which are iimit points 
of P—A and d, e two distinct points of B which are limit points of P—B. 
Let D’ consist of D together with a spanning arc ad of D and a spanning 
lumped free arc ce of D which is disjoint with ad. Let f be any interior point 
of ad and df a lumped free arc spanning D’. Let C consist of the entire con- 
figuration. Then £ will be the sum of A and the free arc af of C. 

(b), (e), (g): Let A be a square and its interior with center at p. Let B 
be a square and its interior with side half that of A, having its center at p 
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and its sides parallel to those of A. Let D=A—B. Then D divides the plane 
into exactly two regions, the bounded one of which we call R. Thus the 
boundary of R is a square having sides W, X, Y, Z in the counterclockwise 
order. We define (D;) as an infinite sequence of disjoint 2-cells contained in R, 
converging monotonically to W, and each intersecting R in exactly two simple 
arcs, one on X and one on Z. (The 2-cells are most easily pictured as strips.) 
Add 7 disjoint lumped free arcs in R spanning £ between points of D; and 
D4; and equally spaced in the region between these 2-cells. Then the result- 
ing space C is a locally connected continuum. It is easily seen that the set E 
consisting of D and all the sets D; is a true secondary element of C satisfying 


(b), (e), and (g). 
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A CORRECTION TO “THE ASYMPTOTIC FORMS OF THE 
HERMITE AND WEBER FUNCTIONS’* 


BY 
NATHAN SCHWID 


My attention has been called to the necessity of the following correction: 
in the formula for @ on page 353 the symbol O(«-*/*) must be replaced by 
O(z*«-*/?), and in formula (26) and thereafter to formulas (27), as well as in 
(36)(a), the symbol O(x-'/*) is to be replaced by O(z*x-!/?). With this modifi- 
cation, the z region in which the formulas (27) and (36)(a) will be found 
useful in any specific consideration is clearly more restricted than my intro- 
ductory statement to §5 implies: such a region would be the one in which 
|x| 


* Received by the editors December 26, 1939. Cf. these Transactions, vol. 37 (1935), pp. 339-362. 


THe Texas COLLEGE OF MINES AND METALLURGY, 
Et Paso, TExas. 


LINEAR OPERATIONS ON SUMMABLE FUNCTIONS* 


BY 
NELSON DUNFORD AND B. J. PETTIS{ 


In the last few years the work of Gelfand [17, 18],t Kantorovitch [23, 24, 
25], Dunford [9, 10], Vulich [24, 25, 42] and others has shown that in devel- 
oping a representation theory for various classes of linear operations$ among 
Banach spaces [1] effective use can be made of abstract functions and in- 
tegrals, just as the general linear functionals over certain B-spaces were 
earlier discovered to be representable in terms of numerical functions and 
the integrals of numerical functions. This is especially true for operations 
defined to a general B-space X from a Lebesgue space, that is, from a space 
consisting of a class of Lebesgue-integrable numerical functions. To obtain 
representations for operations of this sort it was found that ready application 
could be made of various integrals of the Lebesgue type that have been de- 
fined for functions taking their values in X. 

In the present paper we wish to communicate a representation theory for 
several types of operators mapping a space L(S), consisting of the real func- 
tions that are Lebesgue-integrable over an abstract aggregate S with respect 
to a fixed class of subsets of S and a fixed measure function [29, 34], into an 
arbitrary B-space X. The representations will be given in terms of abstract 
integrals and kernel integrals. The general approach is not new, for it is based 
on the methods introduced by Gelfand [18] and Dunford [9] to obtain such 
theorems when S is a bounded real interval. However, in order to extend 
these known results to the case of an arbitrary S new devices are required 
since the earlier results were proved by Euclidean methods. In most instances 
we have been able to make the extension; this has been accomplished by 
generalizing the Radon-Nikodym theorem [29, 34] to set functions taking 
their values in an adjoint space and by substituting for differentiation proc- 
esses the use of convex sets. The class of operators recently introduced by 
Kakutani [22] and Yosida [44] under the name weakly completely continu- 

* Presented to the Society, December 30, 1938, under the title On completely continuous opera- 
tions in L; received by the editors October 12, 1939. Asummary appeared in the Proceedings of the 
National Academy of Sciences, vol. 25 (1939), pp. 544-550. 

T Sterling Fellow. 

t Numbers in brackets refer to the references at the end. Gelfand’s paper [18] is the thesis 
which he presented in June, 1935. 

§ Hereafter for linear operations we shall use the briefer terms operations or operators since these 


are the only operations that will come into consideration. An operation, or operator, is thus under- 
stood to be a distributive continuous mapping of one B-space into another. 
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ous* is also considered. By means of these representation theorems new in- 
formation is given concerning certain types of operators. This information in 
turn yields a uniform mean ergodic theorem for weakly c.c.f operations in 
L(S) and an application to Markoff processes. In addition it provides results 
which may be of interest in the theory of integral equations. In terms of both 
abstract integrals and kernel integrals a fairly complete representation theory 
is given for operations mapping L(S) into the Lebesgue classes L*(T), 
1<q<~, where T is another aggregate; the types considered are the general, 
the separable,t the weakly c.c., and the c.c. operations. Those results dealing 
with arbitrary S and T will have as immediate corollaries the corresponding 
theorems for the sequence spaces /?;§ the supplying of these corollaries will 
be left to the reader. 

A more precise outline of the contents is perhaps better given by the fol- 
lowing table and comments. 


CONTENTS 
CHAPTER I. ABSTRACT FUNCTIONS AND INTEGRALS 
Page 
Part 1. Classes of measurable and integrable abstract functions.......................... 325 
B. General measurable and integrable 327 
C. Measurable functions and absolutely integrable functions......................... 329 
Part 2. Some convex sets related to integrable functions.........................000005- 331 
Part 3. Kernel representations of abstract functions and integrals........................ 335 
A. Measurable functions in terms of numerical kernels......................---.004. 335 
B. The representation of abstract integrals by kernel integrals....................... 337 
CuHapTER II. GENERAL OPERATIONS TO RESTRICTED SPACES 

Part 1. The representation in adjoint spaces of set functions and linear operations by abstract 
A. Integral representations of absolutely continuous and Lipschitzean set functions. .... . 338 
B. Abstract representations of operations to certain adjoint spaces.................... 345 
Part 2. Representations of separable operations to L9(T), 1<qSo@....................... 347 
Part 3. The representations of operators taking L(S) into C*(T) or L(T).................. 351 
Part 4. Subclasses of those operations having their range in C*(T) or L(T)................ 358 


* An operation is weakly completely continuous if it takes bounded sets into weakly compact 
sets, a set being weakly compact if every infinite subset contains a subsequence converging weakly 
to some element of the space. 

+ Hereafter completely continuous will be abbreviated to c.c. 

t An operator is separable if it maps bounded sets into separable sets. Replacing “separable sets” 
by “compact sets” furnishes the definition for a completely continuous operator, which is necessarily 
separable. We shall also consider operations that send weakly compact sets into compact sets. 

§ Concerning operations on or to a sequence space see [4, 9, 10, 18, 21, 23, 24, 31, 38] and refer- 
ences therein. 
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A. Operations to C*(T) given by almost separably-valued kernels..................... 359 
B. Operations U’ to L(T) of the form U'(¢)=fsK"(s, t)o(s)da...... 362 
C. Operations to AC(T) given by almost separably-valued kernels.................... 363 
Part 5. The iterative integrals associated with certain kernels......................22.05. 364 
CHAPTER III. RESTRICTED OPERATIONS TO ARBITRARY SPACES 
Part 1. Weakly completely continuous and completely continuous operations.............. 366 
A. Sufficient conditions for weak complete continuity and complete continuity......... 367 
B. Criteria for weak complete continuity and complete continuity when S is Euclidean.. 369 
C. Abstract representations of completely continuous operations to L9(T),1SqS@.... 370 
B. Kernel representations of operations among summable functions.................. 378 


Chapter I consists of groundwork. In Part 1 there is a rapid review of 
Lebesgue integrals for B-space-valued functions, Part 2 is explained by its 
caption, and Part 3 is chiefly spent in noting that previous results [9] con- 
cerning the representation (by kernels and kernel integrals) of measurable 
and integrable functions in certain function spaces are extensible from Eu- 
clidean S to arbitrary S. Most of Chapter II is devoted to establishing for 
an arbitrary S results known to hold in the Euclidean case; there are occa- 
sional refinements. It is believed however that Theorem 2.1.0, the first section 
of Part 3, and most of Part 4 are new. Chapter III is probably the most im- 
portant. It includes the rather interesting result that when S is Euclidean 
and U is weakly c.c. in L(S) the operation U? is c.c. This of course implies 
that U has a finite-dimensional set of fixed points. In Chapter ITI, Parts 2 
A, C consist of sharpenings and extensions of well known theorems, and 
Part B contains a summary of our results (except for those in Part 3 of Chap- 
ter II) concerning kernel representations of operations on L(S) to L°(T), 
1<q<~. These results enable us to state that several sets of conditions, 
which are less stringent than those heretofore considered, are sufficient that 
a kernel operation be c.c. from L(S) to L*(T). 

Chapter III is independent of Chapter II. 


CHAPTER I. ABSTRACT FUNCTIONS AND INTEGRALS 


Part 1. CLASSES OF MEASURABLE AND INTEGRABLE 
ABSTRACT FUNCTIONS 


A. Preliminary definitions. We consider an arbitrary aggregate S=[s], a 
fixed Borel field E€=[E] of subsets of S with* S « €, and a fixed non-nega- 


* To use Saks’ term, E is an additive family. 
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tive completely additive measure function a(£) defined over E. If we let Ez 
denote those E ¢ € for which a(E£) <~, a triad [S, ©, a] of this sort will be 
called a system provided that S is decomposable, that is, S has a decomposition 
consisting of a denumerable number {.5;} of disjoint elements of Eg such 
that S=)>,S;. Those elements of € for which a(£) =0 are the null sets and 
are denoted by €o. It is supposed that every subset of a null set is a null set. 
When the system [.S, €, a] and the exponent g are fixed, L°(S) ist the B-space 
composed of those numerical functions ¢(s) which are defined over S, meas- 
urable with respect to €, and have ||¢|| = (/'s|@(s)| *da)"/*< © for g< and 
=ess. sup. | d(s)| < forg= 2. When gq < we note that separability for 
LS) is equivalent to E,’s being separable under the metric dist (EZ, E’) 
=a(E—E’)+a(E’—E). Moreover if g<@ then f(¢) is a linear functional 
over L4(S) if and only if an element ¢’ of L*(S) exists such that 
=f sb(s)’(s)da; the norm fl| of f equals ||¢’|| and gq’ is the exponent 
conjugate to Thus for 1<q<~ is reflexive§ and hence [16] has 
a weakly compact unit sphere. 

Given a function x(s) defined from the points of S to a B-space X, the 
set of values assumed on a subset £ of S will be denoted by x(£). The func- 
tion x(s) is separably-valued if x(S) is separable in X, weakly compact-valued 
if x(S) is weakly compact, and compact-valued when x(S) is compact. Should 
a(S —E,) be separable for some null set Z) we say that x(s) is almost (or es- 
sentially) separably-valued ; the corresponding definitions for x(s)’s being almost 
weakly compact-valued and almost compact-valued are evident. More particu- 
larly, x(s) is finitely-valued if it is constant on each of a finite number of meas- 
urable sets E,; with >> ;E;=S, and it is a simple function if it is finitely-valued 
and if S—E e Ex when E is the set over which x(s) vanishes. Finally, if Y isa 
subset of X, then x(s) is essentially defined to Y if Y >x(S—£,) for at least 
one null set Zo. 

In a given B-space X the zero element will be denoted by 6 or 6x. When Y 
is a subset of X the span of Y is the smallest closed linear manifold (c.l.m.) 
containing Y. Given Y in X and a set I in the adjoint X* of X, T is said to 
be a determining manifold|| for Y if a finite constant C exists such that, for 
each y Y, ||y|| =sup,|y<y)|, ||y|| <C. is not required to be linear. 

T We shall write Z(S) for L'(S). The elements of L(S) will be called summable functions. 

t When a(S)< © a proof of this statement, which is a classical result [1] for Euclidean S, can 
be found in [10, Theorem 46]; the induction to a general decomposable S is easily made. For the case 
q=1 Nikodym was apparently the first to extend the classical theorem to functions of an abstract 
variable [30]. 

§ Even more, Z(S) is uniformly convex as shown by Clarkson’s proof for Euclidean S, Uni- 


formly convex spaces, these Transactions, vol. 40 (1936), pp. 396-414. 
|| When Y=X the set I is simply a determining manifold. 
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Finally when a real function ¢(s), or a B-space-valued function x(s) or x,, 
is being considered as an element of a class of functions, we shall usually 
write ¢(.), x(.), or x., following the notation of E. H. Moore. 

B. General measurable and integrable functions. Let [.S, €, a] be a fixed 
system and consider an abstract function x(s) defined a.e.f in S and having 
its values in X. If T in some set in X* and f(x(s)) is measurable for each f eI, 
we say that x(s) is '-measurable; for the case T = X* a T-measurable function 
is weakly measurable. To each p lying between 1 and ~ inclusive there can 
be associated the subclass 27(S) |X, of '-measurable functions defined by 
the following condition: x(.) is in 2°(S) [X, I'] if and only if f(x(.)) e Z2(S) for 
each f e I’. Denoting by p’ the exponent conjugate to #, we recall the following 
fundamental theorem [17; 10, Theorem 49; 18]. 


THEOREM 1.1.1. Jf T is ac.l.m. and x(.) « 2°(S)[X, T'], @ finite constant C 
exists such that 


Ss 


C being independent of f and o’. Hence 
(f) = '(s)\da 
wi = f 


defines an operation U(') from L”’(S) to T*. 


An element x(.) of £°(S)[X, I'] is said to be in the class &(S)[X, I] if 
for each E e E, there is a point xz in X such that 


(1) = f f(x(s))der, fer; 
E 


when p=1 it is supposed that such an xz exists for each E « €. An element 
x(.) of &(S)[X, T'] is a T-integrable function, and any point xz satisfying 
(1) is a T'-integral of x(.) over E. If T is a determining manifold for X and 
x(.) is T’-integrable, then x(.) has for each E e« € a unique I-integral over E 
called the T'-integral of x(.) over E. When I = X* this unique point is referred 
to as the integral of x(.) over E and x(.) is said to be integrable. Whenever in 
connection with a given abstract function x(.) the symbol /zx(s)da occurs 
devoid of qualification, the implication is that x(.) is integrable and that 
ex(s)da stands for the integral of x(s) over E. 
The following is a slight extension of Theorem 59 of [10]. 


7 The phrase almost everywhere, with its usual meaning of “except possibly on a set of measure 
zero,” will be abbreviated throughout to a.e. 
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THEOREM 1.1.2. When is a determining c.l.m., x(.) is in [X, 
and only if x(.)’(.) is T-integrable for each L?’(S). 

According to Theorem 1.1.1 if «(.) e &@(S)[X, I'] there exists a constant C 
independent of ¢’ and f and such that 


| f < fel, ¢’ eLr(S). 


At the same time it follows from the definition of £2(S) [X, T'] that x(.)¢’(.) 
is I'-integrable for each ¢’ e L”’(S) which is finitely-valued. Moreover, if for 
a ¢’ of this sort the}I’-integral of x(s)$’(s) over E is xz,4-, it is clear from (2) 
that 


| -llAl, fer, 
and hence, since [ is a determining manifold (for X), 
(3) < C'l¢'l 


where C’ is finite and independent of ¢’. In addition xz,4: is additive over the 
finitely-valued elements of L”’(S) due to I’’s being determining. Now let {¢,’ } 
in L?’(S) be finitely-valued elements converging to an arbitrary ¢’ ¢ L?’(S). 
It is clear from (3) that limn,... =0. Let 
xz,4,. Then 


= lim f(xz,¢,) = lim J (s)da = J fel, 


so that (1) is satisfied. Since E e € was arbitrary, x(.)¢’(.) is I'-integrable. 

If on the other hand x(.)¢’(.) isT'-integrable for every ¢’ ¢ L?’(S), then for 
each f e I the function f(x«(s))@’(s) is summable for every ¢’ ¢ L?’(S). Hence 
f(x(.)) L*(S) for each f T [10, Theorem 46]. To see that x(.) £8(S)[X, T'] 
we have only to observe that x(.)¢’(.) is I-integrable whenever ¢’ is the 
characteristic function of an element E ¢ E, (or EC if p=1). 


THEOREM 1.1.3. If T is a determining c.l.m. and x(.) is in @(S)[X, I], 
then U($') where x4 is the T-integral of x(.)o'(.) over S, is an operation 
defined from L”'(S) to X. The mapping V(f)=f(x(.)) is an operation from T 
to L»(S) that coincides over T with the adjoint of U. 

From Theorem 1.1.2 and (2) the I-integral x, exists and satisfies the in- 


equality 


(4) | f(x) | -| H(x(s))$"(s)da| = L*(S), 
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where C is independent of ¢’ and f. The mapping V is obviously defined from 
I’ to L»(S) and is additive; it is therefore linear since from (4) 


IVI] = fel, 


where C is independent of f. From (4) it also follows, since [' is determining, 
that 

where C’ is independent of ¢’. Thus the additive mapping U from L?’(S) to X 
is linear. Finally, from the equality f(U(¢’)) =/Ssf(x(s))¢’'(s)da, feT, 
¢’ « L?’(S), it is seen that V coincides over I with the adjoint of U. 

If X is the adjoint Y* of another space Y, it is evident from Theorem 1.1.1 
that any element of 27(S)[Y*, Y] is also in &%(S)[Y*, Y]. The space Y being 
equivalent to a determining c.l.m. in X* = Y**, Theorem 1.1.3 yields 

THEOREM 1.1.4. If x(.) 29(S)[Y*, V], then x(.) G(S)[V*, and the 
two mappings 


V(y) = x(s)(y), 
Ue) = [ eL?"(S), 
s 


where f sx(s)b'(s)da is the Y-integral of x(.)o’(.), are operations defined from 
Y to L*(S) and from L?’(S) to Y* respectively. The operation V coincides over Y 
with the adjoint of U. 


When Y is separable and p= ~, it is possible to be more precise. 


THEOREM 1.1.5. If V is separable and x(.) « 2°(S)[Y*, VY], then (i) 
2o°(S)[V*, V], (ii) the mappings 


V(y) = = J x(s)6"(s)de, 


where fsx(s)b'(s)da is the Y-integral of x(.)¢’(.), are operations from Y to 
L*(S) and from L(S) to Y* respectively, (iii) V coincides over Y with the ad- 
joint of U, and (iv) ess. sup. ||x(s)|| =C <0. The finite constant C is the common 
norm of U, V, and the functional F(y, ¢’)=Ssf(x(s))6’(s)da bilinear over 
YXL(S). 


Conclusions (i)—(iii) are corollaries of Theorem 1.1.4. The remainder fol- 
lows from Theorem 9 of [10]. 

C. Measurable functions and absolutely integrable functions. Beginning 
again from a somewhat different viewpoint, x(s) is measurable [3] if it is the 


f 
7 

a 

a 
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j 
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limit a.e. of some sequence of simple functions; since S is decomposable this 
is equivalent to being the limit a.e. of a sequence of finitely-valued func- 
tions. For each p in the range 1S p< there exists the subclass of measur- 
able functions having Js||x(s)|| "da <0. Denoting this subclass by %7(S) [X] 
and letting %*(S) [X ] be those measurable functions for which ess. sup. ||x(s)|| 
<« it follows, as Garrett Birkhoff has shown [2, 9], that %7(S)[X] 
c X*] for 1< p<. The elements of %(S)[X] will be called ab- 
solutely integrable. 


THEOREM 1.1.6. If x(.) the function x(.)o'(.) is absolutely in- 
tegrable for each L®’(S) and U(p’) = sx(s)b’(s)da defines an operation U 
from L*'(S) to X. When p= the norm of U is |U| =ess. sup. ||x(s)||, and 


1/p 
Uis Pda 
|u|s ( f ) 
when p<. 


The absolute integrability of x(.)@’(.) should be evident. The existence 
and linearity of U are likewise obvious, in view of Theorem 1.1.3 and 
the inclusion of %(S)[X] in @(S)[X, X*]. For the case p= it is 
known [31, 3.11] that the operation V(f)=f(x(.)) from X* to L*(S) has 
| V| =ess. sup. ||x(s)||; since V is the adjoint of U this means that 
| U| =ess. sup. ||x(s)||. The concluding inequality, for the case p<, has 


already been proved in Theorem 2.4 of [9]. 

It is known that the two properties of weak measurability and almost 
separable valuedness together are sufficient as well as necessary for measura- 
bility [18, 31]. This remains true when a less stringent condition is substi- 
stituted for weak measurability; and if a third assumption is made, x(.) 
becomes not only measurable but also essentially bounded. 


THEOREM 1.1.7. For a given x(.) suppose that for some null set Ey the set 
x(S—Epo) has in X a separable span Y and that x(.) is T-measurable for some 
manifold T which is determining for Y. Then (i) x(.) is measurable. If it is 
also true that ess. sup., | f(x(s))| <% holds for each f eT and I is closed and lin- 
ear, then (ii) x(.) © A*(S) [|X], and hence (iii) x(.)b(.) is absolutely integrable for 
each « L(S) and U(¢) =f sx(s)b(s)da defines as operation U from L(S) to X 
having | U| =ess. sup. ||x(s)||.. 


Conclusion (i) has been established in Theorem 2.1 of [32]. If it is also 
true that T is a c.l.m., then, since Y is separable, there is in T a separable 
c.l.m. which is determining for Y. Thus if x(.) 2@(S)[X, clearly 
a(.) « £°(S)[Y, I'’]; from Theorem 9 of [10] it follows that ess. sup. ||x(s)|/ 
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<, so that the measurable function x(.) is in &*(S)[X]. Conclusion (iii) 
results from (ii) and Theorem 1.1.6. 


Part 2. SOME CONVEX SETS RELATED TO INTEGRABLE FUNCTIONS 


This part will consist of a few results involving inclusion relationships be- 
tween certain closed convex sets containing the functional values of an in- 
tegrable function and o‘her closed convex sets associated with the function’s 
indefinite integral. In a B-space X the closed convex hull of a subset Y will be 
denoted by C[Y]. For a fixed function x(.) which is integrable over every 
Ee €; the set of all quotients (fzx(s)da)/a(E£) with 0<a(E) < © will be rep- 
resented by J. Thus J is defined if e X*], 1s ps. 


THEOREM 1.2.1. If xo is a point disjoint with a closed convex set X’, there 
exist an fy e X* and a constant c such that fo(xo) >c while fo(x) Sc for x 2 X’. 


By a theorem of Mazur [27, p. 80] there is a closed convex body K dis- 
joint with x» and containing X’. There must then be a nondegenerate closed 
sphere NV about x» such that VK is vacuous. From a theorem of Eidelheit 
[12] the disjunction of the two closed convex bodies N and K implies the 
existence of an fy e X* and a constant ¢ such that || fol] 0, fo(x) =c for x e N, 
and fo(x) <c for x e K. Since || fo|| +0 and no nondegenerate sphere can be con- 
tained in a hyperplane, there is an x, e N failing to satisfy the equation 
fo(x) =c; thus fo(x:)=c+6 where 5>0. If now fo(xo)=c, it follows that 
fo(2x9—2x1) =c —5<c where 2x)—~, is in N. This contradicts the inequality 
fo(x) =c for x e N, and hence fo(xo) >c must hold. 


THEOREM 1.2.2. If x(.) is integrable over every Ee Ep, then C[J] 
¢ C[x(S—Ep) | for each Eye Eo. 

Let xe=Jfex(s)\da, Ee Ex. If there were an Ee €g—€, for which 
xp/a(E) ¢ C[x(S—E>)], then by the preceding theorem a constant c and an 
fo e X* would exist such that fo(xz/a(E)) >c while x « C[x(S—E,)] implies 
fo(x) Sc. Since a(E,)=0 we would then have fo(x(s)) Sc a.e. in E, so that 
Sefo(x(s))daSca(E). Yet >ca(E), which is a contradic- 
tion. Thus J ¢ C[x(S—E,)] and hence C[J] ¢C[x(S—£,) ]. 

An immediate consequence of Theorem 1.2.2 is 


THEOREM 1.2.3. For a function x(.) integrable over every E « E, the inclu- 
sion C[J] ¢][C[x(S— Ep) ] holds, the product being taken as Ep varies over Ey. 
Another easy corollary is given in 


THEoREM 1.2.4. If x(.) e S(S)[X, X*] and VY is a c.l.m. containing 
a(S for some Eye Ey then Y 3 U(p’) =f sx(s)’(s)da for every L”’(S), 
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that is, Y2U(L”’(S)). Thus U is a separable operation when x(.) is almost 
separably-valued. 


Since Y is a closed convex set containing x(.S —E,), Theorem 1.2.2 implies 
that Y > J. From the linearity of Y it then follows that Y 3 [gx(s)da for each 
Ee Ex. if p=1 the complete additivity of fzx(s)da over E [31, 10] and the 
fact that Y is closed and linear yield the conclusion that Y 3 {z«(s)da for 
every E « €. The simple functions being dense in L?’(S) for p’<o and 
the finitely-valued ones being dense in L*(S), it follows from the linearity 
of U that U(¢’) isin the c.l.m. Y for each L”’(S). 


Corortary. If x(.) 49(S)[X], then =f sx(s)b’(s)da is a separable 
operation from L®’(S) to X. 

Theorem 1.2.4 can be given a considerably sharper form when p= ©. For 
this purpose let R(x) = —x for x e X, and let § be the essentially non-negative 
elements of L(S). The subset of $ for which ||¢||=1 holds will be denoted 
by 

THEOREM 1.2.5. Suppose that x(.) is in &o°(S)[X, X*] and that Y is a 
closed convex set containing x(S — Ep) for some Eye Eo. For = fsx(s)(s)da, 
L(S), it follows that 

(i) UG) eClx(S—Eo)] when $i, 
(ii) if 20 then for each pe having <1, 

(iii) if Y > R(a(S—Eo)) then  Y for each with <1, 

(iv) if Y is linear then U(p) e Y for every ¢. 

In (i) the second relationship is obvious. To obtain the first it is suffi- 
cient to show that Y 2 U(¢) whenever ¢ is an essentially non-negative simple 
function having =1. For such a ¢ we have U(¢) =) "ajax; 
where a;=¢,a(E.) 20, © >a(E;) >0, and x;=1/a(E,) - fz,x(s)da. Since x; e J, 
a;>0, and }-ta =||¢l| =1, it follows that U(¢) e C[J] and hence (Theorem 
1.2.2) C[x(S—Ep)]. Statement (ii) results immediately from (i), the 
homogeneity of U, and the convexity of Y. Conclusion (iii) is also implied 
by (i). For an arbitrary ¢ e L(S) can be written as ¢ =¢1—¢z where ¢; e F and 


\|4|| = Thus 


U(¢/\l¢l|) = > 0, 


where 20, x1 = and x2= —U(¢2/||5||). Since (i) im- 
plies that x; e C[x(S—E»)] and x2 e R(C[x(S—E,)]), and since pit+p2=1 
where p;20, it is clear that Y 2 U(/||¢||) due to the convexity of Y. We 
can then conclude, Y being a convex set containing 0, that Y 2 U(¢) for 


{ 

£ 

2 
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every ¢ with ||¢|| <1. The final statement, (iv), results from either (iii) or 
Theorem 1.2.4. 


THEOREM 1.2.6. Suppose that for x(.) e 2o(S)[X, X*] there exist a null 
set Eo, a closed convex set Y, and a constant C such that Y>x(S—E,) and 
\|y|| =C for each ye Y. Then Y for every Bi and hence ||U(¢)|| 
=C||¢|| for every 


It will now be shown that for a restricted x(s) the inclusion reverse to 
that of Theorem 1.2.2 holds for at least one Ey ¢ Ep. 


THEOREM 1.2.7. If x(.) is integrable over every Ee Ez and is also measurable, 
there is an Ef Ey such that 


Since x(.) is measurable, there is a null set E’’ such that x(S—£’’) is 
separable. Thus if x(.) is redefined so as to vanish over E’’, the new function 
x’(.) will be measurable and for every Ee Ez. 
Moreover x’(S) will be a separable set in X. If in €, there is an E’ with the 
property that C[x’(S—E’)]¢C[J’], it will then follow, should the theorem 
be true for x’(.), that C[x(S—E’’—E’)|]¢C|[x’(S—E’)|¢C[J’]=Cl[/], 
where Ej = E’’+E’ « &,. Hence we may suppose that x(S) is separable. 
From the measurability of x(.) it can be concluded that x-1(Y) is in E€ for 
any open sphere Y in X; since x(S) is a separable set in X this remains true 
if Y is an arbitrary open set and hence if Y is any Borel-measurable set. It 
is now evident, C[J] being closed, that the set E’=x-1(X—C[J]) must be 
measurable. To prove the theorem we have only to show that a(Z’) =0. 

Each point x» ¢ x(E’) is disjoint with C[J]; to each such x» there corre- 
sponds by Theorem 1.2.1 an element f of X* and a constant c such that 
f (xo) >c and f(x) Sc for x e C[J]. From the continuity of f an open sphere 
N about x» exists with the property that f(x) >c holds for every x e NV. Let 
each point of x(E’) be covered by a sphere of this kind. Since x(E’) is a 
separable set in X, a denumerable number N,,, m=1, 2, - - - , of these spheres 
suffice to cover x(Z’). Letting Z,,=x~1(N,) it is clear that Z,, is measurable 
and that }-?E,,> E’. Thus if a(E’) is positive, then a(En,)>0 holds for 
some mo. Taking a decomposition {.S,} of S, the inequality © >a(S,En,) >0 
must be true for at least one . Letting E* be the set S,Z,, for one such n, ob- 
viously 0<a(E*)< and xz*/a(E*) ¢ J. From the definitions of Nn, Emo; 
and £* there is an fy « X* and a constant ¢» such that fo(x(s)) >c for every 
s ¢ E*, while fo(x) <co when x e C[J]. Due to the inequality © >a(E*) >0 we 
then have fo(x(s))da >cya(E*) and at the same time fo(x(s))da =fo(xz*) 
<c.a(E*). This contradiction ends the proof since it implies a(Z’) =0. 

Combining Theorems 1.2.3 and 1.2.7 gives us 


: 
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THEOREM 1.2.8. If x(.) is integrable over every E « Ex and is measurable, 
then an Ej e Eo exists such that 


C[x(s — = = — 

the product being taken as Ep varies over Eo. 

For measurable functions Theorem 1.2.4 may be rounded out as follows. 

THEOREM 1.2.9. Let x(.) « £3(S)[X, X*] be measurable. For ac.l.m. V the 
following are equivalent: (i) x(.) is essentially defined to Y, (ii) Y 3 fex(s)da for 
every Ee Ex, and (iii) Y 3 = f'sx(s)b(s)da for every L’(S). 

For (iii) clearly implies (ii), and (iii) follows from (i) by Theorem 1.2.4. 
If (ii) holds, then Y > C[J], and hence Y > x(S—E{ ) for some Ej e Ey accord- 


ing to Theorem 1.2.8. 
When p= more precise results can be obtained. 


THEOREM 1.2.10. Suppose x(.) in 2¢°(S) |X, X*] is measurable. Then (1) an 
Ej « ©, exists such that 


IT. — = C[x(s — = CY] =c[U@,)]. 


Ege Go 


Let Y be a closed convex set. Then (II) these three conditions are equivalent: 
(i) for some Ep, 
(ii) 21/a(E)- fex(s)da for every Ee Ev, 


(iii) Y3 =fsx(s)b(s)da for every 
(III) these three are equivalent: 
(i) V satisfies (II)(i) and Y 28, 
(ii) V satisfies (II)(ii) and Y 36, 
(iii) Ya for every de with <1; 
and (IV) these are equivalent: 
(i) for some Eye Eo both x(S—E,) and R(x(S—E,)) are in Y, 
(ii) VY 2 (6/a(E)) fex(s)da for every Ee Eg—€E, and every 5= +1, 
(iii) Y for each with <1. 
(V) Finally, for a given constant K these are equivalent: 
(i) ||U(@)|| =K for every Tu, 
(ii) an Ej e Ey exists such that ||x\|=K for xeC[x(S—Eé)]. 
Hence if (V)(i) or (V)(ii) holds, then \\x(s)||=K a.e. and || fex(s)da|| =Ka(E) 
for every Ee Ex. 


(I) follows immediately from Theorem 1.2.8, conclusion (i) of Theorem 
1.2.5, and the fact that J ¢ U(). (II) and (III) are evident consequences 
of (I) and (II) respectively. (IV) results from (III) and Theorem 1.2.5 on 
considering the operation U’($) = fs(—x(s))¢(s)\da= —U(@). The equiva- 
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lence of the two conditions in (V) follows from (I) and the fact that C[U(®) ] 
is simply the closure of the convex set U(). 

Example 3 in Birkhoff’s paper [2] shows that Theorems 1.2.7—1.2.10 all 
become false if the hypothesis of measurability for x(.) be dropped. 


Part 3. KERNEL REPRESENTATIONS OF ABSTRACT FUNCTIONS AND INTEGRALS 


We now consider a second system [T, 7, 8] entirely analogous to [S, E, a], 
with ¥ denoting all those elements of 7 having 8-measure zero and 7z all 
those having finite 6-measure. 

A. Measurable functions in terms of numerical kernels. When the range 
space X consists of numerical functions defined and measurable over 7, it 
sometimes happens that each measurable function x(s) having its values in X 
can be represented by means of a numerical kernel defined and measurable* 
over $XT. The first theorem below gives a set of conditions on X that are 
sufficient for the existence of such representations. 


THEOREM 1.3.1. Suppose X satisfies these conditions: 

(a) if X, m=1, 2,---, and lim, ||y"|| =0, then {y~(t)} converges to 
zero in measure over every F e Fx, 

(b) ¥(.) © X implies ||y||=0 if and only if Y(t) =0 a.e., 

(c) if {T;} is a decomposition of T and with each y(.) « X are associated the 
functions y,(t) =(t)d,(t), n=1, 2, - - - , where d,(t) is the characteristic func- 
tion of >-"T;, then 


(i) Ya.) eX for each n, 
(ii) lim, y"=y in X implies lim, Yr =y, in X for each n. 
Under these conditions it follows that if x, is measurable from S to X there is a 
numerical kernel K(s, t) measurable over SXT and such that for almost} every 
s ¢ S the equality x,(t) = K(s, t) holds a.e. in T.t Hence if (b) is strengthened to 
(b’) Y(t) is measurable and W(t) =0 almost everywhere if and only if Y(.) «eX 
and =0, 
then for almost every s K(s, .) is in X and coincides with the point x,. 


The demonstration of this theorem for the case a(S)<o and B(T)< 
has been given in 3.1 of [9].§ The extension to the case of a general decom- 
posable 7 follows from a reapplication of the same methods. The final step, 
to a general decomposable S, is then easily made. 


* That is, measurable with respect to the Borel field of subsets of .SX T determined by the two 
fields E and F [33]. 

+ If x, is defined over all of S the word “almost” may be deleted. 

t K(s, #) is then said to be a measurable representation of x(s). 

§ The proof given there is for Euclidean S and T but can be carried over to the present case 
without change. 
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Since L*(T) satisfies conditions (a), (b’), and (c) for 1<q< ~@ we have [9] 
THEOREM 1.3.2. If x(s) is measurable from S to L*(T), a measurable kernel 
K(s, t) exists over SXT such that K(s, .)=x(s) in L(T) a.e. in S. Any two 
such representations of x(.) differ over SXT on at most a set of measure zero. 


On the other hand the converse (partial when g= ©) of Theorem 1.3.2 
also holds. 


THEOREM 1.3.3. Let K(s, t) be a kernel over SXT and let q be fixed. Suppose 
that 
(i) K(s, t) is measurable, 
(ii) K(s, .) eL°(T) for almost every s, and 
(iii) if g= © then K(s, .) is almost separably-valued in L*(T). 
Then x(s)=K(s, .) as a function defined to L*(T) is almost separably-valued 
and is measurable. 


We first show that K(s, .) is almost separably-valued when g< ©. Sup- 
pose K(s, ¢) is the characteristic function of a set having finite measure in 
the product space ST. There is then a sequence {K,(s, ¢)} such that each 
K,,(s, t) is the characteristic function of a finite sum of sets of the form EXF 
and 


lim ff | K,(s, t) — K(s, #) | 2d (cx X = 0. 


Thus there is a subsequence { K,,} such that 


lim f | K,,(s, 2) — K(s, = 0 


a.e. in S. This shows that the values of x(s) =K(s, .) lie for almost all s in a 
separable subset of L*(T). If K is the characteristic function of a set of infinite 
measure in the product space, then K =)_,.@,K where ¢, is the characteristic 
function of G, and the sequence {G,} forms a partition of ST into sets of 
finite measure. So in this case also we have x(.) almost separably-valued. 
Thus the abstract function x(s)=K(s, .) corresponding to a finitely-valued 
kernel K(s, ¢) is almost separably-valued. Now suppose K(s, ¢) is an arbitrary 
function satisfying (i) and (ii) for g< ©. Since K is measurable on S XT there 
is a sequence {K,(s, ¢)} of finitely-valued functions having the properties 


(1) lim K,(s, = K(s, a.e.onS XT, 
n 


(2) | Kn(s, 2) — K(s, t)| <| K(s, on S X T. 
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The Fubini theorem (1) shows that, for almost every s, lim, K,(s, #) =K(s, #) 
a.e. in T. This fact together with (2), (ii), and the Lebesgue convergence 
theorem yields for almost every s 


lim f | K,(s, — K(s, t) = 0, 
n T 


which proves that x(s)=K(s, .) is almost separably-valued. 

Thus x(s)=K(s, ) is almost separably-valued for 1<qg<~. Since the 
measurability of K implies that [7K(s, t)y’(é)d8 is measurable in s for each 
y’(.) e L*(T), it then follows from Theorem 1.1.7 that x(.) is measurable. 

B. The representation of abstract integrals by kernel integrals. We re- 
call the following two theorems giving representations for certain integrals. 
These have been obtained previously (for Euclidean S and T) in [31] and [9]. 


THEOREM 1.3.4. Suppose x(.) in &'(S)[L(T), L2’(T)] has a measurable 
representation K(s, t). A necessary and sufficient condition that the operation* 
U(¢) =Ssx(s)b(s)da from L*(S) to L*(T) be expressible as 


= K(s, t)4(s)da 


is that and imply that t)6(s)da} dB 
= { frx(s, (dB | da finitely. 
This is merely Theorem 7.3 of [31] carried over to the present more gen- 


eral S and 7; the proof remains precisely the same. 
From Theorems 1.3.2 and 1.3.4 we can now derive 


THEOREM 1.3.5 [9]. Suppose x(.) is in M?'(S)[L°(T)]. Then a kernel 
K(s, t) exists with these properties: 

(i) K(s, t) is measurable, and 

(ii) K(s, .)=x(s) in L°(T) for almost every s. 
If K(s, t) is any kernel satisfying (i) and (ii), then 

(iii) (fs||K(s, when p’<@ and ess. sup. ||K(s, 
=C<© when p'’=0, 

(iv) the separable operation U(¢)=Ssx(s)o(s)da can be written as U(¢) 
= {sK(s, t)6(s)da, L*(S), 

(v) |U| SC for p’< and |U| =C for p’=~. 


The existence of a K(s, ¢) satisfying (i) and (ii) comes immediately from 
Theorem 1.3.2. Property (iii) is obvious in view of (ii) and the fact that 
a(.) e U’(S)[L2(7) ]. In (iv) the operation U exists and is separable by Theo- 


* When g= ~, this integral is an L(7)-integral. 


‘ 
¥ 
Be 
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rem 1.1.6 and the corollary to Theorem 1.2.4. Moreover if K(s, ¢) satisfies (i) 
and (ii) we have for each y’(.) L*’(7) that 


ass 


by Hélder’s inequality. Since ||x(.)|] e this means that fs|$(s)| 
-{fr| K(s, exists finitely whenever ¢(.) and 
y’(.) e L(T). Since K(s, t)(s)w’(t) is measurable, a classical theorem of 
Tonelli implies that the two repeated integrals in Theorem 1.3.4 exist finitely 
and are equal. From the latter theorem (iv) then follows. Finally, (v) results 
from (ii) and Theorem 1.1.6. 

If in Theorem 1.3.5 we begin with a kernel instead of an abstract function, 
we can state 


THEOREM 1.3.6. Let K(s, t) be a kernel satisfying for a fixed q conditions 
(i)—(iii) of Theorem 1.3.3 and for a fixed p' condition (iii) of Theorem 1.3.5. 
Then x(s) =K(s, .) is in U’(S)[L*(T) ]and U(¢) = [sK(s, t)@(s)da is an opera- 
tion defined and separable from L»(S) to L*(T), with |U| <C when p'’<« 
and |U| =C when p’=. 


It is clear from Theorem 1.3.3 and property (iii) of Theorem 1.3.5 that 
a(s)=K(s, .) is in &°’(S)[L2(T)]. The remaining conclusions follow from 
Theorem 1.3.5. 

Later it will be seen that the operation U in Theorem 1.3.6 is c.c. when 
p’<« [38] (Theorems 3.2.11 and 3.2.12) and that U takes weakly compact 
sets in L(S) into compact sets in L*(T) when p’=« (Theorem 3.2.1). 

For the case p’= it results from Theorems 1.3.3, 1.1.7, and 1.3.6 that 
the fourth assumption in the last theorem can be weakened as follows. 


THEOREM 1.3.7. Suppose K(s, t) satisfies conditions (i)—(iii) in Theorem 
1.3.3 and in addition ess. sup. | frK(s, dW'(t)dB|<< is true for each 
e Then x(s)=K(s, .) is in A*(S)[L“(T)] and the operation 
U(¢)=SsK(s, t)@(s)da is defined and separable from L(S) to L*(T) with 
| U| =ess. sup., (fr| K(s, for g< and | U| =ess. sup.s, | K(s, 
forq=@., 


CHAPTER II. GENERAL OPERATIONS TO RESTRICTED SPACES 


Part 1. THE REPRESENTATION IN ADJOINT SPACES OF SET FUNCTIONS AND 
LINEAR OPERATIONS BY ABSTRACT INTEGRALS 


A. Integral representations of absolutely continuous and Lipschitzean 
set functions. The first theorem below may be regarded either as a generaliza- 
tion (to the case of an abstract S) of a result of Gelfand [18] or as an extension 


} 


| 
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of the Radon-Nikodym theorem [29, 34] from real-valued set functions to 
those taking their values in an adjoint space. Two proofs of the theorem will 
be given. 

THEOREM 2.1.0. Let X = [x] be the adjoint of another B-space Y =|y]| and 
let xz be defined from Ex to X. Suppose that Y’ is a separable linear subset of Y 


and that 
(i) for each y « Y’ the real-valued set function xz(y) is completely additive 
over* E(E’) for every E’ « Ex, 
(ii) x2(y) =0 when E is a null set and ye Y’, and 
(iii) the numerical function 


1 
oz = sup-—| xe(y) |, yeY’,y 
v 


which is defined over Ex has vz, its total variation over E’, finite for every 


E’ Ex. 
Then there exists an x, defined from S to X such that 


(2.1.01) -f X(y)da, Ee €s, yeY’, 
E 


(2.1.02) VE = f || || dex for every Ee Eg. 
E 


First proof. The initial stept is to show that if Ee E, and { E;} is a finite 
or denumerable number of disjoint elements of € with }>;E;=E then 


(1) ve = 


Since it is obvious from the definition of vg that vz >> ve;, it will be suffi- 
cient to establish the reverse inequality 


(2) ve VE;. 


If we choose disjoint measurable sets E/,---, EZ, in E such that vg—e 
where €>0, clearly there are elements yi, , yn in Y’ for which 


where p,||y,|| =1. Since (i) implies that «xz;(yi) = Do weie,(y:) and 


* For a fixed E’ e E the symbol E(E’) denotes the Borel field composed of all sets of the form 


EE’ where Ee E. 
+ The theorem is trivial when Y’ is vacuous or consists of the zero element. 


] 


340 NELSON DUNFORD AND B. J. PETTIS 


< for each i, we can conclude that 


| < } pi | Yi) | 
i i 

and hence that ve—e<)0j;)\ioxiez,S>_ivz, Whenever «>0. This vindicates 
(2), so that (1) holds and vz is completely additive over E(E’) for each 
E’ « Ey. An additional property of vz is that ye =0 when E is a null set, by 
virtue of (ii). In view of the decomposability of S and the Radon-Nikodym 
theorem these two properties lead to the existence of a measurable non-nega- 
tive function ¢o(s) satisfying the condition that 


t=1 


Ve—e< pi p (¥i) 
i 


(3) f go(s)da = veg for every E’ Ex. 
E’ 


S being decomposable it is also true that 
(4) | | a.e. in S. 


Let {Y,,} be a denumerable dense subset of Y’. Due to (i) and (ii) the 
decomposability of S and the Radon-Nikodym theorem also imply that for 
each m a measurable real function ¢,,(s) exists such that 


(5) = f on(s)da, Ee 


Denoting by Y, the set of all finite rational linear combinations of the y,,’s 
we then have 


xe(y) = = f > hi;(s)da, Ee€s, 
1 £1 


whenever y and y=). Hence for y and E e Eg the total varia- 
tion of xz(y) over E’ is But Yoe Y’ since Y’ is linear: 
thus the total variation of xz(y) over E’ is not greater than that of ||y||oz 
when y e Vo. If y has the form y=)_?h,y; where each h; is rational, then we 
have 


f da < = ff 
E’ 1 E’ 


whence 


(6) | < $0(s)|| 


[May 
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for each such y. The set Yo being denumerable, (6) and (4) yield a null set Eo 
such that 


(7) ¥ < || < 


holds for every s e S—E, and every set Mi, - - - , 4, of rational numbers. Now 
let Ii,---, hm be any real numbers. If we choose rationals /j such that 
lim; 4;=h; for j =1, 2, - - - , m, (7) implies that 


| = lim | |, seS — By, 
1 
and that 
j=1 


Hence 


holds for every s e S—E, and every finite set Mi, - - - , Am of real numbers. 
In view of (8), a well known theorem on moments [1, p. 57] leads to the 
existence, for each s e S— Epo, of an element x, in the adjoint X of Y’ such that 


(9) xl] < d0(s), = form =1,2,-+-, 


Over E, let x, be the zero element of X. Due to the Hahn-Banach theorem 
on the extension of linear functionals, it may be supposed that not only (9) 
holds but also that 


for every s. This will be used in establishing (2.1.02). To obtain (2.1.01) let y 
be arbitrary in Y’ and choose a subsequence {ym,} in {ym} with lim; yn,=~y. 


Then lim; x.(ym,) =%2(y) for every s and {x,(ym,) } is a sequence of measurable 
functions with 


| %s(Vm;) $o(s) sup || seS — Eo, i= 1, 2, 


Applying Lebesgue’s convergence theorem shows that x,(y) is summable over 
every E and that 


« 
tke 
¥ 
¥ 
= 
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(11) lim f X3(Vm,)da, 
E t E 


From (5) and (9) we also have 


(12) ve(y) = lim xz(ym,) = lim = lim f 
‘ i E F E 


for E e Ex. Relation (2.1.01) now follows by combining (11) and (12). To 
prove (2.1.02) let {z,} be denumerable and dense in the surface of the unit 
sphere of Y’. We then have from (10) 


(13) || = lim sup |x.(zn) |, seS, 


so that ||x,|| is measurable and therefore summable over every E ¢ Eg. From 
(iii) and (10) it is also evident that oz=lim sup, |xz(zn)| for every E e Ex. 
Relation (2.1.01) then implies that o¢=lim sup, | fzx.(2n)da| and hence 
ox < Selim | Thus ve S < by 
(3) and (9), so that (2.1.02) is true. 

Second proof. We first cite the following 


Lemma. (Doob.) Let Y be a metric space and Yo a denumerable set in Y 
which has the point 0 in Y as a point of accumulation. Let K(y, s) be a real 
function defined for y « Y, and s ¢ S which is measurable in s for each y « Yo. Sup- 
pose further that for any sequence {Y;} of points in Yo with lim; y;=6 we have 
lim K(y;, s)=0 a.e. in S. Then there is a null set Ey such that 

lim K(y,s) =0, seS — Eo. 
ye Yo 

In a slightly different form this has been proved by Doob [7, Lemma 2, 
p. 758], so that we omit the proof here. 

If xg satisfies the assumptions of the theorem, it follows from the decom- 
posability of S and the Radon-Nikodym theorem that there is a real function 
K(y, s) defined for y e Y’ and s e S which is measurable in s for each y and is 
such that 


(14) xe(y) -f K(y, s)da, yeY’, Ee Eg. 
E 


As in the first proof a measurable non-negative ¢o(s) exists satisfying (3) 
and (4). Since (14) implies that over each E’ e E, the total variation of xz(y) 
is fx-|K(y, s)|de and since this total variation is not greater than that of 
\|ylloz, we then have 


[May 
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E’ E’ 


and hence 

(15) | K(y, s)| S || y|| 0(s) a.e. in S for each ye Y’. 
From (14) it follows that 

(16) K(ay + by’, s) = aK(y, s) + bK(y’, s) 


holds a.e. in S. The set of points in S where (16) fails to hold may of course 
vary with the real numbers a and 6 as well as with the vectors y and y’. Let Yo 
consist of all finite linear combinations, with rational coefficients, of the ele- 
ments of some sequence dense in the span I of Y’. Since Y’ is linear we may 
take Y, to be in Y’. Due to (16) there is a null set Ey such that 


(17) K(ay + by’, s) = aK(y, s) + bK(y’, s) 


holds for y and y’ in Yo, a and b rational, and s e S—E, . In view of (4), (15), 
and the inclusion of Y) in Y’ we may suppose Ey so chosen that 


(18) | K(y, s)| S ||y||0(s) < @, yeYoseS— 


Now using (18) together with the lemma of Doob we see that there is a null 
set Ey containing Ey and such that 


(19) lim K(y,s) = 0, seS — Ep. 
2 Y, 


Thus for each s e S—E, there is a 6(s) >0 such that 
(20) | K(y, s)| $1, if y e Yo and ||y|| < &(s). 


For each nonzero ye VY» choose 6,(s) so that 4,(s)/||y|| is rational and 
5(s)/2 < 6,(s) S 6(s). Then from (17) and (20) 


5,(s) yy (s) 


holds for s e S—E, and y ¢ Yo, so that 


2 
(s) 


From (17) and (21) we have for s e S— Ep that 


2 
(22) | K(y, s) — K(y’, s)| —y'll, 


1940] 
i 
a seS — Eo, ye Yo. 
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which shows that for each such s there is a uniquely defined point x, in I* 
with 


(23) x(y) = K(y, 5), yeYo. 


It may be supposed that the functional x, over T has been extended without 
increase of norm to the whole of Y and is defined also for s e Ey by the equa- 
tion x, =x. Thus (10) holds. The equalities (14) and (23) show that (2.1.01) 
is valid for y e Yo and the statement (2.1.01) in its entirety follows immedi- 
ately from this and Lebesgue’s convergence theorem since Y> is dense in Y’ 
and (18) is true. The conclusion (2.1.02) follows as in the preceding proof 
since (10), (18), and (23) hold. 

Neither conclusion in the above theorem remains true if only (i) and (ii) 
are assumed. With regard to (2.1.01) it is sufficient to consider the completely 
additive and absolutely continuous (with respect to a) function defined to 
the Hilbert space L2 in Example 9.4 of [31]. This set function is not an in- 
tegral in the present sense and therefore no function x, exists satisfying 
(2.1.01) when Y’=Zze. Example 7 of [2] exhibits an integrable function x, 
defined to Lz from [0, 1] for which ||x,|| is not summable. Here the vector 
integral «z= {2x,da satisfies (i), (ii), and (2.1.01) for Y’=LZz and yet ||x,|| is 
not summable. 

The following corollary is fundamental for this chapter. 


THEOREM 2.1.1. Let X be the adjoint of another space V. Suppose xz is an 
additive function defined from Ex to X and that a finite constant K exists such 
that ||xz|| << Ka(E) for E « Ex. If Y’ is a separable subset of Y, there exists a 
function x, defined from S to X and possessing these two properties: 


(2.1.11) ess. sup. ||x,|. < K, 


(2.1.12) xe(y’) = f x,(y’)da, Ee €sz, y'eY’. 
E 


That is, for each such subset Y' in Y there is an essentially bounded function 
which is Y'-integrable over each Ee Ex to the value xr. 


A particular case of Theorem 2.1.1 is 


THEOREM 2.1.2. Suppose X is the adjoint Y* of a separabi space Y and 
that xz is an additive function defined from Ex to X and Lipschitzean with con- 
stant K. Then there exists a function x, from S to X such that (i) ess. sup. ||x,|| 
<K and (ii) xze(y) = fex.(y)da for every ye Y and Ee Ex. Omitting sets of meas- 
ure zero in S the function x, is unique. 


That x, exists satisfying (i) and (ii) is obvious from Theorem 2.1.1. If x/ 


& 
iy 
| 
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is another such function, pick {y,} dense in Y. From (ii) it follows that 
(yn)da or every Ee Eg and every n, so that x,(y,) =a! (yn) 
holds a.e. in S for each m. This implies that x.(yn) =2x/ (yn), m=1, 2,---, is 
true for every s in a set S; such that S—S, « Eo. The sequence {y,} being 
dense in Y, the conclusion is that x,=/ in X for each s e S;, and hence x,=x/ 
a.e.in S. 

Theorem 2.1.2 may be restated as follows. 


THEOREM 2.1.2’. From the assumptions in Theorem 2.1.2 it follows that there 
exists an x. such that ess. sup. ||x.|| < K and x, is Y-integrable to 
xe for each Ee Ex. This function x, is essentially unique. 


Suppose the function x. given in Theorem 2.1.2’ is almost separably- 
valued. Since Y is a determining manifold for X = Y*, Theorem 1.1.9 implies 
that «. e %°(S)[X]. Thus we can state 


THEOREM 2.1.3. If under the assumptions of Theorem 2.1.2 the resulting 
function x. is almost separably-valued, then. x. ¢ X°(S)[X] with ess. sup. ||-.l| 
<K and xz=Jrx.da for E « Ex. Omitting sets of measure zero x. is unique. 


Since Y is separable if its adjoint X is separable, two corollaries result 
quickly from Theorem 2.1.3. 


THEOREM 2.1.4. If X is a separable adjoint space and xg is an additive 
function from Ex to X satisfying a Lipschitz condition with constant K, there is 
an x. such that (i) ess. sup. ||x,|| <.K and (ii) xz=fexda, Ee Ep. 

THEOREM 2.1.5. Suppose X is a reflexive space and xx fulfills the assump- 
tions of Theorem 2.1.4. Then the conclusions of that theorem hold provided that 
the values of xz form a separable set in X. . 


Theorem 2.1.5 is implied by Theorem 2.1.4. For the functional values of xz 
lie together in a separable c.l.m. X’ in X. Since X is reflexive so ist X’, and 
hence X’ is a separable adioint space. 

B. Abstract representations of operations to certain adjoint spaces. The 
preceding results will now be applied to obtain, in terms of abstract integrals, 
representations for the general operation sending L(S) into certain adjoint 
spaces. 


THEOREM 2.1.6. Suppose X is the adjoint Y* of a separable space Y. If 
x. 2°(S)[Y*, V], then x. 26°(S)[Y*, and the Y-integral 


(2.1.6*) U(¢) = xeb(s)da 


t By a theorem of Plessner; see [16, 18]. 
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defines an operation U from L(S) to X. The function x. is essentially bounded 
and | U| =ess. sup. ||x,||. 

Conversely, if U is an operation from L(S) to X, there is an essentially 
unique x. in &5°(S)[V*, such that U(¢) =f sx.6(s)da, the integral being the 
Y-integral. The norm of U is | U| =ess. sup. ||x,||. 


The first part of this is included in Theorem 1.1.5. To establish the second 
half let xz = U(¢z) where ¢z is the characteristic function of E « Eg. Then xz 
is a set function additive and Lipschitzean over Ey. From Theorem 2.1.2 it 
follows that there is an essentially unique x. e &y°(S)[Y*, Y | having its Y-in- 
tegral over E coinciding with xz for every Ee Eg. But since x. is in 
g5°(S)[V*, Y], by the first part of the theorem the Y-integral [sx.6(s)da 
defines a second operation U’(g) from L(S) to X, with | U’| =ess. sup. ||x,||. 
Since U and U’ are linear and U(¢z) =U’ (¢z) for each E e« Eg, U and U’ are 
identical over L(S). Therefore U(¢) = fsx.(s)da, where x. 25°(S) [Y¥*, V], 
and x. is essentially unique and essentially bounded with ess. sup. ||«,|| =| U]. 

Under certain circumstances an operation U from L(S) to X may have a 
stronger representation, in the sense that the Y-integral in (2.1.6*) becomes 
an integral. For example there is 

THEOREM 2.1.7. If U is an operation from L(S) to the adjoint X of a separa- 
ble space Y and if the function x. defining U by means of (2.1.6*) is almost 
separably-valued, then x. A*(S)|X| and U(¢) =Ssx.6(s)da. The norm of U 
is |U| =ess. sup. ||x,||. 


From Theorem 1.1.7 and the properties of x. it is clear that x. e %~(S)[X] 
and that the integral U’(¢) = /sx.6(s)da exists and defines an operation from 
L(S) to X with | U’| =ess. sup. ||x,||. On the other hand, U(¢) is the Y-inte- 
gral of x.(s) for each ¢(.). Since Y’s being a determining manifold for X = Y* 
implies that this Y-integral coincides with the integral [sx.6(s)da, we con- 
clude that U(¢) = [sx.¢(s)da for each ¢, proving the theorem. 

Theorems 2.1.6 and 2.1.7. clearly yield 


THEOREM 2.1.8. Let X be the adjoint Y* of some space Y and suppose X is 
separable. If x. is any element of &°(S)|Y*, VY], then x. e U°(S)[X], and 
U(¢) =Ssx.(s)da is an operation from L(S) to X with | U| =ess. sup. ||x,|]. 

Conversely, given an operation U from L(S) to this space X there is an essen- 
tially unique x. such that x. A*(S)[X | and = fsx.b(s)da. 


This in turn leads to 


THEOREM 2.1.9. Jf X has a weakly compact unit sphere, an operation U is 
defined and separable from L(S) to X if and only if there is an x. « X°(S)[X] 


‘ 
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such that U(¢) =f sx.b(s)da. The norm of U is |U| =ess. sup. ||x.||, and x. és 
essentially unique. 


Let X’ be the separable span of U(L(S)) in X. Since X’ is separable and 
has a weakly compact unit sphere, it is a separable adjoint space [1, p. 199]. 
By Theorem 2.1.8 there is an essentially unique x. e &{*(S)[X’] such that 
U(#) = fsx.6(s)da. Moreover | U| =ess. sup. ||x,||. These considerations prove 
the theorem when combined with the corollary to Theorem 1.2.4. 


Part 2. REPRESENTATIONS OF SEPARABLE OPERATIONS 
To L(T),1<qsa 

For Euclidean S and T the general operation from L(S) to L*(T),1<qs@, 
has been represented by B-space-valued functions [18, 9, 23, 24] and by 
kernel integrals [18, 9, 23, 42, 24, 25]. For g>1 the representations by means 
of vector integrals and kernel integrals due to Gelfand [18] and Dunford [9] 
are here extended to abstract S and T for which either Ez or ¥z is separable. 
The case g=1 will be considered in Parts 3 and 4. 

A. Operations with range in L2(T), 1<q< The space L*(T) having a 
weakly compact unit sphere when 1 <q < ©, Theorem 2.1.9 has as a corollary 
[18,9] 

THEOREM 2.2.1. An operation U is defined and separable from L(S) to 
LT), 1<q<~, if and only if there exists an x. ¢ A*(S)[L°(T)] such that 
U(¢) =Ssx.6(s)da. Here x. is essentially unique and | U| =ess. sup. ||x.||. 


A corresponding theorem in terms of kernels is the following [9]. 


THEOREM 2.2.2. Given a separable operation U from L({S) to L*(T), 
1<q<~, there is a kernel K(s, t) such that 


(2.2.2*) = f K(s, )4(s)da, L(S), 
s 


and 
(i) K(s, t) is measurable, that is, EX F measurable, over SXT, 
(ii) ess. sup. K(s, t)| <x, 
(iii) there exist an Eye E, and a separable c.l.m. YeL(T) such that 
K(s,.) eV fors ¢ Ep. 
Conversely, if K(s, t) satisfies (i) and if 
(iv) K(s, .) © L%(T) for almost every s, and 
(v) ess. sup. | {rK(s, < © for each py’ « L*(T), 
then K(s, t) satisfies (i)—(iii) and the operation U of (2.2.2*) is defined and sepa- 
rable from L(S) to L*(T). 
In either case the norm of U is the constant M in (ii). 


5 
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Any separable operation U from L(S) to L*(T), 1<q<~, must have a 
representation U(¢) =fsx.6(s)da where x. A*(S)[L2(7)]. From Theorem 
1.3.5 there exists a kernel K(s, ¢) satisfying (i), (ii), and (2.2.2*) and such that 


(1) = K(s, .) in L4(T) for each s. 


Since x. e A~(S)[L2(T)], (1) implies that K(s, ¢) also satisfies (iii). From 
Theorem 1.3.5, | U| =M. The second half of the theorem is included in Theo- 
rem 1.3.7. 

For Euclidean S and T the following particular case of Theorem 2.2.2 has 
already been established by methods depending on the differentiation either 
of B-space-valued functions [9] or of real functions [25]. 


THEOREM 2.2.3. If either Ex or Fz is separable, it follows that U is an opera- 
tion from L(S) to L*(T), 1<q<~@™, if and only if (2.2.2*) holds for some kernel 
satisfying (i) and (ii) of Theorem 2.2.2. The norm of U is |U| =M. 


B. Operations with range in L*(7). On recalling that L*(7) is the ad- 
joint of L(7) [1, 30, 10] and that L(T) is separable if ¥z is separable, it is 
obvious that Theorem 2.1.6 yields 


THEOREM 2.2.4. If Fx is separable, a necessary and sufficient condition 
that U be an operation defined from L(S) to L*(T) is that there exist an 
x. 25°(S)[L°(T), L(T)] such that =Ssx.(s)da, the integral being the 
L(T)-integral. The function x. is necessarily essentially bounded and essentially 
unique, and | U| =ess. sup. ||x.||. 

An analogue to Theorem 2.2.4 in terms of kernels is [42, 18, 24] 


THEOREM 2.2.5. Suppose Fz to be separable. Then U is an operation from 
L(S) to L*(T) only if there is a K(s, t) having the properties 
(i) K(s, ¢) is measurable, 
(ii) K(s, ¢) is essentially bounded, 
(iii) for every @ in L(S) 


(2.2.5*) = f K(s, 
8 


Conversely, if K is a given measurable kernel satisfying the conditions 

(iv) ess. sup., | K(s, t)| < for almost every s, and 

(v) ess. sup., | {rK(s, t)y’(t)dB| < for every L(T), 
then K satisfies (ii) and the mapping U given in (2.2.5*) exists and is an opera- 
tion from L(S) to L*(T). 

The norm of U is |U| =ess. sup. | K(s, é)|. 


Consider an arbitrary operation U(¢) =u, from L(S) to L*(T) where Fs 
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is separable. Let x. be the element of 25°(S)[L*(T), L(T)] associated with U 
according to Theorem 2.2.4. Taking a decomposition {7;} of T, for each j 
let x/ be the “projection” of x, onto L*(T,), that is, x3 for each s is the essen- 
tially bounded F-measurable function over 7; that coincides with x, every- 
where in 7;. Clearly x/ 2¢°(S)[Z*(T,), L(T,)] for each fixed 7, so that 
a(y’) is measurable in s whenever x? operates on an element y’ of L(T)). 
Since ;) < the function x’ may be considered as defined to where 
L(T;) is separable since 7g is separable. So considered x’ is measurable by 
Theorem 1.1.7. For L(T;) is separable, and x/(p’) is measurable for each 
y’ « L(T;) and hence for each y’ « L*(T;); thus x? is separably-valued and 
weakly measurable as defined to L(7;). Theorem 1.3.2 implies, then, that a 
measurable kernel K,(s, ¢) exists over SXT; such that .) in L(Tj) 
for each s. Hence for each j and each s we have K;,(s, #) coinciding a.e. in T; 
with x,. Letting K(s, t)=K;,(s, for s e S and T;, K is evidently measur- 
able and, for each s, K(s, ¢#) coincides a.e. in T with x,. 

Since | U| =ess. sup. ||x.|] we now have | U| =ess. sup., ess. sup. | K(s, #)| 
and hence by the Fubini theorem | U| =ess. sup. | K(s, é)| , so that (ii) is true. 
Moreover, since uy = U(¢) is the L(7)-integral of x.6(s) over S and x,=K(s, .) 
in L*(T), we can write 


f = da, eL(T), $e L(S); 


and again applying the Fubini theorem, 


J ssovoas = vos dda ap, eL(T), 


This implies that y,(¢) = fob(s)K (s, t)da a.e. in T, and hence (iii) is true. 

If on the other hand K is a measurable kernel fulfilling (iv) and (v), it 
is clear that the function x,=K(s, .) is an element of 2°(S)[Z*(T), L(T)]. 
Hence x. « &5°(S)[L*(T), L(T)] since L(T) is separable. Applying Theo- 
rem 2.2.4, the L(T)-integral U(¢)=ys=fsx.(s)da defines an opera- 
tion U to L*(T) having | U| =ess. sup. ||x,||. Since K is measurable and 
| U| =ess. sup., ess. sup., |K(s, #)|, it follows from the Fubini theorem 
that K is essentially bounded over S XT and that | U| =ess. sup.¢,» | K(s, é)|. 
Hence if ¢ e« L(S) and y’ « L(T) the numerical function K(s, t)(s)y’(é) is 
summable over S XT and by Fubini’s theorem 


fvo} K(s, )6(s)dabap = J K(s, nv da. 
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Now from the definition of the L(7)-integral we also have 


J = f f x0, ov da 
T 
for each @e L(S) and every y’eL(T). Thus for each @ the equality 


J = f J xe, No(s)da\ dp 


holds for every y’ ¢ L(T), which implies that u,=/sK(s, t)¢(s)da in L*(T). 
This establishes the second half of the theorem, including the fact that 
| U| =ess. sup. | K(s, 4). 

The representation given in Theorem 2.2.5 is a slight variation on a re- 
sult stated for bounded Euclidean S and T by Gelfand [18]. A proof of 
Gelfand’s theorem has been given by Kantorovitch and Vulich [24] using 
linear partially ordered spaces and differentiation theory for real functions. 
Another representation is due to Vulich [42]. 

As a corollary to Theorem 2.2.5 there is 


THEOREM 2.2.6. When U is separable from L(S) to L*(T) there is a kernel 
K defined over SXT and satisfying conditions (i)—(iii) of Theorem 2.2.5. The 
norm of U is |U| =ess. sup. | K(s, é)|. 

Since in L*(T) the span X of U(L(S)) is a separable c.l.m., there exists 
in ¥ a Borel field ¥’ such that ¥;/ is separable and X is a subset of the set 
consisting of all elements of L*(7) which are ¥’-measurable.* Thus X is 
equivalent to a subset of the adjoint of Y where Y is the B-space of all real 
functions ¥’-measurable and 6-summable over 7. Since U is defined to X 
and 7; is separable, the present theorem follows from the last one. 

From Theorem 2.2.6 it is clear that Theorem 2.2.5 holds when 7; is re- 
placed by Ez. 

Theorem 2.2.4 cannot be strengthened to read “there exists an 
x. e A°(S)[L*°(T)] such that U(¢) = fsx.6(s)da.” Let S=T=[0, 1] and for 
each s take x, to be the characteristic function of the interval [0, s]. Evi- 
dently x. 2 25 (S)[L°(T), L(T)], so that the L(7)-integral of x.¢(s) defines 
an operation U to L*(T). If there were an x.’ in %°(S)[L°(T)] such that 
=f 6(s)da, Theorem 2.2.4 would imply that x,=2x/ a.e. in S, so that 
x, would be measurable and therefore almost separably-valued. But from the 
definition of x, this is clearly false. 

* This is a consequence of the following theorem: a necessary condition that a subset X of L*(T), 
1<q< ~, be separable is that there exist in ¥ a Borel field }' having Fg separable and such that every 


element of X is #'-measurable. If q< © this condition is also sufficient. The proof of this is omitted since 
the essential features can be found in Theorem 3 of [11]. 
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OPERATIONS ON SUMMABLE FUNCTIONS 


Part 3. THE REPRESENTATIONS OF OPERATIONS TAKING L(S) 
INTO C*(T) or L(T) 


The remainder of this chapter is devoted to representing those operations 
sending L(S) intot C*(T) or L(T) when T is an interval on the real axis 
(Part 3) and to characterizing some subclasses of these operations (Part 4). 
In Part 3 the approach in the L(T) case is that used by Vulich [42] and Gel- 
fand [18] and consists first of choosing a space X composed of numerical 
functions which include the indefinite integrals of the elements of L(T) and 
then of representing the general operation U from L(S) to X in the form of 
a kernel integral. Each operation from L(S) to L(T) is therefore obtained 
by differentiating a kernel integral sending Z(S) into X. As with these two 
authors our choice of X forces T to be a real interval (finite or infinite) with 
end points c and d, —*» <c<d<~, and requires 6 to be Lebesgue measure. 
Both, either, or none of the points c and d may be in T. Due to Theorem 2.1.6 
we are able however to avoid one restriction present in the representation 
theorem as proved by Vulich and Gelfand, namely, that S be a bounded real 
interval. The present proof permits S to be arbitrary. 

Let BV(T) be the class of those numerical functions v(t) each of which 
is of bounded variation over 7; that is, BV(T) consists of those v(t) defined 
over T for which 


var, v(t) = l.u.b. >| v(t;) — v(ti-1) | < 


holds as 7 varies over all partitions of the form 7= [tp <<< --- <t,] where 
t;e T,i=0,1,---, mn. Each BV(T) has the limits v(d—0) and v(t+0) 
existing for c<t<d; if for a fixed v(.) e BV(T) it is also true that v(c+0) =0, 
v(t+0) =»(t) for every t e T, and v(d—0) =v(d) in case d e T, then we say 
that »(.) isin C*(7). With the norm || »]] = (v) +var, »(t), where p(v) =| v(c)| 
or |v(c+0)| according as c e T orc ¢ T, BV(T) is a B-space. In BV(T) the 
set C*(T) forms a c.l.m. over which ||»|| =var, v(é), and C*(T) in turn con- 
tains the c.l.m. AC(T) composed of the indefinite Lebesgue integrals of the 
elements of L(7). Let C(T) denote those numerical functions y(¢) which are 
defined and continuous over T and have the two limits y(c+0) and y(d—0) 
existing finitely. C(7) is a separable B-space under the norm ||y|| =sup, | 
Moreover, for each y(.) « C(7) and each v(.) « C*(T) the improper Stieltjes 
integral 


e’,d’ 


d a’ 
sf y(t)dv(t) = lim S ¥(t)dr(t) , 


Tt The definition of C*(T) is given in the next paragraph. 
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exists and defines over C(7) a linear functional having var, v(t) for its norm. 
Conversely, given a linear functional f(y) over C(T), exactly one element v(.) 
exists in C*(7) such that f(y) =S/*y(t)dv(t) for every y. 

Thus the c.l.m. C*(7) is equivalent to the adjoint of the separable space 
C(T) and C*(T) contains the indefinite integrals of the elements of L(T). 
Taking C*(7) as the space X mentioned above we can apply Theorem 2.1.6 
to obtain for the generic operation U sending L(S) into C*(T) a kernel repre- 
sentation U(¢)=/'sK(s, t)¢(s)da where K has certain detailed properties 
(Theorem 2.3.1). Since C*(T) > AC(T), this leads immediately to the result 
of Vulich and Gelfand, namely, that U’ is an operation from L(S) to L(7) if 
and only if 


d 
= K(s, t)4(s)da 


where K(s, ¢) belongs to a specified class of kernels (Theorem 2.3.9). 

We thus suppose 7 to be a fixed linear interval and BV(T), C*(T), and 
C(T) to be the spaces described above. The set of operations mapping L(S) 
into C*(T) will be denoted by Ul. Finally, it is to be noted that for each ¢ « T 
the functional f,(v) =»(t) is linear over C*(T) and ||f,|| =1. 

A. Operations to C*(T). The chief theorem of this part is 


THEOREM 2.3.1. Any operation U(¢) =x, from L(S) to C*(T), that is, any 
U « U, has a representation of the form 


(2.3.1*) U(o) = K(s, t)o(s)da, @eL(S), 


where K(s, t) is a real kernel defined over SXT and having the following proper- 
lies: 

(2.3.11) K(s, .) C*(T) for eachs eS, 

(2.3.12) K(.,¢) e L*(S) for eachieT, 

(2.3.13) K(s, t) is measurable and ess. sup. | K(s, t)| <<, 

(2.3.14) ess. sup., [var, K(s, ]=M< 

(2.3.15) the two iterated integrals Sf*y(t)d{fsK(s, t)o(s)\da} and 
Is t) }6(s)da exist and are equal whenever y « C(T) and L(S). 

Conversely, if K(s, t) satisfies the conditions 

(2.3.16) K(s, .) eC*(T) for almost every s, 

(2.3.17) K(s, t) is measurable in s for every t in a dense subset of T, 

(2.3.18) ess. sup., t)| < © for each y(.) C(T), 

t In [41] and [18] BV(T7) is chosen as the space X. For a kernel representation of the general 
operation from L(S) to BV(T) see Kantorovitch [23], Vulich [42], and Gelfand [18]. 
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then K has the additional properties (2.3.12)—(2.3.15) and the operation U of 
(2.3.1*) is defined and linear from L(S) to C*(T), that is, U el. 
The norm of U in either case is the constant M of (2.3.14). 


The proof will consist of a sequence of four theorems each of which will 
also be useful in later pages. The first of these is an obvious consequence of 
Theorem 2.1.6. 


THEOREM 2.3.2. A mapping U is an operation U() =v, defined from L(S) 
to C*(T) if and only if thereis av. 2*(S)[C*(T), C(T) ] (S) [C*(T), C(T)] 
such that, in C*(T), vg is the C(T)-integral { sv.(s)da for each @ « L(S), that is,t 


This function v. is essentially unique and ess. sup. ||v.|| =| U|. 
The second theorem is important. 


THEOREM 2.3.3. Suppose that K(s,t) is a numerical kernel given over SXT 
and that there exist an Ey Ey and av. &5(S)[C*(T), C(T)] such that 


(2.3.31) K(s, .) = », in C*(T) for eachseS — Ep. 


Let U be the element of defined by the C(T)-integral =v5 sv.b(s)da. 
Then K has the properties (2.3.12)—(2.3.16) and = [sK(s, t)b(s)da for each 
oe L(S). The norm of U is the constant M of (2.3.14). 


In the proof of this the following lemma will be needed. 


Lemna. [f t' e T is fixed and f .-(v) is the linear functional over C*(T) defined 
by fv-(v) =v(t’), then there exists in C(T) a sequence {y,} such that \|y,|| <1 and 
fe(v) =lim,, for every v e C*(T). The sequence {y,} is independent 
of v and depends only ont’. 


If t’=c or t’ =d the respective sequences y,(¢)=0 or y,(é)=1 will serve. 
In case c<t’<d let {h,} be positive constants such that T> {t’+h,} and 
lim h, =0. For each n define y,(¢) to have the value 1 for c< (=) t<?t’, the 
value 0 for t’+h, <t< (=) d, and to be linear between ¢’ and t’+h,. Clearly 
SLand =fe(v) +S .(t)df(v) for arbi- 
trary v e C*(T); thus it is sufficient to prove that 0=lim, S/t*’y,(d)df.(v). 
There is no loss of generality in supposing the element v(.) of C*(T) to be 
monotone non-decreasing as a function of ¢. For a fixed v of this sort we can 
then write, duc to h,’s being positive, 


+ For each v e C*(T) and each y e C(T) the symbol »-y represents the value taken at y by the 
linear functional defined over C(T7) by », that is, v-y is the value of S fey (t)dr(t). 
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and hence lim, {**’"y,(t)df(v) =0, since v(t’) =v(t’+0). This establishes the 
lemma. 

In Theorem 2.3.3 it is obvious, in view of (2.3.31), that K(s, ¢) has prop- 
erty (2.3.16). Moreover, (2.3.31) and Theorem 2.3.2 imply that the C(T)- 
integral /sv.¢(s)da=v, defines an operation U(¢) =v, from L(S) to C*(T) 
with |U| =ess. sup. |{»,||=ess. sup., [var, K(s, thus K(s, satisfies 
(2.3.14). It is also evident from (2.3.31) and (2.3.2*) that 


c S 


= J {s (s)da 


holds for every y e C(T) and every @ e L(S). To establish (2.3.12) fix t’ « T. 
According to the lemma there is in C(T) a sequence {y,} independent of s 
and such that f,-(v,) =lim, v,-y, whenever v, e C*(T). Since (2.3.31) implies 
that for almost every s we have both v, e C*(T) and K(s, t’) =f(v,), the 
conclusion is that lim, v.-y,=K(s, t’) a.e. in S. Hence K(s, ¢’) is measura- 
ble, since by assumption »,-7, is measurable for each n. Moreover, 


(1) 


(2) ess. sup. | K(s, < M, 
s 


because ess. sup. | ess. sup. ||v,|| Thus (2.3.12) is true. 

To see that K(s, ¢#) is measurable over SXT, for each m let tn,;, 
71,0, 1,---, be points in T such that 0<tn,;—tm,j;-1<1/2" and 
lim;._. tm, j =C, lim;.. bn, j =d. Define K,,(s, t) =K(s, tm, i) when bun j—1 tb 
From (2.3.12), K(s, tm,;) is measurable in s, so that K,,(s, ¢) is measurable in 
SX (c, d). Since K(s, =K(s, ¢) for t<d and se S—£p, it follows that 
K(s, t) =lim,, K,,.(s, t) for each s e S—E, and each ¢ not of the form ¢=é;,;, ¢, 
or d. Thus K(s, #) is a.e. in S the limit of a sequence of measurable functions 
and is therefore measurable. The inequality ess. sup. | K(s, ¢)| <M now re- 
sults from (2) and the Fubini theorem. This vindicates (2.3.13). 

In showing for each ¢ that U(¢)=»,=/sK(s, t)b(s)da, that is, that 
fil(ve) =fsK(s, t)(s)de for all ¢, use is again made of the lemma. Fixing ¢, 
sequence {y,} exists in C(T) independently of ¢ and such that f,(v,) 
=lim, ¥6-¥n, where ||y,{| <1. Applying (1) this becomes 
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= lim f Yn(S)da., ¢eL(S). 
n s 


On the other hand the lemma also yields the information that f,(v.)(s) 
=lim, v.-¥n¢(s) for almost all s. Since f:(v.)¢(s) equals K(s, #)(s) for all 
se S—E, by (2.3.31), it follows that K(s, é)o(s) =lim, ».-yn¢(s) a.e. in S. 
From the inequality | »,-y.6(s)| <|¢(s)| and Lebesgue’s 
convergence theorem, K(s, #)¢(s) is summable in s and /{sK(s, #)¢(s)da 
=lim, {sv.-¥n6(s)da. From (3) we can now write 


(4) fied = f _K(s, teT, peL(S), 


so that U(¢) =sK(s, t)6(s)da where | U| =ess. sup. ||x,|| The proof is 
complete on noting that property (2.3.15) results immediately from (1) and 
(4). 

THEOREM 2.3.4. Given v. e 2°(S)[C*(T), C(T)], a kernel K(s, t) exists over 
SXT such that (2.3.11) is satisfied and (2.3.31) is true for some Ey e Ey. Thus all 
the conclusions of Theorem 2.3.3 hold for the kernel K(s, t) and the function v.. 

Set Eo=S[v, ¢ C*(T)] and let K(s, t)=f.(v,) for se and te T, 
K(s, t)=0 for s e Ey. Obviously (2.3.11) is fulfilled, and since Ey e Eo and 
[C*(T), C(T) ] = 25°(S) [C*(T), C(T)] it follows that (2.3.31) holds. 

The last of the four theorems needed is 

THEOREM 2.3.5. Let K(s, t) over SXT satisfy the conditions (2.3.17) and 
(2.3.18), and let Ey « Eq be such that K(s, .) « C*(T) for se S—Ep. Then the 
function v,=K(s, .), se S—Ep, is in 2°(S)[C*(T), C(T)] and all the conélu- 
sions of Theorem 2.3.3 are true. 

Since 2o°(S)[C*(T), C(T)] =2"(S)[C*(T), C(T)], it is sufficient to show 
that v,-y e L*(S) for each y « C(T). For each s e S—Eo, Ey « Eo, we have 
so that ess. sup. |»,-y| < © from (2.3.18). And from 
(2.3.17) it follows that v,- is measurable in s. For points {tn}, m=1,2,---, 
i=---, —1,0,1,--- , can be so chosen in T that 
lim;.—. tn,i=c, lim;.. tn,;=d, and K(s, t,,;) is measurable in s. Setting 


pals 8) = vltns)[K (5, — K(s, 


it is clear for each y e C(T) and each m that p,(y, s) exists for s e S— Ey and 
is measurable. Moreover, 


d 
J v(t)dK(s, t) = lim pa(v, 5) 
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for s e S— Epo. Hence for each y¥, v,-¥ is the limit a.e. of measurable functions, 
and so is itself measurable. This ends the proof. 

The demonstration of Theorem 2.3.1 can now be easily constructed. If UV 
is in U, there is, by Theorem 2.3.2, a v. ¢ 25°(S)[C*(T), C(T)] such that 
U(¢) is the C(T)-integral [sv.6(s)da for each ¢. From Theorem 2.3.4 a kernel 
K(s, t) exists over S XT having the properties (2.3.11)—(2.3.15) and such that 
U(¢) =fsK(s, t)¢(s)da, where | U| is the constant M of (2.3.14). If, on the 
other hand, K(s, #) is given satisfying (2.3.16)—(2.3.18), then by Theorem 
2.3.5 U(¢) = SsK(s, t)6(s)da is an operation from L(S) to C*(T) with | U| =M. 

For a given kernel H(s, ¢) varying sets of conditions can be proved to be 
sufficient in order that the operation U(¢) = [sH(s, t)¢(s)da should be a point 
in U. The following substitution theorem may therefore be of some use in that 
it asserts that each measurable kernel of this sort is equivalent, as far as 
measure is concerned, to a second kernel which satisfies (2.3.11)—(2.3.15). 
Moreover this second kernel defines the same operation, so that it can serve 
as a replacement for H(s, #). 


THEOREM 2.3.6. Given a measurable kernel H(s, t) with the property that 
U(¢) =SsH(s, t)b(s)da is in U, there exists a second kernel K(s, t) such that 

(2.3.61) U(¢) =/sK(s, t)b(s)da, L(S), 

(2.3.62) K(s, ¢) satisfies (2.3.11)—(2.3.15), 

(2.3.63) the function v,=K(s, .) is in 2*(S)[C*(T), C(T)], 

(2.3.64) te T implies K(s, t)=H(s, t) a.e. in S, 

(2.3.65) K(s, t)=H(s, t) a.e.inSXT, 

(2.3.66) for almost all s the equality K(s, t)=H(s, t) holds a.e. in T. 


According to Theorem 2.3.1 there is a K(s, ¢) such that (2.3.61) and 
(2.3.62) are true. Hence for each ¢ the two integrals [sH(s, t)¢(s)da and 
JsK(s, t)@(s)da coincide for every ¢ « L(S), which implies that, for each f, 
K(s, t) =H(s, t) a.e. in S; thus (2.3.64) holds. (2.3.65) now follows from the 
Fubini theorem and the measurability of the two kernels, and (2.3.66) is a 
consequence of (2.3.65). Finally, since (2.3.11)—(2.3.15) imply (2.3.16)- 
(2.3.18) it is seen that (2.3.63) follows from (2.3.62) and Theorem 2.3.5. 

A given kernel H(s, 4) may define a linear operation /sH(s, t)¢(s)da from 
L(S) to C*(T) and yet possess very few desirable properties beyond the obvi- 
ous ones that H(., ¢) is in L*(S) for each ¢ and that K(s, ¢) exists satisfying 
(2.3.11)—(2.3.15) and having K(s, t) =H(s, t) a.e. in S for each ¢. As an ex- 
ample, in the unit square let H(s, ¢) be the characteristic function of Sier- 
pinski’s non-measurable set that has at most two points in common with any 
straight line [36]. Here /sH(s, t)¢(s)da sends each ¢ into the identically zero 
function; yet H(s, ¢) is non-measurable, | U| ess. sup., [var, H(s, ¢)], and 
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(2.3.16) fails to be true. The final two theorems of this part show that with 
an additional assumption it can be concluded that H(s, ¢) does have proper- 
ties (2.3.12)—(2.3.16). 


THEOREM 2.3.7. Suppose that H(s, t) is measurable, that the mapping 
U(¢) =/sH(s, t)b(s)da is an element of U1, and that H(s, t) is for almost every s 
everywhere continuous on the right in t, Then H(s, t) satisfies (2.3.12)—(2.3.16) 
and v,=H(s, .) is in &9(S)[C*(T), C(T)]. 


If K(s, ¢) is the kernel given in the conclusion of Theorem 2.3.6 , the equal- 
ity H(s, t) =K(s, ¢) holds a.e. in T for almost every s. Since for almost every s 
it is also true that H(s, ¢) is continuous on the right over 7, it is evident there 
exists an Ey e Ey such that s e S—E, implies H(s, t)=K(s, ¢) everywhere 
in T; for two functions of ¢ both continuous on the right and coinciding over 
a dense set are necessarily identical. Thus H(s, .) is, for almost every s, the 
element K(s, .) of C*(T). Since K(s, .) « 2o°(S)[C*(T), C(T)] by Theorem 
2.3.5, it follows from Theorem 2.3.3 that H(s, ¢) satisfies (2.3.12)—(2.3.16). 
From this fact and from Theorem 2.3.5 we conclude also that »,=H(s, .) is 
in 29°(S)[C*(T), C(T)]. 


THEOREM 2.3.8. Suppose H(s, .) is essentially defined to C*(T) and that 
U(¢) =/sH(s, t)o(s)da is in U. Then v,=H(s, .) is in 


(S)[C*(T), C(T)] 


and all the conclusions of Theorem 2.3.3 hold. In particular H(s, t) satisfies 
(2.3.12)—(2.3.16) and hence is measurable. 


It is evident that H(s, #) satisfies (2.3.16) and (2.3.17). In view of Theorem 
2.3.5 there is need only of showing that ess. sup., |S/?y(é)dK(s, t)| < © for 
each y e C(T). This may be proved as follows. The function 4,=H(., ¢) is 
defined from T to L*(S) and h,-¢=fsH(s, t)(s)da is of bounded variation 
in ¢ for each¢ e L(S). Hence from [10] it is seen that /, is an abstract function 
having bounded variation in the sense of that paper, and that the abstract in- 
tegral V(y) =S/*y(t)-d.h, exists as an element of L*(S) for each ye C(T). Fix 
and in T choose points , satisfy- 
ing the conditions 0 and lim;._., tn,;=c, lim;.,, tn,i =d. For 
each s such that H(s, .) e C*(T) the function p,(s) => y(tn,i) [H(s, 
—H(s, tn,:-1) ] is defined and lim, =S/’y(t)d.H(s, t). On the other hand 
from the definition of S /*y(t)d.h. we have V(y) =lim, »,(.) in L*(S), so that 
{un(s)} converges a.e. in S to u(s) where u(.) =V(y). Since H(s, .) e C*(T) 
for almost all s, we now have S/*y(t)dH(s, t) =y(s) holding a.e. in S, and hence 
ess. sup. |S/’y(t)dH(s, t)| < ©. This establishes Theorem 2.3.8. 
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As an immediate corollary we see that if H(s, .) and K(s, .) are essentially 
defined to C*(T) and define the same operation U ¢ Ul then H(s, t) = K(s, 0), 
te T,seS—E, for some Eye Ep. 

B. Operations from L(S) to L(T). From Theorem 2.3.1 the reader can 
easily infer [42, 18] 


THEOREM 2.3.9. Any operation U’ from L(S) to L(T) has a representation 
of the form 


d 
(2.3.9*) U'(¢) = = xe, t)o(s)da, ¢eL(S), 


where {sK(s, t)p(s)\da « AC(T) for each o and K(s, t) has properties (2.3.11)- 
(2.3.15). The norm of U’ is the constant M of (2.3.14). 

Conversely, if K(s,t) satisfies (2.3.16)—(2.3.18), the operation U’ of (2.3.9*) 
is defined from L(S) to L(T) and K(s, t) has properties (2.3.12)—(2.3.15). Here 
|U’| <M, with equality holding if [zK(s, t)\da « AC(T) for each E « Ez. 


Part 4. SUBCLASSES OF THOSE OPERATIONS HAVING THEIR 
RANGE IN C*(T) or L(T) 


In the preceding it was seen that any operation U’ from L(S) to L(T) has 
a representation 


(2.4.01) ue) =< f t)p(s)d 


where H is measurable and H(s, .) is defined to BV(T) (to C*(T) actually). 
Since some operations mapping L(S) into L(T) cannot have the form 


(2.4.02) U'(¢) -f K'(s, t)o(s)da 


where K’ is measurable, the question naturally arises as to when a given U’ 
does have the more convenient representation (2.4.02). In this part an answer 
is given in the following terms. U’ can be written in the form (2.4.02) with K’ 
measurable and ess. sup., {'r| K’(s, t)|d8< © if and only if among the repre- 
sentations (2.4.01) of U’ there is one with H measurable and H(s, .) essen- 
tially defined to some separable c.l.m. in BV(T). This result is obtained by 
establishing in terms of kernels a necessary and sufficient condition that a 
given U ¢ U be representable as U(¢) = /'sv.6(s)da where v. e A*(S)[C*(T) ]. 
In the third section characterizations by means of kernels are given for the sub- 
class in 11 composed of those operators defined by elements of %*(S)[AC(T) ]. 
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A. Operations to C*(T) given by almost separably-valued kernels. We 
begin with 


THEOREM 2.4.1. Suppose Ue U has a representation U(o) =Ssv.b(s)da 
where v. « A*(S)[C*(T) |. In C*(T) let V be the separable span of U(L(S)). 
Then 

(i) v. is essentially defined to Y, 

(ii) U can be written as 


= K(s, t)o(s)da 


where K(s, t) has properties (2.3.11)—(2.3.15) and K(s, .) =v, for almost every s, 
(iii) K(s, .) is essentially defined to Y and K(s, .) is almost separably-valued 
in C*(T). The norm of U is | U| =ess. sup. ||»,|| =ess. sup., [var, K(s, 2) ]. 


From the corollary to Theorem 1.2.4 the span Y is separable in C*(T) 
and by Theorem 1.2.9 v. is essentially defined to Y. The remaining conclu- 
sions can now be derived from Theorem 2.3.4. 

In the direction reverse to Theorem 2.4.1 there is the more difficult 


THEOREM 2.4.2. Let U(¢) =/sH(s, t)(s)da be an operation from L(S) to 
C*(T) where H is measurable and H(s, .) is essentially defined to a separable 
cl.m. X in BV(T). Then 

(i) H(s, .) is essentially defined to the separable c.l.m. Y =C*(T)-X in 
C*(T), 

(ii) H(s, t) has properties (2.3.12)—(2.3.16), 

(iii) U has a representation U() =Ssv.b(s)da where v. and 
H(s, .) =v, in C*(T) for almost every s, and 

(iv) the range of U is in and | U| =ess. sup.||v,|| =ess.sup., [var, H(s,?) ]. 

Let K(s, ¢) be a kernel representing U according to Theorem 2.3.6 so that 
for almost every s we have K(s, ¢) =H(s, t) a.e. in T. Since H(s, .) is essen- 
tially defined to X, there is then a null set Z¢ such that for each se S— Ej 


(1) H(s, t) = K(s, t) a.e. in T, 

(2) H(s, .)eXcBV(T). 

The subset X being separable, a denumerable set {s,} exists in S—Eé 
with the property that for each s ¢ Ej there is a subsequence {s,} such 


that lim;... ||H(s, .)—H(sm,, -)|| =0, the norm being taken in BV(T). This 
implies that 


(3) lim H(sm,,#) = H(s, t) uniformly in ¢. 


to 


= 
/ 
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Since H(sm, ¢) is of bounded variation in ¢, the set of points in T for which 
the equality H(s,,, t) =H (sm, t+0) holds for every m includes all of T except 
an at most denumerable set. Let {t,} be this exceptional set plus any end 
points of T that may be in 7. From (2.3.64) there is for each m a null set E, 
such that H(s, t,) =K(s, t,) for s ¢ E,. Let Ey=Ej +> -E,, so that Ey is null. 
For each s e S— Ey we now have not only (1)—(3) holding but also 


(4) H(s, tn) = tn), n=1,2,- 


From (3) it is seen that if s ¢ Eo and H(s, t*+0)#H(s, ¢*) for some é* then 
H +0) #H(Sm,, *) for at least one i. This of course means that ¢* =i, 
for at least one m. Hence we can conclude that for s ¢ Eo 


(5) H(s,t +0) = H(s, 2), t# {tn}. 


For each fixed s e S—E, it now follows that H(s, t)=K(s, ¢) for all ¢. 
For (1) implies that H(s, ¢) =K(s, ¢) over a dense set in T so that 


(6) H(s,t +0) = K(s,t+ 0) for every ¢. 


From (4), (5), (6) and the right continuity of K(s, ¢) everywhere in T it is 
then seen that 


K(s, t) = K(s,i +0) = H(s,t+ 0) = H(s, t) 


holds for all ¢. Since s e S—E, implies K(s, .) e C*(T) and H(s, .) « X, 
H(s, .) is essentially defined to Y. This establishes (i). Conclusion (ii) fol- 
lows from (i) and Theorem 2.3.8. To obtain (iii) we set v», = K(s, .) and note 
first that v,=H(s, .) for almost all s. From Theorem 2.3.5 and the equality 
v,=K(s, .) it follows that v. « 29°(S)[C*(T), C(T)]. Since v, coincides a.e. 
over S with the almost separably-valued function H(s, .), Theorem 1.1.9 
then implies that v. e A*(S)[C*(T)] and Theorem 2.3.3 asserts that 
J sH(s, t)(s)\da = fsv.6(s)da in C*(T). Thus (iii) is proved. It is a result of 
(iii) and Theorem 1.2.4 that the range of U is in Y. The theorem is established. 

With each U ell there are associated two other operations, U’(¢) 
= dv,(t)/dt with range in L(T) and 


V(¢) = rat) | dt 


with range in AC(T). The first of these can always be represented in the form 
(2.3.9*) but not always can it be written as U'(¢) = [sK’(s, t)(s)da where K’ 
is measurable. In the next theorem a condition is given which is sufficient 
that such a K’(s, ¢) exist. 
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THEOREM 2.4.3. From the assumptions of Theorem 2.4.2 it follows that the 
associated operation 


U"( -<fa t d. 
¢) = uJs (s, t)o(s)da 


from L(S) to L(T) can be represented as 

Ss 

where A*(S)[L(T)], and as 

(2.4.32) U'(¢) -f K'(s, t)o(s)da 


where (i) K’(s, t) is measurable, (ii) K’(s, .) =, is in L(T) for every s, and 
(iii) for almost every s, K'(s, t)=dH(s, t)/dt a.e. in T. The norm of U’ is 
| U’| =ess. sup., K’(s, é)| dB. 


Let W(v)=y assign to each v(.) e C*(T) its derivative function y(t) 
=dv(t)/dt. Then U'(¢) =W(U(¢)) =W(Jsv.6(s)da) where v. A*(S)[C*(T) | 
and v,=H(s, .) a.e. in S. Hence [2] U’(¢) = and is 
in [L(T) ]. Thus U'(¢) = and | U’| =ess. sup. ||y,||. Theorem 
1.3.5 now provides a measurable kernel K’(s, ¢) such that K’(s, .) is in L(T) 
for each s, U'(¢)=JsK'(s, t)¢(s)da for every ¢ e« L(S), and | U’| =ess. sup.. 
Jr|K'(s, dB. Finally, for almost every s we have W(H(s, .)) =W(v.) 
=K'(s, .) and so dH(s, t)/dt=K'(s, i) a.e. in T. 

The preceding results may be collected in the following statement. 


THEOREM 2.4.4. For a given U ¢ U these three conditions are equivalent: 

(2.4.41) U has a represeniation (2.3.1*) with K(s, t) measurable and K(s, .) 
almost separably-valued in BV(T), 

(2.4.42) U has a representation (2.3.1) with K(s, .) almost separably-valued 
in C*(T), 

(2.4.43) there is a representation = [sv.(s)da with v. e A°(S)[C*(T) ]. 

Each of these implies that 

(2.4.44) =dU()/dt can be written as with 
y. A°(S)[L(T)], and 

(2.4.45) U’ has a representation U'(o) =fsK'(s, t)¢(s)da where K'(s, t) 
is measurable, K'(s, .) is defined to L(T), and for almost every s, K'(s, t) 
=dK(s, t)/dt a.e. in T, K(s, t) being any kernel satisfying (2.4.41) or (2.4.42). 

If one of the conditions (2.4.41)—(2.4.43) is satisfied, then | U'| =ess. sup. 
Ir| K'(s, t)| dB. 
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Perhaps the only remark needed here is this. Suppose (2.4.41) holds and 
let K’(s, ¢) be the kernel given in Theorem 2.4.3. Then for almost every s we 
have K’(s, t) =dK(s, t)/dt a.e. in T, where K(s, ¢) is the kernel assumed to 
satisfy (2.4.41). But if K.(s, ¢) is any other kernel satisfying (2.4.41) or 
(2.4.42), then K,(s, t) = K(s, é) is an identity in ¢ for almost all s, by Theorem 
2.3.8. Thus K’(s, ¢) fulfills every part of (2.4.45). 

B. Operations U’ to L(T) of the form U’(¢) = [sK’(s, t)¢(s)da. Thanks 
to Theorem 2.4.4 several conditions can be given each of which is necessary 
and sufficient that an operator U’ from L(S) to L(T) be representable in the 
form (2.4.02). In precise terms we have 


THEOREM 2.4.5. Let U’ be an operation from L(S) to L(T). The following 
four conditions are equivalent: 
(2.4.51) U’ can be written as 


U'(¢) -{ K'(s, t)p(s)da 
Ss 


where K' is measurable and ess. sup., K'(s, t)|dB< ~; 
(2.4.52) U’ can be written as 


Ue) = 
Ss 


where py. e A*(S)[L(T) 
(2.4.53) among the representations 


d 


there is one with H measurable and H(s, .) essentially separably-valued in 
BV(T), 

(2.4.54) among those U e Ul for which U'(p) =dU(¢)/dt there is one having 
representation U() = [sv.b(s)da where v. A*(S)[C*(T) ]. 

Under condition (2.4.51) the norm of U’ is |U’| =ess. sup., fr| K’(s, t)| dp. 

From Theorem 2.4.4 it is seen that (2.4.53) and (2.4.54) are equivalent 
and that either implies both (2.4.51) and (2.4.52). Conditions (2.4.51) and 
(2.4.52) are equivalent in view of Theorems 1.3.5 and 1.3.6.t To complete the 
proof it is sufficient to show that (2.4.52) implies (2.4.54). Let 7 be the opera- 
tor from L(T) to AC(T) assigning to each y its indefinite integral. Setting 

t Thus when 7 is abstract (2.4.51) and (2.4.52) are still equivalent, and the norm of U’ is 


ess sup, Sr! K'(s, t)|dp in case (2.4.51) is satisfied. The second statement was established by Vulich 
[42] for real intervals S and T. 


> 
% 
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V(¢) =1(U'(¢)) it is evident that V e ll and that U’(¢) =dV(¢)/dt. Moreover 
= fsv.(s)da, where v,=I(y,) and v. A*(S)[AC(T) 
since y. e A*(S)[L¢T)]. Thus (2.4.54) is satisfied. 

Two comments on condition (2.4.51) may be made. First, the require- 
ment that ess. sup.. fr|K’(s, #)|d8 be finite may be replaced by the 
equivalent one that K’(s, .) be essentially defined to L(7) and that 
ess. sup., | {rK’(s, be finite for each y’(.) e L*(T). Secondly, 
if S is Euclidean, K’ is measurable, and U’(¢) =/{sK'(s, t)¢(s)da is an op- 
eration from L(S) to L(T), then necessarily ess. sup. f7| K’(s, t)|dB< ©, as 
Kantorovitch and Vulich have shown [24, p. 146]. 

C. Operations to AC(T) given by almost separably-valued kernels. 
Among the operations to C*(T) that are representable by almost separably- 
valued kernels there is the proper subclass consisting of those having their 
range in AC(T). This subclass is characterized in the following theorem. 


THEOREM 2.4.6. For a given U e U these five conditions are equivalent: 

(2.4.61) U(¢) =f sK(s, t)(s)da where K is measurable, K(s, .) is almost 
separably-valued in BV(T), and [2K(s, t)dae AC(T) for every Ee Ex, 

(2.4.62) U(¢)=SsK(s, t)b(s)\da where K(s, .) is essentially defined to 
AC(T), 

(2.4.63) = with v. %*(S)[AC(T)], 

(2.4.64) U(L(S)) AC(T) and U'($) = with p. M*(S)[L(T)]. 

(2.4.65) U(L(S)) ¢ AC(T) and U'(¢) = fsK"(s, t)b(s)da where K’ is meas- 
urable and ess. sup., K’(s, t)|dB< 
* <A kernel K satisfies (2.4.61) if and only if it satisfies (2.4.62); if it satisfies 
either and if K’ fulfills (2.4.65), then 


| U| =| U’| = ess. sup. f | K’(s, t) | dB = ess. sup. [var, K(s, ] 
T s 


d 
= ess. sup. — K(s, t)|d 


and, for almost every s, K'(s, t) =dK(s, t)/dt a.e. in T. 


Suppose (2.4.61) holds for a given kernel K. Theorem 2.4.2 then asserts 
that U(¢) =Ssv.(s)da where v. A*(S)[C*(T)] and v,=K(s, .) ae. in S. 
From Theorem 2.4.1 and the assumption that U(L(S)) ¢ AC(T) it follows 
that v. e A*(S)[AC(T)] and hence K(s, .) is essentially defined to AC(T). 
Thus if K fulfills (2.4.61) it also fulfills (2.4.62). When K satisfies (2.4.62) 
it follows from Theorems 2.4.2. and 2.3.8 that (2.4.63) holds and that K satis- 
fies (2.4.61). Condition (2.4.64) follows easily from (2.3.63); it is sufficient to 
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recall Theorem 1.2.9 and the proof of Theorem 2.4.3. The equivalence of 
(2.4.64) and (2.4.65) is included in Theorem 2.4.5, and it is obvious that 
(2.4.65) implies (2.4.63). Finally, (2.4.61) results from (2.4.63) by Theorem 
2.4.4. This completes the proof of the equivalence of the conditions (2.4.61)— 
(2.4.65) and the fact that K fulfills (2.4.61) if and only if it fulfills (2.4.62). 
The rest of the theorem can be inferred from Theorems 2.4.4 and 2.4.5. 


THEOREM 2.4.7. Let U be in and = fsH(s, t)b(s)da where H(s, .) 
is essentially defined to C*(T). Suppose any one of the conditions (2.4.61)- 
(2.4.65) is satisfied. If K(s, t) is any kernel fulfilling (2.4.61) or (2.4.62), then 
H(s, .) =K(s, .) in C*(T) for almost ali s. Hence H(s, .) is essentially defined 
to AC(T). 

This comes immediately from Theorems 2.3.8, 2.4.2, and 2.4.6. 

By considering two simple examples a few comments can be made on the 
preceding theorems. Set S = 7 = [0, 1] and let U assign to each ¢ e L(S) its in- 
definite integral. It is easily verified that U(¢)=fsH(s, t)¢(s)\da where 
H(s, t)=0 if s>t and H(s, t)=1 if s<t. From this and Theorem 2.4.7 there 
follows the well known fact that the identity operation J from L(S) to L(S) 
cannot be represented as =¢ = t)¢(s)da where K'(s, ¢) is measur- 
able. For here U’ coincides with J, and if J were so representable (i) and (ii) 
of (2.4.65) would be’fulfilled; it would then result that H(s, .) is essentially 
defined to AC(T), which is clearly false. This example also shows that those 
operators from L(S) to AC(T) defined by almost separably-valued kernels 
form a proper subclass of all the operators on L(S) to AC(T). Consequently 
the set of all operations from L(S) to C*(T), S=T = [0, 1], is larger than the 
subclass consisting of those having representations by means of almost sepa- 
rably-valued kernels. 

The operators characterized in Theorem 2.4.6 form an even smaller class. 
For an example it is enough to consider U(¢) =fsn(t)&(s)o(s)\da where 
S=T=[0, 1], n(.) e C*(T) —AC(T), and £(.) is bounded, measurable, and 
has « >ess. sup. | £(s)| >0. Here AC(T) > U(L(S)), yet H(s, .) =&(s)n(.) is 
separably-valued and is in %*(S)[C*(7) ]. 

These two examples also prove that no one of the conditions (2.4.61)- 
(2.4.65) remains equivalent to the others if in that particular condition either 
AC(T) is replaced by C*(T) or the assumption that H(s, .) is almost separa- 
bly-valued is dropped. 


Part 5. THE ITERATIVE INTEGRALS ASSOCIATED WITH CERTAIN KERNELS 


Before ending Chapter II we should like to make a few remarks concern- 
ing the existence and equality of the iterative integrals associated with some 
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of the kernels discussed in Parts 3 and 4. The following result, already estab- 
lished in Theorem 2.3.7, is an illustration. 


THEOREM 2.5.1. Suppose U is in U and U(¢) =f sH(s, t)b(s)da where (i) 
H(s, t) is measurable and (ii) H(s, t) is everywhere continuous on the right in t. 
Then the two mixed integrals 


exist and are equal when y(.) C(T) and L(S). 
Another result of the same sort is 


THEOREM 2.5.2. Theorem 2.5.1 remains true if in place of (ii) it is assumed 
that var, H(s, t) < © for almost every s. 


Let K(s, ¢) be the kernel given in the conclusions of Theorem 2.3.6; the 
above two integrals then necessarily exist and coincide when H is replaced 
by K. In addition, /sH(s, t)¢(s)da=fsK(s, t)@(s)da, so that 


sf f H6(s)da =f {sf 


On the other hand, for almost every s the two functions H(s, t) and K(s, #) 
are of bounded variation with respect to ¢ and coincide a.e. in T. This implies 


that Sfry(t)dH(s, t) =Sfry(t)dK(s, t) for every y(.) « C(T) and almost every 
s, and hence 


For almost separably-valued kernels a stronger conclusion can be made. 

THEOREM 2.5.3. If, in Theorem 2.5.1, (ii) is replaced by the assumption that 
H(s, .) is almost separabiy-valued in BV(T), then the two mixed integrals 
(Lebesgue and Radon-Stieltjes) 


H(s, ar(P)\ dy, { dF (P) 


exist and are equal for each o « L(S) and each F(P) which is bounded and addi- 
tive over all subsets P of the space Q consisting of all partitions of T. 


From Theorem 2.4.2 the function v,=H(s, .) is in A*(S)[C*(T)] and 
U(¢) =/sv.(s)da. For each linear functional f(v) over C*(T) we then have 
S(U()) =S sf(v.)6(s)da. Since each F(P) defines such a functional by means 
of the Radon-Stieltjes integral [20] and since »,=H(s, .) in C*(T) for 
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almost every s, it follows that fo{fsH(s, t)¢(s)da}dF(P) =f(U(@)) 
=Ss{SeH|(s, t)dF(P) }o(s)da. 


THEOREM 2.5.4. From the assumptions of Theorem 2.5.3 it also follows that 


fv a= f fvo (< 1)) da 


whenever « L(S) and « L*(T). Hence 


[Ef H(s, at | da 


for eachreT andeachEe Ex. 


Here the operation U’(¢) =(d/dt)/sH(s, t)¢(s)\da can be written as 
U'(¢) =SsW.b(s)da where y. A*(S)[L(T) and y¥, is for almost every s the 
element dH(s, t)/dt in L(T). Thus f(U’(¢)) =Ssf(.)o(s)dea for every f in the 
adjoint of L(T), so that the above two integrals exist and are equal for each 
oe L(S) and pe L*(T). 


CHAPTER III. RESTRICTED OPERATIONS TO ARBITRARY SPACES 


Part 1. WEAKLY COMPLETELY CONTINUOUS AND COMPLETELY 
CONTINUOUS OPERATIONS 


In this chapter the restrictions and emphasis are placed upon the opera- 
tion rather than upon the range space. Only those operations U will be con- 
sidered which map L(S) into an arbitrary B-space X and fulfill one of the 
recuirements (i) U is defined by 2n element of %*(S) [X], (ii) U is weakly c.c., 
or (iii) it is c.c. Our aim is to obtain properties and vector integral representa- 
tions of the three classes of operators defined respectively by these conditions. 

Part 1 contains the proof that every U satisfying (i) must map weakly 
compact sets into compact sets and also provides conditions necessary and 
sufficient that an operation which satisfies (i) also satisfy (ii) or (iii). When S 
is Euclidean we are able to be more precise; in Theorem 3.1.9 characteristic 
representations are given for the weakly c.c. and the c.c. operations from 
L(S) to* X. In addition it is shown, without restricting S or T, that a map- 
ping U is a c.c. operator from L(S) to L*(T), 1<q<~, if and only if 
=f sx(s)6(s)da where x(.) is an essentially compact-valued element of 
[L2(T) ]. 


* The representation to be given for c.c. operations was originally due to Gelfand [18], who es- 
tablished it for the case in which S is a bounded real interval. 
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A. Sufficient conditions for weak complete continuity and complete con- 
tinuity. We begin by considering those operations generated by certain ab- 
stract integrals. 


THEOREM 3.1.1. Let x(.) be in &5°(S)[X, X*]. Then (i) if x(.) is essentially 
weakly compact-valued, it is essentially bounded and the operation U() 
= [sx(s)b(s)da is weakly c.c. from L(S) to X; and (ii) if x(.) is essentially com- 
pact-valued, it is in N*(S)[X] and U is c.c. 


Suppose Ey ¢ E> is such that «(S—E,) is weakly compact. Every weakly 
compact set being bounded, x(s) obviously is essentially bounded. More- 
over, R(x(S—E,)) must be weakly compact, so that the point set sum 
Y =x(S—E,)+R(x(S—E,)) has the same property. From a theorem of 
Chmoulyan [39] it follows that the closed convex hull C[Y’] is necessarily 
weakly compact. Since C[Y] 2 U(¢) for every ¢ with ||¢|| <1 by part (iii) 
of Theorem 1.2.5, clearly U is weakly c.c. If x(S— Ep) satisfies the stronger 
condition of being compact, then x(.) is essentially bounded and almost sepa- 
rably-valued, and is therefore in %{(S)[X] by Theorem 1.1.7 since f(x(s)) is 
in L*(S) for every f « X*. In addition the set Y is compact and so C[Y] is 
compact, from a result of Mazur [28]. Again applying Theorem 1.2.5 it is 
seen that c.c. 

The next theorem is one of the most important in the paper. 


THEOREM 3.1.2. For an otherwise arbitrary x(s) suppose there exist an 
Ey « E> and a c.l.m. T ¢ X* such thai x(S—E,) is separable and T is a deter- 
mining manifold for x(S—Eo). If x(.) « 2°(S)[X, T'], then x(.) « A(S)[X]. 
Moreover the following are true for x(.) since they are true for any element of 

(I) U() =Ssx(s)b(s)da defines a separable operation U from L(S) to X 
that takes weakly compact sets into compact sets and has | U| =ess. sup. ||x(s)|l, 

(II) U is weakly c.c. if and only if x(.) is essentially weakly compact- 
valued, 

(III) U is c.c. if and only if x(.) is essentially compact-valued. 


The first statement is given by Theorem 1.1.7. Now suppose x(.) is any 
element of %%(S)[X]. Since conclusions (II) and (III) follow immediately 
from Theorem 3.1.1 and (IV) of Theorem 1.2.10, only (I) remains to be 
proved. We thus wish to show that U(®) is compact when @ is weakly com- 
pact and x(.) is an arbitrary element in the class %*(S) [X]. 

Suppose x(.) is almost countably-valued, that is, 

(1) in € there are disjoint elements E;, i=0, 1, 2,---, such that 
dE: =S, Eo e Eo, and, for i=1, x(s) has a constant value x; on Ej. 
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For each ¢e L(S) we have fz,6(s)da| <||¢|| and hence P(¢) 
= { (i=1, 2,---), is an operation from L(S) to The image 
P() of the weakiy compact set @ must then be weakly compact. Since in / 
compactness and weak compactness are equivalent properties, the set P(®) 
is actually compact. Now consider the bounded sequence {x;}. The mapping 
O(v) =>o xiv; is defined from / to X and is an operation, so that Q(P(®)) is 
compact in X. But for each ¢ e« L(S) the equality U(¢) =>.," fz,x(s)o(s)da 
=)>>°x.:fz,(s)da holds, and hence U(¢) =Q(P(¢)). Thus U takes weakly 
compact sets into compact sets when x(.) satisfies (1). 

Now let x(.) in &*(S)[X] be arbitrary and let K be a bound for the 
weakly compact set ®. From the measurability of x(.) it follows [31, Corol- 
lary 1.12] that for each e>0 a measurable function x’(s) exists satisfying 
both (1) and 

(2) ess. sup. ||a(s) —«’(s)|| <€/2K. 

From this fact we can conclude that U(®) is totally bounded and hence is 
compact. For x’(.) « &*(S) [X ] as a consequence of (2), so that by the preced- 
ing case (1) implies that U’(¢) = [sx’(s)o(s)da is an operation mapping ® into 
a compact set. Thus U’(®) is totally bounded and can be covered by a finite 
number of spheres having centers x/, i=1, 2,---, m, and radii each less 
than €/2. Since 


| U(¢) < ess. sup. || (s) x'(s)|| @eL(S), 


we have ||U(¢) —U'(¢)|| <«/2 for ¢ « ®. This implies that for each ¢ « ® the 
point U(¢) is within ¢ of one of the centers x/. Thus U(®) is totally bounded. 
The next four theorems are immediate corollaries to Theorem 3.1.2. 


THEOREM 3.1.3. A given measurable function x(s) is essentially (weakly) 
compact-valued if and only if U(b) =f sx(s)b(s)da is defined and (weakly) c.c. 
from L(S) to X. 

THEOREM 3.1.4. A necessary and sufficient condition that {x,}¢X be a 
(weakly) compact sequence is that {x,} is bounded and the operation U(d) 
={bn}, from 1 to X is (weakly) c.c.* 

THEOREM 3.1.5. U is defined and (weakly) c.c. from | to X if and only if 
if it can be written as =) where is (weakly) compact in X. The 
norm of U ist sup ||x,||. 

THEOREM 3.1.6. If x(.) © A*(S)[X] is essentially weakly compact-valued, 
then U(o) =f sx(s)b(s)da is weakly c.c. from L(S) to X and takes weakly com- 

* The two propositions given in Theorem 3.1.4 are equivalent respectively to those of Chmoulyan 


and Mazur used in proving Theorem 3.1.1 
t+ The statement concerning c.c. operations that is included in this theorem is due to Gelfand [18]. 
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pact sets into compact sets. Hence, if X =L(S), the iterated operation U"(@) is 
defined and c.c. from L(S) to L(S) for n=2, which implies that the fixed points of 
U form a finite-dimensional c.l.m. in L(S). 


From (I) of Theorem 3.1.2 and Theorems 2.1.8 and 2.1.9 we also have 


THEOREM 3.1.7. If X is either a separable adjoint space or has a weakly com- 
pact unit sphere, then 
(i) U is an operation defined and c.c. from L(S) to X if and only if 
U(¢) =Ssx(s)b(s)\da where x(.) is an essentially compact-valued element of 
If X has a weakly compact unit sphere, then 
(ii) U is an operation defined, separable, and weakly c.c. from L(S) to X 
if and only if U(b) = sx(s)b(s)da where x(.) is an essentially weakly compact- 
valued element of X*(S) [|X], and 
(iii) every separable operation from L(S) to X takes weakly compact sets into 
compact sets. 
When X is a separable adjoint space, statements (ii) and (iii) are true with the 
word “separable” deleted. 


The space L*(T) having a weakly compact unit sphere in case 1<q< =, 
Theorem 3.1.7 yields 


THEOREM 3.1.8. When X =L*(T), 1<q< ~, conclusions (i)—(iii) of Theo- 
rem 3.1.7 hold. 


B. Criteria for weak complete continuity and complete continuity when S 
is Euclidean. The theorem below solves for Euclidean S the problems of char- 
acterizing the weakly c.c. and the c.c. operations from L(S) to an arbitrary X. 


THEOREM 3.1.9. Let S be a Euclidean interval, finite or infinite, and let a 
be Lebesgue measure. An operation U is defined and (weakly) c.c. from L(S) to X 
if and only if there exists in A*(S)|X | an essentially (weakly) compact-valued 
x(.) such that U(¢) = fsx(s)6(s)da. The norm of U is ess. sup. ||x(s)||. 


By reason of Theorem 3.1.2 and the fact that complete continuity implies 
weak complete continuity, it suffices to prove that every weakly c.c. oper- 
ation U from L(S) to X has a representation U(¢) = fsx(s)(s)da where 
x(.) « &*(S)[X]. Suppose U to be such an operation and S to be bounded. 
Consider a fixed point s in the interior S° of S and let {J,’ } be some sequence 
of nondegenerate cubes such that S° /,/ 3 s and lim, a(/,/) =0. If =U(¢,) 
where ¢,/ =¢7/a(J,/) then since ||¢,’|] <1 and U is weakly c.c. it follows that 
{x,’ } contains a subsequence {x,} converging weakly to an element x(s) 
of X. From this convergence property it is evident for any f 2 X* that 
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f(x(s)) =lim, f(«,) =lim, f(Xr,)/a(/,) where Xz is the image under U of the 
characteristic function of the figure R. Since {J,} closes down on s, this im- 
plies that if f(Xx) is differentiable at s its derivative there has the value 
f(x(s)). Since a(S—S°) =0, the function «(s) is thus defined a.e. in S and has 
the property that for each f e X* the numerical additive Lipschitzean func- 
tion f(Xr) has its derivative coinciding with f(x(s)) wherever this deriva- 
tive exists. At this point we make the observation that since L(S) is separable 
and U is continuous, there is no loss of generality in assuming X to be separa- 
ble. We now have the following situation: (i) Xz is an additive Lipschitzean 
function defined to X from the figures lying in the bounded Euclidean in- 
terval S, (ii) x(s) is a point function defined a.e. in S and having its values 
in the separable space X, and (iii) for each f e X* the numerical function 
f(Xe) is differentiable a.e. in S to the value f(«(s)). From Theorem 2.7 of 
[32] it follows immediately that x(.) is measurable and integrable and that 
Xz» is differentiable a.e. in S to the value x(s). Since Xz is additive and Lip- 
schitzean, we see that and x(.) A*(S)[X]. Thus UG) 
= where x(.) A*(S)[X]. 

In case S is unbounded let {.5;} be a decomposition of S into bounded 
intervals. By the preceding case there is for each i an x,(s) defined a.e. in S; 
and such that U(¢) =/s,xi(s)(s)da for each ¢(.) e« L(S) that vanishes a.e. 
in S—S;; moveover, x;(s) is measurable in S and | U| =ess. sup. ||x,(s)|]. Let 
x(s) =2;(s) when s and x;(s) is defined at s. Clearly x(.) A*(S)[X], and 


since any simple function ¢(s) can be written as ¢(s) =>_1¢:(s), where each 
¢:(s) vanishes outside of S;, we also have U(¢) = = 's,xi(s)i(s)da 
=>"*/sx(s)oi(s)da = [sx(s)(s)da whenever $(s) is simple. This of course im- 
plies that U(¢) = J'sx(s)¢(s)da for every ¢ « L(S). 


& 

CoROLLARY. When S is Euclidean and a is Lebesgue measure, any weakly 

c.c. operation U from L(S) to X has the property of taking weakly compact sets 

into compact sets. Hence if X = L(S) the nth iterate U is c.c. for n=2 and thus U 
has for its fixed points a finite-dimensional c.l.m. 


C. Abstract representations of completely continuous operations to L“(T), 
1<q< ~~. We turn now to the proof that the characterization of c.c. opera- 
tors given in the last theorem is also true for unrestricted S provided that X 
is an L*(T) space. 

THEOREM 3.1.10. Am operation U is defined and c.c. from L(S) to L*(T), 
1<q< ~, if and only if = fsx(s)(s)da where x(.) is an essentially com- 
pact-valued element of X*(S)[L*(T) |. The norm of U is | U| =ess. sup. ||x(s)||. 


The case in which 1<q< ~ nas been covered in Theorem 3.1.8. In virtue 
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of Theorem 3.1.2 all that is required then is the proof that each c.c. opera- 
tion from L(S) to L*(T), g=1 or ~, can be represented by some element of 
%°(.S)[L2(T) ]. The case g=1 will be considered first. 

Let z stand for a finite number of disjoint measurable sets A in T such 
that  >8(A)>0, A If r=(A) and 2’ =(A’) are two such partitionings, 
define rr’ to be the partitioning consisting of those AA’ with B(AA’) >0. We 
shall use the relation 7 ¢7’ to mean that for every A ez there is a A’ « 1’ 
with 6(A—A’) =0. It is clear then that rx’ cz. If x and x(r) are points in a 
B-space, the statement 
(1) lim x(7r) = x 
means that for every e>( there is a 7, such that ||x(r) —2|| <e if rem. If 
(1) holds, there is a sequence 7, with x(z,)—x. Similarly we say that x(7) 
is convergent if 


|| (ar) <e for 7, 7’ Cm. 
If (1) holds, x(7) is convergent and if x(7) is convergent there is a unique x 
for which (1) is true. 


Let Y, be the c.l.m. in L(T) consisting of those elements which are con- 
stant on each of the sets A ez. Thus 


(2) if rcr’. 


Let , be the characteristic function of A and U, the projection of L(T) into 
Y, which is defined by 


3 U,(y) = 


With U,() thus defined we have 


From (2) and (4) we see that for a simple function y’, say y’ « Y,,, we have 
U,(v’) =’ for and thus for simple functions 


(5) lim U,(y) = y. 


Since the simple functions are dense in L(T) and | U,| =1, it follows that 
(5) holds for every y « L(T). Moreover (5) holds uniformly over any compact 
set. To see this we take points y;,i=1, 2,---, m., in a compact set V such 
that every point in V is within e distance of some y;. There is then a z, 
such that 
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and thus 
— y|| < 3e for PeW, rom. 
Hence if U is c.c. from L(S) into L(T) we have 
lim |U,U — U| =0. 


There is then a sequence 7, such that 


(6) lim | U,,U — U| =0, lim | U,,U — U,,U| =0. 


For a c.c. operation y = U(¢) on L(S) to L(T) we have (see (3)) 
U.(U($)) = 


Atr 
where f4(¢) = /s¥(t)dB/B(A) is a linear functional on L(S). Thus there are ele- 
ments ua(.) e L*(S) such that 


Atr s 

where x,(.) is the abstract function x,(s) ¢ -Waua(s). Writing x,(s) for 

x,,(s), it is clear that x,(.) e &*(S)[L(T) |. From (6), (7), and Theorem 1.1.7 


lim ess. sup. || — «n(s)|] = 0, 


and hence x(s) =lim,, is defined a.e. and x«(.) %*(S)[Z(T)], with 
(8) lim ess. sup. ||2m(s) — x(s)|| = 0. 


Thus U’(¢) = fsx(s)¢(s)da is an operation from L(S) to L(T) and (8) shows 
that lim,, | U,,,.U—U’| =0. Combining this with (6) we have U=U’ and 
hence U(¢) = fsx(s)o(s)da where x(.) &°(S)[L(7) ]. 

The proof for g= «© is somewhat similar. Let U be c.c. from L(S) to 
L*(T) and suppose to begin with that 8(T) < ©. The space L*(T) can then 
be considered as a linear subset Y of L(T), and the “identity” transformation 
I(u) =p is a continuous 1-1 operation taking L*(T) into Y. Since convergence 
in the mean implies convergence in measure, the operation J is a homeo- 
morphism on each closed compact set in L*(T). Set V(¢) =(U(¢)) and let ® 
be the unit sphere in L(S). The closure M of U(®) is compact and hence 
I(M) is closed and compact since J is necessarily a homeomorphism on M. 
In addition the compactness of U(#) implies that 7(M) is the closure of 
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V(®). The operation V to L(T) clearly being c.c., we have by the preceding 
case that V(¢) =/sy(s)o(s)da where y(.) %°(S)[L(T)]. From Theorem 
1.2.10 it follows that y(.) is essentially. defined to the closure of V(#), that 
is, to J(M). But M is closed and compact so that J(M) maps into the closed 
compact set M under the inverse of 7. Hence x(s) =J~*(y(s)) is essentially 
compact-valued. It is therefore essentially bounded and almost separably- 
valued. To show that x(.) ¢ %*(S)[L*(T) ] it is enough to prove that gy(x(s)) 
is measurable for each linear functional gy over L*(7) defined by an element ¥ 
of L(T). Let F e¢ Fz be arbitrary. If gp is the functional defined by the char- 
acteristic function of F, we have gr(x(s)) =/rK(s, t)d8 where K(s, .) =x(s) in 
L*(T) for each s. But then K(s, .) =y(s) in L(T) for each s, and therefore 
gr(x(s)) =fr(y(s)) where fr is the linear functional over L(7) defined by the 
characteristic function of F. Since the vector function y(.) is measurable, we 
conclude that gr(x(s)) is measurable for each F ¢ Fg. The extension to gy 
where y is a simple function is obvious, and, since simple functions are 
dense in L(T), gy(x(s)) must be measurable for every ye L(T). Thus 
a(.) U°(S)[L(T) ]. Let = fsx(s)6(s)da. Then ge(U’(¢)) = fsgr(x(s))p(s)da 
for each Fe Fz. We also have fr(V(¢)) =/sfr(y(s))b(s)da. Since fr(y(s)) 
=gr(x(s)) for every s and F, clearly gr(U’(¢)) =fr(V()). But obviously 
fr(V()) =gr(U($)), being the “identity.” Hence ge(U'(¢)) =gr(U(¢)) for 
every ¢e L(S) and Fe Fz. Since the gr’s are a total set of functionals over 
L*(T), the last equality yields U’(¢)=U(¢), that is, U(¢) = fsx(s)o(s)da 
where x(.) ]. This concludes the case B(T) < 

In the general case let {7;} be a decomposition of T and let X, be the 
c.l.m. in L*(T) composed of all the elements which vanish a.e. in T—}°17;. 
If II, assigns to each uw in L*(T) the element of X,, which coincides with p(t) 
a.e. in clearly II, is an operation in L*(T) with | =1. Suppose U 
is c.c. from L(S) to L*(T). Set V.(@) =I, (U(@)). Then V, is c.c. to X,, and 
since X, is equivalent to L*(>_77;) where B(>_{7,) < ~ it follows from the 
preceding case that V,(¢) = fsxn(s)o(s)da where x,(.) &*(S)[X,]. Accord- 
ing to Theorem 1.2.10 x,(.) is essentially defined to the closure of V,(®). 
Since V,,(#) =II,,(U(®)) where U(®) is compact, we can infer that 


(9) Xn(.) is essentially defined to II,(M), n=1,2,---, 


where M is the bounded compact closure of U(®). Going back to the defini- 
tion of II; it is clear that for any pw e L*(T) 


(10) Tl = for h,i 27. 


Thus when j i we have V;(¢) = = 
where II,(x,(.)) e &*(S)[L*(T) ]. But V; is also defined by the element x;(.) 
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of |. Hence 
(11) x,(s) = ae. in S, if j < h, i. 

From (9) and (11) we can now draw this conclusion: there is a null set Eo 
such that if s e S— Ey and h, i, 7, m are any integers then 
(12) x,(s) 
(13) «;(s) = if < h, i. 
From (12) we also have 
(14) UI, seS — Ep. 
Fix s in S—£, and let x, =x,(s). Due to (12) there is for each z an element up, 
in the closed compact set M such that x, =II,(u,). If 727 we then have 

j(ui) = (us) = = 11 

by (10), so that 
(15) TI (ui) = x; fori = j, 
from (13). Now let x» be that measurable function of ¢ which coincides over 


each T,, with x,. In view of (14), xo is in L*(T), and from (13) and the defini- 
tion of x» it is easily verified that 


(16) TI ;( 0) = Xj; j = 


In the compact sequence {y,} choose a subsequence {u,,;} converging to 
e M. Fixing j we have II ;(uo) =lim; IT ;(u,,) or, from (15), ;(uo) =lim; x; = 
Combining this with (16) yields 

II ;(%0) TT j = 1, 2, 
which implies that Thus M. 

For each s e S— Ep define xo(s) to be this point x» and for s e Ep let x(s) 
vanish. Since x(.) is essentially defined to the compact set M, it is essentially 
bounded and almost separably-valued. To prove that xo(.) e A(S)[L<(T) ] 
it is therefore sufficient to obtain measurability for f,(«o(s)) whenever fy, is 
a linear functional over L*(T) defined by an element y of L(T). For a func- 
tional of this sort it is obvious that 


(17) fulu) = im = tim 
n n 


for every ue L*(T). This together with (16) yields the equality f,(x0(s)) 
=lim, f,(II,(x0(s))) =lim, fy(*,(s)) for almost all s. Since each x,(.) is measur- 
able, f,(xo(s)) must therefore be measurable. Thus xo(.) e X*(S)[L*(7) ]. 
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The final assertion is that U(¢) = fsxo(s)@(s)da. For (17) leads to the equal- 
ity 


(18) = lim fy(Va(6)) = lim 
n n s 


for @ e L(S) and ye L(T), and it was just seen that fy(xo(s)) =lim, fy(«,(s)) 
a.e. in S for each y. Hence 


= f eL(S), VeL(D), 
Ss 


or fy(U(¢)) since xo(.) A(S)[L*(T) |. The functionals fy 
forming a total set over L*(T), we arrive at the conclusion that U() 
= [sxo(s)(s)da. 

D. Approximation theorems. The next theorem provides an approxima- 
tion criterion for weak complete continuity. 


THEOREM 3.1.11. An operation U is defined, separable, and weakly c.c. from 

L(S) to X if there exists a sequence x,(s) such that 
(i) x,(.) Me(S)[X], 2,---, 
(ii) lima» ess. sup.s ||4m(s) —xn(s)|| =0, 

(iii) each x,(.) is essentially weakly compact-valued, 

(iv) U coincides with the operation V(o) = [sx(s)b(s)da defined by the ele- 
ment x(s) =lim, X_(s) of A°(S)[X]. 

If U is weakly c.c. from L(S) to X, S is Euclidean, and a is Lebesgue meas- 
ure, then elements x(.), Xn(.), m=1, 2, , exist in U*(S)[X] such that con- 
ditions (i)—(iv) are satisfied. Each x,(.) may be chosen to have only a countable 
number of functional values. 


If a sequence {x,(.)} exists satisfying (i)—(iv) it is clear that «(s) exists 
a.e. in S and x(.) is in &*(S)[X], so that V(¢) = fsx(s)o(s)da is defined and 
linear from L(S) to X. Moreover, U,(¢) = fs%n(s)o(s)da is for each n also de- 
fined and linear from L(S) to X, and by Theorem 3.1.1 each U,, is weakly c.c. 
From (iii) and (iv) we also have lim, | U—U,| =lim, ess. sup.. ||(s) —x2(s)|| 
=0. Thus U is weakly c.c., by virt .e of the following fact: the uniform limit 
of weakly c.c. operations is also weakly c.c.* 

Conversely, if U is weakly c.c. and S is Euclidean, there is by Theorem 
3.1.9 an x(.) A(S)[X] such that =fsx(s)o(s)da and x(.) is essen- 
tially weakly compact-valued. Thus for some Eye € the set x(S—Eo) is 
separable and weakly compact in X. From an application of Lindeléf’s theo- 


* The proof of this statement is almost identical with that of the corresponding theorem for c.c. 
operations [1, Theorem 2, p. 96]. 
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rem it follows [31, 1.12] that for each there exists a countably-valued meas- 
urable function x,(s) defined over S, having x,(S ¢ x(S— Ep), and satis- 
fying the inequality ||«(s) —x,(s)|| <1/m over S—Ep. Each x,(.) is therefore 
in %*(S)[X] and is countably-valued and weakly compact-valued, and 
lim, ess. sup., ||2(s) —x,(s)|| =0. 

A similar criterion holds for complete continuity; namely, if either S is 
Euclidean or X is an L*(T) space, an operation U is c.c. from L(S) to X if 
and only if essentially compact-valued x,(s) exist satisfying (i), (ii), and (iv). 
Furthermore, the x,(s) may always be chosen to be simple functions. 


Part 2. APPLICATIONS 


In this part we take the opportunity to collect some of the preceding re- 
sults, to translate them into kernel form, and then to apply them to obtain 
various conditions sufficient that a given kernel define a c.c. operation from 
L(S) to X. Usually X will be taken to be an L*(T) space. A uniform mean 
ergodic theorem and an application to Markoff processes are discussed in 
sections D and E. 

A. Criteria for weak compactness in L(S). In order to apply the preced- 
ing results we shall require the following. 


THEOREM 3.2.1.-Let [S, E, a] be any system. A subset ® of L(S) is weakly 
compact if and only if the following are satisfied: 

(1) Bis bounded, 

(2) given €>O there is a 6>0 such that a(E) <6 implies | [z@(s)da| <e for 
everype ®, 

(3) for each decomposition |S;\ of S 


lim > f o(s)da| = 0 


uniformly over* 

If © is weakly compact, (1) is obvious. If (2) is false, there exist an e>0, 
a sequence {¢,} in ©, and measurable sets | £,} such that 

(4) a(E,) <1/nand | fe,n(s)da| form=1,2,---. 
Since ® is weakly compact, we may suppose {¢,} to be weakly convergent. 
In particular, then, 

(5) limy.. exists for every Ee Ex. 
But the space €, is a complete metric space, and the argument based on the 
Baire category theorem that was used by Saks [35] for the case a(S) < ~ can 
be applied here to show that if (5) holds then the integrals /zx@,(s)da are ab- 


* In case a(7) is finite (3) is implied by (2). 
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solutely continuous over Ey uniformly with respect to ”. This contradicts (4). 
Thus (2) holds. To see (3) let {S;} be any decomposition A of S. Then 
Us(¢) = { fs,6(s)da} is an operation sending L(S) into 1. Since any operator 
with range in / takes weakly compact sets into compact sets, Us(®) is com- 
pact in /. Hence [4] (3) holds. 

Before proving that (1), (2), and (3) imply that © is weakly compact we 
should like to note that L(S) is weakly complete. For if {¢,;} converges 
weakly in L(S) then A,(E)=/f2¢,(s)da is convergent for each Ee E. Let 
A(E) =lim, A,(£). If {£;} are disjoint measurable sets then 


A ( = lim =lim A,(Ei) 
ita n ieo n ite 

for every set o of positive integers. Hence if for each the series }.;A,(E;) 
is considered as an element y, of /, it follows [1, p. 137] that {y,} is conver- 
gent in J. Thus there is a Yo e/ to which {y,} converges. The ith term in po 
is the limit of the 7th terms of the y,’s, that is, the ith term in the series Wo 
is lim, A,(E;)=A(E,). Hence >>;A(E,) is absolutely convergent and 
:A(E,) =lim, >;A,(E;) = which means that is completely 
additive over E. Since clearly A(£) =0 when a(£) =0, A(E£) is the indefinite 
integral of some element of L(S). We thus have =lim, 
for every E. Since {¢,} converges weakly and finitely-valued functions are 
dense in L*(S), it then follows that ¢» is the weak limit of the ¢,’s. 

Now suppose ® satisfies (1), (2), and (3). Since L(S) is weakly complete, 
it is enough to show that every sequence in ® contains a subsequence that 
converges weakly. The finitely-valued functions being dense in L*(S) and ® 
being bounded, it is sufficient to prove that in every sequence in ® there is a 
subsequence {¢;} such that lim; /2¢;(s)da exists for every E E. If a(S) < 
it is known that (1) and (2) are necessary and sufficient that ® be weakly 
compact [11]. Let {.S/} be a fixed decomposition of S. Given any sequence 
in ® we can therefore find, since (1) and (2) are satisfied and a(S/)<«,a 
subsequence that is weakly convergent in L(S/). Thus by diagonalizing we 
may take the subsequence {¢,} to have this property: 

(6) lim, {zd,(s)da exists whenever Ec S/ for some i. 

Now let E in € be arbitrary but fixed. Set S2:1=E-S/, S2:=S! —E-S/, so 
that {5;}, 7=1, 2,---, is a decomposition of S. From (3) there is for each 
an JV, such that 

(7) <e,n=1,2,---. 

Each S; with 7 <2N, being a subset of some S/, (6) implies that for some M, 
we have 

(8) | <e for m, n=M., 
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where Writing for it follows from (8) and 


(7) that 
iV E E i=1 E; E; 


| 
<e+ Df on f on| < 2¢ 
Ss 1 s 


j=N,+1 2j- 2j-1 


holds for m, n=>M,. Thus lim, /2,(s)da exists for each E e €, ending the 
proof. 


THEOREM 3.2.2. A set ® in L(S) is weakly compact if (1) and (2) are true 
and if 

(3’) limn.«. Don uniformly over for at least one decom- 
position {S;} of S. 

For (2) and (3’) imply (2) and (3). 

B. Kernel representations of operations among summable functions. We 
prove first the following theorem. 


THEOREM 3.2.3. If for a fixed g< ~ the real kernel K(s, t) on SXT has the 
properties 
(i) K(s, t) is measurable on SXT, 
(ii) for almost all s ¢ S, fr| K(s, t)| dB< =, 
(iii) for every L*’(T), 


ess. sup. J K(s, 
T 


then 
(iv) ess. sup., (fr| K(s, < @, 
(v) the operation 


U(¢) -f K(s, t)¢(s)da 


is defined and separable from L(S) to L*(T) and has the further properties 
(vi) U takes weakly compact sets into compact sets,* 
(vii) the norm | U| of U is given by the constant C in (iv), 
(viii) if g>1 then U is weakly c.c. 
For q=1 the statement (viii) is not necessarily true but in this case if the kernel 
satisfies besides (i), (ii), and (iii) the condition 
(ix) there is a null set Eo such that (a) limg:r)~ofrK(s, t)d8 =0 uniformly on 


* See Theorem 3.2.7 and footnote. 
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S—Eo, (b) for every decomposition {T;} of T 


lim p f K(s, nas =0 uniformly on S — Eo,* 

m2 m T; 
then U is weakly c.c. on L(S) to L(T). For 1<q< @ if the kernel K satisfies 
besides (i), (ii), and (iii) the condition 

(x) for almost all s « S the set of points K(s, .) in L*(T) is compact, 
then the operation U is c.c. from L(S) to L(T). 

Conversely, if U is an arbitrary separable operation from L(S) to L*(T), 
1<q< _~, orif Sis Euclidean and ais Lebesgue measure and U is a weakly c.c. 
operation from L(S) to L(T), there is a kernel K(s, t) representing U and satis- 
fying the conditions (i)—(ix). If U is c.c. from L(S) to L*(T), there 
is a kernel K representing U and satisfying (i)—(x). 

If (i), (ii), and (iii) hold, it is seen from Theorem 1.3.6 that 
4(s)=K(s, .) isin A*(S)[L*(T) ], that = fsx(s)b(s)da = [sK(s, t)o(s)da, 
and that (iv), (v), and (vii) are true. Since U(#) = {'sx(s)o(s)da the remaining 
conclusions result from Theorem 3.1.2 and the conditions for weak compact- 
ness in L°(T). The converse part of the theorem follows easily from Theo- 
rems 2.2.2, 3.1.7, 3.1.9, 3.1.10, and 1.35. 

The next theorem, which has been given for Euclidean S by Dunford [9] 
and Gelfand [18], can be derived from the last theorem above on recalling 
conditions known to be necessary and sufficient for compactness in L*(T) 
when T is a linear interval [33, 40, 41]. 


THEOREM 3.2.4. Let T be a real interval, B be Lebesgue measure, and 
1<q<~. If T is bounded, then U is an operation defined and c.c. from L(S) 
to L*(T) if and only if U(¢) =f sK(s, t)(s)da where K(s, t) satisfies (i), (ii), 
and (iii) of Theorem 3.2.3 and 


(3.2.41) lim ess. sup. f | K(s,t + h) — K(s, 2) = 0. 
h-0 8 T 


If T is unbounded this statement remains true if (3.2.41) is supplemented by 
the condition that 


lim ess. sup. | Ky(s, t) — K(s, = 0 
T ‘ 
where Ky(s, t) =K(s, t) or 0 according as |t| <N or |t| >N. 


*In this part of the theorem, condition (ix)(b) can be replaced by the assumption that 
limmoc 2.mJ/7;|K(s, t)|d8=0 uniformly over S—Ep for at least one decomposition {7;} of T: see 
Theorem 3.2.2. 
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As a second application of Theorem 3.2.3 (or of Theorem 3.2.4) there 
may be cited 


THEOREM 3.2.5. Let S be a real interval, T be [0, 1], a and B be Lebesgue 
measure, and K(r), — <r< «, be periodic with period 1. Thenif K(.)2L(T), 
1<q< ~, the transformation 


U(¢) = = — t)o(s)da 


is defined and completely continuous from L(S) to L*(T) and 


1 1/q 


To prove this it is sufficient in view of Theorem 3.2.3 to verify the con- 
ditions (i), (iv), and (x) of that theorem. First we shall show that the kernel 
K(s—t) is measurable. Using ‘.usin’s theorem let E be a closed set on the 
interval 0<s<1 such that a(£) >1—€ and K(s) is continuous on EZ. Let E’ 
be the set in —1<s<0 composed of all points of the form s—1 where s e E. 
Let D be the set in the square 0 <s, ¢<1 consisting of those (s, ¢) for which 
s—te E+E’. Then D isa closed set and thus is measurable. To evaluate the 
measure of D we use Fubini’s theorem on the characteristic function ¢p(s, ¢) 
of D. From the above construction it is clear that 


1 
f on(s, t)\da = a(E) > 1—e, 

0 
and so aX(D)=a(E)>1—e. Since K(s—#) is continuous on D, it is, by 
Lusin’s theorem, measurable over [0, 1] [0, 1]. From periodicity K(s—#) 


is then measurable over [n, n+1]|X [0, 1] for every integer n, and so (i) is 
satisfied. Periodicity also implies that 


ess. sup. f | K(s— = f | =C < 
T T 


which proves (iv). To prove (x) we use the known conditions for compactness 
in L«(7). Thus K(s— .) is bounded and 


lim | K(s K(s = tim | K(u — h) — K(u)|*du = 0 
T h-0 0 


uniformly in s, so that (x) is satisfied. 
The next theorem is analogous to Theorem 3.2.3. 
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THEOREM 3.2.6. If the real kernel K(s, t) on SXT has the properties 
(i) K(s, t) ts measurable on SXT, 
(ii) there is a null set Ey such that the set K(s, .), se S—Eo, is a separable 
subset of L®(T), and 
(iii) for every y'(.) L(T) 


ess. sup. f K(s, t)y’()dB | < 
T 


then 
(iv) ess. sup. | K(s,2)| =C<@, 
(v) the operation =f sK(s, t)b(s)da is defined and separable from 
L(S) to L®(T) and has the further properties 
(vi) U takes weakly compact sets into compact sets, 
(vii) the norm | U| of U is given by the constant C in (iv). 

If the kernel K(s, t) satisfies in addition to (i), (ii), and (iii) the condition 

(viii) for a null set Ej the set K(s, .), se S—Ej, is weakly compact in 
L*(T), 
then U is weakly c.c. on L(S) to L®(T). If the kernel K(s, t) satisfies besides 
(i), (ii), and (iii) the condition 

(ix) for a null set Ej the set K(s, .), se S—Ejq, is compact in L*(T), 
then the operation U is c.c. from L(S) to L*(T). 

Conversely, if S is a finite or infinite interval in Euclidean space and a is 
Lebesgue measure, and U is a weakly c.c. operator from L(S) to L®(T), then 
there is a kernel K(s, t) representing U and satisfying the conditions (i)—(viii). 
If S is abstract and U is c.c., then (ix) is also satisfied. 


Properties (iv), (v), and (vii) come from Theorem 1.3.7. The remaining 
conclusions in the first part result from Theorem 3.1.2. The converse is de- 
rived by means of Theorems 3.1.9, 3.1.10, and 1.3.5. 

The next result is essentially based on Theorems 3.1.2 and 3.2.1. 


THEOREM 3.2.7. Suppose =J'sK(s, t)b(s)da is an operation defined and 
separahle from L(S) to L*(T) and suppose ® c L(S) satisfies conditions (1)—(3) 
of Theorem 3.2.1. Then the set 


v= | J K(s, t)¢(s)da, oe 


is compact* in L*(T) when 1<q< ~. This is also true when q=1 provided that 
K is measurable and either ess. sup.. {r| K(s, t)|dB< ~ or S is Euclidean and T 
is linear. 


* Thus for example if a(E’)< © and E varies over E(E’) (see footnote to Theorem 2.1.0), the 
functions ¥z(t)=/eK(s, t)da form a compact set in L2(7). 


° 
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Here in all three cases (Theorem 2.2.1, Theorem 2.4.5, and a remark 
at the end of the latter) U has a representation /{sx(s)(s)da where 
x(.) e &°(S)[L2(T) ]. Hence U takes weakly compact sets into compact sets. 

Another coroliary to Theorem 3.2.3 is 

THEOREM 3.2.8. Suppose X is arbitrary. If x(.) « U*(T)[X] and if K(s, t) 
satisfies conditions (i)—(iii) and (ix) of Theorem 3.2.3 for g=1, then U(p) 
= /rx(t){ {sK(s, dB is c.c. from L(S) to X. 

For {sK(s, t)@(s)da is weakly c.c. from L(S) to L(T) and frx(t)y(é)dB 
takes weakly compact sets in L(7) into compact sets in X. 

Of the several corollaries to the above theorem we mention only the fol- 
lowing, obtained by letting X =L7(W). 

THEOREM 3.2.9. Suppose that K(s, t) is given as in the preceding theorem- 
Let [W, G, y] be a third system analogous to [S, E, a] and [T, F, B].If 
M(t, w) is measurable over TXW, M(t, .) « L°(W) for almost all t, and 
ess. sup.; | fwM(t, w)x(w)dy| < for every x(.) L*(W), then 


U(¢) =f f K(s, t)M(t, da 


is an operation defined and c.c. from L(S) to q< When this is 
still true provided that M(t, .) is almost separably-valued in L*(W). 


This can be shown to be a consequence of Theorem 3.2.8 and the Fubini 
theorem. A more direct way perhaps is as follows. We know that 


L«(W) 3 f M(t, w)¥(t)dB for ye L(T), 
T 


and that in €, there is an Ey such that K(s, .) forms a weakly compact set 
in L(T) as s varies over S— Ey. Hence for each s in S— Ey 


32 f M(t, w)K(s, )d8 = H(s, w), 


and H(s, .), s e S—E, forms a compact set in L¢(W) since by Theorem 3.2.3 
or 3.2.6 the operation {7M (t, w)y(t)d8 sends weakly compact sets into com- 
pact sets. Let y(s)=H(s, .). From the measurability of M and K it follows 
that H(s, w) is measurable, so that by Theorem 1.3.5 the vector function y(.) 
is measurable. Since y(.) is measurable and essentially compact-valued, the 
following operation is c.c. from L(S) to L9(W): 


J y(s)o(s)\da = J H(s, w)o(s)\da = J J xe t)M(t, da. 


‘ 
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It is easily seen that a particular case of the last theorem is the following 
result of Servint [37; also see Theorems 1 and 3 of 46]: if S=T=W = (0, 1] 
and all measures are that of Lebesgue, and if K(s, #) and M(t, w) are each 
bounded and measurable, then the above operation U is defined and c.c. from 
L(S) to L(W). In this case we can, by the above theorem, go even further and 
assert that U is defined and c.c. from L(S) to L*(W) for each q< ~, and that 
this is still true when g = ~ provided that M(t, .) is almost separably-valued 
in L*(W). 

Translation of other theorems into kernel terminology will be left to the 
reader. 

C. C.c. operations from LS) to X. We append the following remarks 
concerning c.c. operations from L*(S) to X. Here S is abstract and X is an 
arbitrary B-space. 


THEOREM 3.2.10. Let x(.) on S to X be measurable and suppose that for some 


= ( me: 


Then the equation 
= f 
8 


defines a completely continuous operator from L*(S) to X with | U| <||x(.)]]. 

The statement involving the norm follows from the Hélder inequality [9]. 
By the definition of measurability there is a sequence x,(s) of simple func- 
tions approaching x(s) a.e. in S. Let v,(s) be defined to coincide with x,(s) 
on the set where ||x,(s) —x(s)|| <||x(s)|| and to vanish elsewhere. By the Le- 
besgue convergence theorem then 


lim f lla(s) — ya(s)||?’da = 0. 
n s 


Since the y,’s are simple they obviously define c.c. operators U, which, by 
the above equation, satisfy the condition lim, | UV —U,| =0. This shows that 
U is c.c. 

THEOREM 3.2.11. Let K(s, i) be measurable on SXT and suppose that for 
some p'’< andq<~ 


= 
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Then the equation 


y(t) = f K(s, t)o(s)da 
Ss 


defines a completely continuous operator from L*(S) to L*(T). 


This is an immediate corollary of the preceding theorem together with 
Theorems 1.3.6 and 1.3.5. This theorem was first proved for Euclidean S and 
T and p =q by E. Hille and J. D. Tamarkin [21]. Another proof for Euclidean 
S and T was published later by F. Smithies [38]. 

As another application of Taeorem 3.2.10 we mention the following. 


THEOREM 3.2.12. Let K(s, t) be measurable on SXT and such that the func- 
tion K(s, .) is almost separably-valued in L*(T). Then if p'’< © and 


f ess. sup. | K(s, t)|?’'da < ~, 
t 


the operation 


= f K(s, t)6(s)da 
Ss 


is defined and c.c. from L*(S) to L*(T). 


This is immediately derivable from Theorems 1.3.6, 1.3.5, and 3.2.10. 

Further applications of Theorem 3.2.10 will be left to the reader. 

D. A mean ergodic theorem. Let U be an operation sending L(S) into 
L(S) and having a representation U(¢) = fsx(s)¢(s)da where x(.) is an essen- 
tially weakly compact-valued element of &%*(S)[Z(S)]. Since U is separable, 
U(L(S)) has a separable span X in L(S). From the footnote to Theorem 2.2.6 
there is a Borel field 7 contained in E such that ¥z is separable and X is a 
subset of those elements of Z(.S) which are ¥-measurable. If 7 is any such 
Borel field and if we set 7 =S and B=a, the triad [T, ¥, 8] is a system for 
which L(7) is a separable c.l.m. within the ¥7-measurable elements of L(S), 
and L(T)> X > U(L(S)). 

The particular mean ergodic theorem we wish to give is one dealing with 
operations of this sort.* Basically it is a special case of an extension made to 
general B-spaces by Fortet [14, 13], Yosida [43, 44], and Kakutani |22] of a 
result due to Kryloff and Bogoliouboff [26] and Fréchet [15]. 


* In Dependent probabilities and spaces (L), Proceedings of the National Academy of Sciences, 
vol. 24 (1938), pp. 154-159, Garrett Birkhoff has discussed for generalized L(S) spaces the discrete 
mean ergodic theory of what he has termed “transition operators” (also see S. Kakutani, Mean 
ergodic theorem in abstract (L)-spaces, Proceedings of the Imperial Academy, Tokyo, vol. 15 (1939), 
pp. 121-123). These are norm-preservirg operators that send non-negative elements into non-nega- 
tive elements. Some account of the continuous theory in an L(S) space can be found in [11]. 


* 
[May 
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THEOREM 3.2.13. If U is an operation of the above type, these conclusions can 
be made: (1) there is a kernel K,(s, t) defined over SX T =SXS such that 
(i) K,(s, t) is measurable, 
(ii) Ki(s, .) =x(s) in L(T) for almost every s, and 
(iii) = fsKi(s, t)6(s)da for each L(S); 
(II) (i) U is separable and weakly c.c., 
(ii) U takes weakly compact sets into compact sets, 
(iii) U" is c.c. for n=2, 
(iv) |U| =ess. sup. ||x(s)|| =ess. Ki(s, dB, 
(v) the maximum number of linearly independent solutions of the equation 
o =U(¢) is a finite number N. 
Suppose in addition that the norms |U"| are bounded. Then 
(vi) limp» |Vn—V,| =O where Vn=(1/m) Ui. 
(III) The limit operation V =lim V,, has these properties: 
(i) V is c.c., 
(ii) VU"=U*V =V forn=1,2,---, 
(iii) V?=V, 
(iv) the fixed points of V form ac.l.m. Y having dimension N, 
(v) Y is exactly the set of fixed points of U, 
(vi) V(L(S)) =Y. 
(IV) If xo(s) =V(x(s)) then 
(i) xo(.) eM°(S)[¥], 
(ii) V(@) = fsxo(s)o(s)da, 
(iii) | V| =ess. sup. ||xo(s)||, 
(iv) xo(s) =V(x(s)) =U(x0(s)) =V(U"(x(s))) =V(xo(s)) for every n and 
almost all s, 
(v) xo(s) can be written as xo(s) where 
(vi) each p; is in V and | ¢;|| =1, 
(vii) the set di, -- - , dn forms a basis for Y, 
(viii) L*(S) and {sui(s)bi(s) =1 or equals 0 according as t=] or 
tj, and 
(ix) in L®(S) the c.l.m. Y* generated by the set wi(.), i=1, 2,---, N, is 
both the set of fixed points of U* (the operation adjoint to U) and the set of fixed 
points for the c.c. adjoint V* of V, and Y* has dimension N. 
(V) Finally, the following statements are true concerning the measurable 
kernels Ko(s, t) ui(s)o(t), Ki(s, t), and K,(s, t) =SsKn-1(s, s’)Ki(s’, t)da, 
n=2,3,---: 
(i) V) =SsKols, t)o(s)da, 
(ii) = sK,(s, t)p(s) da for n=1, 2, 
(iii) for almost every s the equality 
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Ko(s, 4) -f Kasils, s’)Ko(s’, t)da -f K.(s, s’)K,(s’, t)da 
s s 


holds for n=0,1,2,--- and for almost all t; 
(iv) K,(s, .) is essentially weakly compact-valued in L(T) for n =1 and es- 
sentially compact-valued for n# 1. 
There is a null set Eo such that 
(v) lima.» fr|Ko(s, )—(1/n) i(s, t)|d8=0 uniformly over S—Eo, 
(vi) = frKo(s, t)dB uniformly over (S—E,) XF, 
(vii) limn.. Jr|Ssd(s)Ko(s, is, t)da|d8=0 uni- 
formly over those @ in L(S) having Js|¢(s)|da<1. 

Statements (I)(i)—(iii) and (II)(iv) are contained in Theorem 1.3.5, and 
Theorem 3.1.6 yields (IT) (i)—(iii) and (II)(v). If the norms | U*| are bounded, 
conclusions (II)(vi) and (III)(i)—(iii) follow from [43] or Theorem 5 of [22] 
and the fact that U? is c.c. The definition of V taken together with (III) (ii) 
shows that the fixed points of V, which form a c.l.m. Y, are also the fixed 
points of U; this vindicates (III)(iv)—(v). Conclusion (III)(vi) comes from 
(IIT) (iii) and the definition of Y. Letting xo(s) =V(«(s)), (IT1)(vi) shows that 
xo(S) ¢ Y; and since measurability and being essentially bounded are two 
properties that are operational invariants, (IV)(i) is true. To verify (IV) (ii) it 
is sufficient tonote that V(¢) = V(U(¢)) =V (/sx(s)o(s)da) = (x(s))b(s)da; 
(IV) (iii) is then obvious. Conclusion (IV)(iv) results easily from (III)(ii)— 
(iii), the definition of xo(s), and the assumption that x(s) is defined for almost 
every S. 

To establish the rest of (IV) we may proceed as follows. Since Y is a 
c.l.m. in L(S) having finite dimension J, it is possible to choose in Y a basis 
¢:, °° , @y Satisfying (IV)(vi). Choosing such a basis we have 


N 
gild)di, oeY, 
1 


where each g; is a linear functional over Y and g;(¢;) =4;;, the Kronecker 
delta. Thus 


N N 
1 1 


where pi(.) =gi(xo(.)) is in L*(S) for each since xo(.) A*(S)[V]. State- 
ments (IV)(v)--(viii) are therefore verified. To establish (IV)(ix) we 
first note that since lim, |V—Vm|=0 we also have lim, |V*—V,*| =0 
where V* and V,,* are the operations adjoint to V and V,, respectively and 
=(1/m)>~"(U *)* =(1/m)>_"(U*)*. It then follows that U* and V* have 


386 [May 


1940] OPERATIONS ON SUMMABLE FUNCTIONS 387 


the same set of fixed points, and this set is a c.l.m. in L*(S) that has dimen- 
sion N since V* is the adjoint of the c.c. operation V. This c.l.m. is Y*. For 
(IV) (ii) and Theorem 1.1.3 imply that for any f in the adjoint of Z(T) the 
linear functional V*(f) over L(S) is defined by the element f(xo(.)) of L*(S). 
Since f(xo(s)) => -*us(s)f(¢:), V*(f) is defined by an element of Y*. Thus 
V*(L*(T)) ¢ Y*, and hence f « Y* when V*(f) =f. Conversely, if f e Y* then 
V*(f) =f. It is sufficient to consider the functional f; defined by the element 
uj(.) of L*(T). For each ¢; we have 


= J J = g(V()) = go), 


so that fi(xo(s)) =u,(s). Thus V*(f;) is defined 
by y;(s), that is, V*(f;) =f;. This completes the proof of (IV) (ix). 

In (V) the first conclusion results from (IV)(ii) and (IV)(v). Setting 

(1) 2:(s)=x(s) and x,(s) =U(x,_1(s)) for n=2, 
it is then clear by induction that the three statements 

(2) an(.) © 

(3) U(¢) =fsxn(s)6(s)da, 

(4) K,(s, .) =a,(s) in L(S) for almost all s 
must each hold for n»=1, 2, - - - . Since each K,(s, ¢) is measurable, (V) (ii) 
then follows from (2), (3), (4), and Theorem 1.3.5. Conclusion (V) (iii) comes 
from (1), (3), (4), and (V)(ii), and (V)(iv) is a corollary to (2), (3), (4), 
(IT) (i), (II) (iii), and Theorem 3.1.2. Finally, (V)(v) and (V) (vii) are true since 


| 
0 = lim | V —V,,| = lim ess. sup. || xo(s) — — xi(s) | 
m m j | 


is | 
= lim ess. sup. f Kos, t) —- — >> Kis, )| 48, 
T m 


and (V)(vi) is obvious from (V)(v). 

This and Theorem 3.1.9 lead at once to 

THEOREM 3.2.14. If S is a finite or infinite Euclidean interval and a is 
Lebesgue measure and U is an arbitrary weakly c.c. operation in L(S), then 
U(¢) =Ssx(s)b(s)da where x(.) is an essentially weakly compact-valued element 
of X°(S)[L(S) |. Hence conclusions (1) and (I1)(i)—(v) of Theorem 3.2.13 hold in 
this case, and if the norms |U| are bounded the remaining conclusions are also 


valid for U. 


A simple example shows that in Theorem 3.2.13 we cannot drop entirely 
the assumption that x(.) is essentially weakly compact-valued. On the real 
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axis let J, be the interval [n, »+1) for each integer m and on each J, assign 
x(s) the constant value ¢,4: where $,4: is the characteristic function of Jn4:. 
Obviously x(.) e A*(S)[L(S)] and ess. sup. ||x(s)||=1, so that U(@) 
= {sx(s)(s)ds satisfies all the hypotheses of Theorem 3.2.13 except that «(.) 
is not essentially weakly compact-valued. Since U(¢,) =@n41, it follows that 
the principal conclusions of the theorem are false in this case. For ®= {¢,} 
is bounded in L(S) but not weakly compact, and thus U™ fails for each n to 
be weakly c.c. since U(®) = ®. Moreover, || Vn(¢o) — V2m(o)|| =1 for every m, 
as the reader can easily verify; hence the operations V,, do not converge even 
pointwise. 

E. An application to Markoff processes. Let 7 be a second Borel field of 
subsets of S, with ¥¢ € and Fz separable. Take T=S and B=a, so that 
|7, ¥, 8] forms a second system for which L(7) is a separable c.l.m. in L(S). 
Suppose further that there is a function P(s, F) defined over S X F and having 
these properties: 

(1) P(s, F) is E-measurable in s for each F ¢ Fz, 

(2) s e S implies that P(s, F) is non-negative and completely additive 
over F and P(s, T) =1, 

(3) if >F,>--- and B([],F,) =0, then lim, P(s, F,) =0 
uniformly over S. 

As Doob has shown [6], under these circumstances P(s, F) is a set of condi- 
tional probability functions for a certain class of Markoff processes. Functions 
P(s, F) of this sort have been discussed frequently in probability (for refer- 
ences see [6]), and most of the statements in the next theorem are already 
known, being due either to Fréchet [15], Kryloff and Bogoliouboff [26], 
Doeblin and Fortet [5], Doob [6], Yosida and Kakutani [45], or to earlier 
authors. However, the indigeneity of the theorem and the fact that some of 
the conclusions are apparently new lead us to include it here. 

From (2), (3), and the Radon-Nikodym theorem there is for each s a 
point x(s) in L(T) whose indefinite integral over F is precisely P(s, F). We 
now make the assertion that : 

(4) x(.) is a weakly compact-valued element of X°(S)[L(T) ], ||x(s)|| =1, and 
each point x(s) is an essentially non-negative element of L(T). 

In the first place it is evident from (2) that for each s the element «(s) in 
L(T) is essentially non-negative and has ||«(s)|| =1. Secondly, in view of (1), 
the decomposability of 7, and the complete additivity in F of P(s, F), it re- 
sults that P(s, F) is measurable in s for each F e F. Hence f(x(s)) is measur- 
able for each linear functional f defined over L(T) by a finitely-valued element 
of L*(T). Since such elements are dense in L*(T), f(x(s)) must be measurable 
for every linear functional over L(T). The space L(T) being separable, it then 
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follows from Theorem 1.1.7 that x(.) is measurable. Thus x(.) e A*(S)[L(T) } 
and ||x(s)||=1. To see that x(.) is weakly compact-valued we have only to 
note that property (3) of P(s, F) implies that & =x(S) satisfies conditions (2) 
and (3) of Theorem 3.2.1. 
Since L(7) forms a c.l.m. in L(S) and L(T) > x(S), we can also state that 
(5) assertion (4) above holds with L(T) replaced by L(S). 
We are now ready to give the theorem. Here, as before, $ denotes the essen- 
tially non-negative elements of L(S) and $:=§[||¢|| =1]. 


THEOREM 3.2.15. Let U be the operation U() =f sx(s)(s)da defined by the 
function x(.) of (4). Then all the conclusions of Theorem 3.2.13 hold here and in 
addition 

(I) (iv) f[rK.(s, t)d8 =P(s, F) for every s e S and every F ¢ F, 
(v) K\(s, t) 20, 
(vi) [rKi(s, t)dB=1 for every s, 
(II) (vii) | U| =1, 

(viii) if eB then eB and || U(¢)|| 

(IIT) (vii) | V| =1, 

(viii) then ef and || V(¢)|| 

(ix) the dimension number N of Y is positive, 

(IV) (x) each ¢; in the basis fu, - - - , dn may be chosen in $i, 

(V) (viii) for n=0, 1, 2,---, K,(s, t)20 ae. in SXT and JrK,(s, t)dB 
=la.e.inS. 


From (5) and the equality | U| =ess. sup. ||x(s)||=1 it is evident that U 
satisfies the requirements of Theorem 3.2.13, including the one that the norms 
|U| be bounded. Moreover, the span of U(Z(S)) must by Theorem 1.2.10 
be in the span X belonging to x(S); thus U(L(S)) ¢ X ¢ L(T), and X is clearly 
a subset of those elements of Z(S) which are 7-measurable. Hence all the con- 
clusions of Theorem 3.2.13 hold in the present situation. 

The kernel K; given in Theorem 3.2.13 can fail to satisfy (I)(iv) and 
(I)(v) on at most a set of SXT measure zero. We may suppose K;, altered 
on this set so as to satisfy these two conditions; the previous properties of K, 
and of the kernels K,, will not be affected since the exceptional set was of 
measure 0. Conclusion (II)(vii) was shown above, and (I)(vi) is obvious from 
(I)(iv). According to (4) the closed convex set f; contains x(S); from (II) 
of Theorem 1.2.10 we conclude that 

(6) U(@) ef, for each ¢ $1. 

This yields (II) (viii). On writing x,(s) =x(s) end x;:(s) = U(x:-1(s)) for i= 2 we 
noted, in proving Theorem 3.2.13, that 

(7) =Ssxi(s)b(s)da. 


‘ 
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From (6) it follows that ;(s) e 8, for each 721 and each s, so that 
(1/n)>°*x,(s) is in the convex set $3, for every m and s. Now (7) implies that 


is 
lim ess. sup. || x0(s) — — x;(s) || = lim| V — V,| = 0, 
n s nN n 


and hence o(s) =lim, (1/n)>_*x;(s) for almost every s. Since ¥: is closed we 
must have x (s) e 8, for almost all s. This combined with Theorem 1.2.10 
shows that (III)(viii) holds and that | V| =ess. sup. ||2o(s)|| =1. Conclusion 
(III) (ix) now follows from the fact that Y =V(Z(S)) and that | V| +0. To 
prove (IV)(x) let - - be any basis for Y with ||¢/ || =1. From (III) (iv), 
(vi), and (vii) the unit sphere Y, of Y is the image under V of the unit sphere 
of L(S). Theorem 1.2.10 then implies that for each null set Zp the set Y; is in 
the closed convex hull of the point set sum Eo) +R(xo(S—E,)). 
Choosing Ep, such that xo(s) e $: for s ¢ Eo, it follows that the closed convex 
hull of ao(S— Zo) is the convex hull of xo(S—Z,). The same is therefore true 
of V2. Hence each ¢ « Y; can be written as ¢=)_}_,¢;¢; where each ¢; « $i 
and >-i|c;| =1. On expressing each ¢/ as ¢/ =)-)* ,¢i;@i, it is clear that each 
element of Y is a linear combination of the ¢,,’s. Hence from among these a 
subset ¢:,---, ¢y can be chosen to form a basis for Y. This establishes 
(IV) (x). Finally, (V) (viii) results on recalling that x,(s) =K,(s, .) in L(T) for 
almost all s and that x,(s) e B; for every s. 
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NILPOTENT GROUPS AND THEIR GENERALIZATIONS* 


BY 
REINHOLD BAER 


Nilpotent finite groups may be defined by a great number of properties. 
Of these the following three may be mentioned, since they will play an im- 
portant part in this investigation. (1) The group is swept out by its ascending 
central chain (equals its hypercentral). (2) The group is a direct product of 
p-groups (that is, of its primary components). (3) If S and T are any two sub- 
groups of the group such that T is a subgroup of S and such that there does 
not exist a subgroup between S and T which is different from both S and T, 
then T is a normal subgroup of S. These three conditions are equivalent for 
finite groups; but in general the situation is rather different, since there exists 
a countable (infinite) group with the following properties: all its elements not 
equal to 1 are of order a prime number ); it satisfies condition (3); its com- 
mutator subgroup is abelian; its central consists of the identity only. 

A group may be termed soluble, if it may be swept out by an ascending 
(finite or transfinite) chain of normal subgroups such that the quotient groups 
of its consecutive terms are abelian groups of finite rank. A group satisfies 
condition (1) if, and only if, it is soluble and satisfies condition (3) (§2); and 
a group without elements of infinite order satisfies (1) if, and only if, it is the 
direct product of soluble p-groups (§3); and these results contain the equiva- 
lence of (1), (2) and (3) for finite groups as a trivial special case. If a group 
without elements of infinite order may be swept out by an ascending chain 
of subgroups such that each is a normal subgroup of the next one and such 
that the quotient groups of its consecutive terms are cyclic, then (2) and (3) 
are equivalent properties, though they no longer imply (1) (§4). If a group 
satisfies condition (1)—or suitable weaker conditions—then the elements of 
finite order in this group generate a subgroup without elements of infinite 
order which is a direct product of p-groups. 

A seemingly only slightly stronger condition than (3) is the following 
property: (3’) If S and T are any two subgroups of the group such that T 
is a subgroup of S and such that there exists at most one subgroup between 
S and T which is different from both S and T, then T is a normal subgroup 
of S. Clearly (3’) implies (3), though there exist groups which satisfy (3), 
but not (3’). A closer investigation reveals however that (3’) is a much 
stronger imposition than it seems to be, since it is possible to prove the fol- 
lowing theorem: A group, that either does not contain elements of infinite 
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order or else is swept out by its ascending central chain, satisfies condition 
(3’) if, and only if, all its subgroups are normal subgroups, that is, if it is 
either abelian or hamiltonian (§6). 

In an appendix we have given a list of properties which may serve as a 
definition of nilpotent groups, provided the group in question is finite; and 
since these properties are in general no longer equivalent, we have added a 
chart, indicating their interrelations. 

0. In this section we state some notations and facts which will be used in 
the course of this investigation. 

0.A. Z(G) is the central of the group G. 

=1; Z,(G) $Z,4:1(G) $G and Z(G/Z,(G)) =Z,4:(G)/ZAG); if X is a 
limit-ordinal, then Z,(G) is the join of all the Z,(G) for v<X, so that the as- 
cending central chain Z,(G) is defined for every finite or infinite ordinal v. 

C(G) is the commutator subgroup of G. 

Co(G) =G, Cis:(G) =C(C(G)) so that C;(G) is defined for every integer 7. 

C°(G) =G, C**+1(G) is the subgroup generated by all the elements gcg-'c-! 
for g in G, c in C‘(G), so that the descending chain C‘(G) is defined for every 
integer 7. 

0.B. Every subgroup of the group G is a normal subgroup of G if, and only 
if, «~lyx is a power of y for every pair x, y of elements in G. If every subgroup 
of G is a normal subgroup of G, then there are two possibilities: 

(A) G is abelian, that is, C(G) =1, Z(G) =G. 

(H) G is hamiltonian. ‘Then C(G) is of order 2, Z(G) consists of those ele- 
ments whose order is not divisible by 4, G/Z(G) is a direct product of two 
cyclic groups of order 2, so that C2(G) =C?(G) =1 and G=Z,(G). Furthermore 
G is a direct product of three groups 0, 7, U where Q is a quaternion group, 
T an abelian group all of whose elements not equal to 1 are of order 2, and U 
an abelian group all of whose elements are of odd order so that in particular G 
does not contain elements of infinite order. 

0.C. If p is a prime number, then a group G is said to be a p-group if all 
its elements are of order a power of ~, and primary components are [greatest | 
p-subgroups which contain all the elements of order a power of Pp. 

0.D. If A is an abelian group, then its elements of finite order form a sub- 
group F(A) which is the direct product of its primary components; and 
A/F(A) does not contain any element not equal to 1 of finite order. The 
group A may now be said to be of finite rank, if 

(i) the elements in A which satisfy x” =1, p a prime number, form a finite 


group, 
(ii) there exists a finite number of elements a(1), - - - , a(m) in A so that 
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for every element x in A for which x41 modulo F(A) there exist integers 
m(i) satisfying | [7_,a(i)™® =x" modulo F(A). 

If F(A) =1, that is, if the identity is the only element of finite order in 
the abelian group A, then the smallest integer , meeting the requirement 
(ii), is termed the rank of A. The rank of such a group A is at the same time 
the greatest number of linearly independent elements in A. If B is a proper 
subgroup of A, then either the rank of B is smaller than the rank of A; or if A 
and B have the same rank, then there exists an element w in A, but not in B, 
and a positive integer z so that w‘ is an element in B. 

0.E. If Gis a group with abelian central quotient group, then C(G) = Z(G); 
and all the properties we are going to use are simple consequences of the fol- 
lowing well known formulas: 


= 
(xy)i (yay yiyi 
0.F. In the introduction we have mentioned a condition, concerning 
greatest subgroups, which will play a fundamental part in the course of our 


investigations. For future reference this property may be restated here as 
follows. 


(G) If S and T are any two subgroups of the group G so that S<T and so 
that there does not exist any subgroup B between S and T which is different from 
both S and T, then S is a normal subgroup of T. 


We mention furthermore that the subgroup S of T is said to be a greatest 
subgroup of T, whenever S is a proper subgroup of T and there does not exist 
any subgroup between S and T which is different from both S and 7. Thus 
(G) implies, in short, that greatest subgroups are normal subgroups. 

1. In this section we are going to prove several auxiliary theorems which 
will be needed in the future. Most of them are concerned with the existence 
of central elements not equal to 1 which lie in prescribed subgroups, provided 
the group satisfies the condition (G), enunciated in 0.F. 

The crosscut of all the greatest subgroups of a group G is always a char- 
acteristic and, therefore, a normal subgroup M(G) of G. 


(1.1) If there exist greatest subgroups of the group G, and if every greatest 
subgroup of G is a normal subgroup of G, then G/M(G) is an abelian group not 
equal to 1. 


For if S is a greatest subgroup of G, and if at the same time S is a normal 
subgroup of G, then G/S is a cyclic group of order a prime number, so that 
C(G) 
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(1.2) If the group G is different from 1, if G is generated by a finite number 
of elements, and if every greatest subgroup of G is a normal subgroup of G, then 
G#C(G). 

Proof. Since G is generated by a finite number of elements, there exists a 
smallest set N of generators of G (so that no proper subset of N generates G). 
If u is some element in N, then there exists a greatest subgroup U of G which 
does not contain u but contains all the other elements in N, since the sub- 
group of G which is generated by the elements different from u in WN is differ- 
ent from G and hence cannot contain u. If V is a subgroup of G such that 
U <V, then V contains u and is therefore equal to G; that is, U is a greatest 
subgroup of G. Hence M(G) <G. But it follows from (1.1) that C(G) = M(G), 
and this shows that C(G) <G. 


(1.3) If G is generated by a finite number of elements, if C is a normal sub- 
group of G, and if G/C is finite, then C is generated by a finite number of ele- 
ments. 


ReMARK. That the hypothesis of the finiteness of G/C is really needed 
may be seen from the fact that the commutator subgroup of a free group with 
two generators is not generated by a finite number of elements. 

Proof. Denote by T some finite set of generators of G and by R a complete 
set of representativesof G/C so that both R and T are finite sets. If X is any 
element in G/C, then denote by r(X) the uniquely determined element in R 


which satisfies X =Cr(X). The elements 
(X, VY) = 


for X and Y in G/C and the elements 
s(t) = tr(Ct) 


for ¢ in T are in the normal subgroup C of G and so are the elements 
r(X)s(t)r(X)-!. Since R and T are finite sets, it follows that the set D con- 
sisting of all the elements (X, Y) and r(X)s(é)r(X)— for X, Y in G/C and ¢ 
in T is a finite subset of C. Let D* be the subgroup generated by D. 
D* is clearly a subgroup of C; and G is generated by adjoining the ele- 
ments r(X) to D*, since t=s(t)r(Ct). We have 
r(X)(Y, Z)r(X)~! = 
= (X, 
= (X, YZ)(XY, Z)-(X, 


t The proof is an obvious application of the Schreier-Reidemeister method. 
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so that every transform of some (Y, Z) by some r(X) is in D*. Also 


so that every transform of any element in D by any of the r(X) is in D*. 
Since G is generated by adjoining the elements r(X) to D*, this shows that D* 
is a normal subgroup of G. Since the (X, Y) are in D*, and since D* is a sub- 
group of C, the finite groups G/C and G/D* are essentially the same; and this 
implies D* =C. Thus it has been proved that the finite set D of elements is a 
set of generators of C. 


Lemma 1.4.} If G is generated by a finite number of elements, if G does not 
contain elements of infinite order, then every C;(G) is generated by a finite num- 
ber of elements; and if, furthermore, condition (G) is satisfied by G, then C;(G) ¥1 
implies <C(G). 

Proof. C,(G) =G is generated by a finite number of elements. Hence as- 
sume that it has already been shown that C;,(G) is generated by a finite num- 
ber of elements. Then C;(G)/Ci4:(G) is generated by-.a finite number of ele- 
ments and all its elements are of finite order, since all the elements in 
C(G) SG are of finite order. Hence C;(G)/Ci4:(G) is finite. Since C44:(G) 
=C(C;(G)), it follows now from (1.3) that Ci,:(G) is generated by a finite 
number of elements; and hence every C;(G) is generated by a finite number of 
elements. It is now a consequence of (1.2) that C;(G) #1 together with condi- 
tion (G) imply Ci4:(G) <C,(G). 

(1.5) If every greatest subgroup of G is a normal subgroup of G, if the com- 
mutator subgroup of G is abelian, if G is generated by a pair of elements a, b so 
that b is in the commutator subgroup of G, then G is cyclic. 


Proof. G may be generated by adjoining a to C(G). If c=aba—'b-', then 
the elements a‘ca~‘ for integral 7 generate a normal subgroup of G which is 
contained in C(G)—since 6 permutes with every element in C(G)—and mod- 
ulo which G is abelian, since it contains c, and since G is generated by a and b. 
Hence C(G) is generated by the elements a‘ca~‘. This implies however that G 
is generated by a and c. If ¢c is not a power of a, then there exists a greatest 
subgroup of G which contains a, but not c. This subgroup V is a greatest sub- 
group of G so that C(G) <V. Since V contains both a and C(G), it follows 
that V=G so that V would contain c in contradiction to the choice of V. 
Hence c is a power of a so that G is the cyclic group, generated by a. 


(1.6) Suppose that the commutator subgroup of the group G is abelian and 
that G is generated by two elements a, b where bc =cb for every c in C(G). Let 


t Cf. Corollary 3.7 below which improves this result in certain respects. 
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bo =), bis: and let and Gi; be generated by adjoining a to 
C(G;). Then G; is generated by a and b;, C(G;) by the elements a*b;,,a~‘ for in- 
tegral and C(G;) =C*+(G). 

Proof. Since Gy) =G, bp =b, Gy is generated by a and bo. Assume now that G; 
is generated by a and b;. Let V; be the subgroup generated by the elements 
a’b;,,a~/ for integral 7. Then V; SC(G;). Since b permutes with every element 
in C(G) and therefore with every element in V;, since the set of generators 
of V; is transformed into itself by a, and since G is generated by a and 8, it 
follows that V; is a normal subgroup of G and therefore of G;. Since finally 
G;/V; is abelian, as is in V;, it follows that C(G;) V;, that is, C(G;) = V;. 
Since Gis; is generated by adjoining a to C(G;) =V;i, it follows that G;4: is 
generated by a and B41. 

Since =C(G) =C'\(G), we may assume that V;=C(G;)=C*(G). 
Since b permutes with every element in C‘+'(G), it follows that C‘+*(G) is 
generated by the elements a‘xa~‘x—' for integral 7 and x in C‘+1(G). Since 
C*+1(G) is an abelian group which is generated by the elements a’b;,,a~" for in- 
tegral r, it follows that C‘+?(G) is generated by the elements a’a*b;,,a~*bj,a7 
for integral r and s. If s<0, then 


8 —s_—l1 s.—l -s 
(a bi+1) = 


= bix10 
and if O<s, then 


s+1 —1l—s,-1 8 —1,-1 -s s —s_—l 


8 8 —s_,—l 


and it follows by complete induction with regard to s that we have 


s—1 
= [] for0 <s. 
7=0 


Hence C‘+*(G) S Visi =C(Gi41) S$ C***(G), and this completes the proof. 


Lema 1.7. If the commutator subgroup C(G) of the group G is abelian, if G 
is generated by two elements u and v so that vc =cv for every c in C(G), and if G 
satisfies (G), then either C‘(G) =1 or C***(G) <C(G). 


Proof. As in (1.6) we use the following notations: vp =2, 2i4:=uvu-v7}; 
Go=G, Gis: is the subgroup generated by adjoining u to C(G;). Then it fol- 
lows from (1.6) that G; is generated by u and 0;, and that C(G;) =C***(G). 

Assume now that for some integer i we have Ci(G)=C*+1(G). Then 
C(G:_1) =C(G;) and therefore G; =G;,;. Hence G; is generated by u and 2441, 
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where 2:4: is contained in the abelian commutator subgroup C(G;) <C(G) 
of G;. Since G satisfies (G), so does G;. Hence it follows from (1.5) that G; 
is a cyclic group. Consequently C(G;) =1, v:4:=1, so that G; is the cyclic 
group generated by u. Thus it follows that 1=C(G;) =C*+!(G) =C*(G), and 
this completes the proof. 


(1.8) If B is an abelian group all of whose elements not equal to 1 are of 
the same order, if B possesses a countable basis - - - , b(t), b(i+1),--- , and if 
the group G is generated by adjoining an element g to B that is subject to the rela- 
tion g-'b(i)g =b(t+1), then condition (G) is not satisfied by the group G. 


Proof. B is a normal subgroup of G, and G/B is an infinite cyclic group. 
The elements not equal to 1 in B are either all of order a prime number p 
or they are all of infinite order. Accordingly three cases are distinguished. 

CasE 1. The elements not equal to 1 in B are of order 2. 

Denote by U the subgroup of B which is generated by all the elements 
b(i)b(t+1)b(¢+2), and by S the subgroup of G which is generated by 
b(1)b(2)b(3) and g. Then U is the crosscut of Band S. 

If x1 is any element in U, then it begins with some b(z) and ends with 
some b(i+7) where 1 <j. Thus U does not contain 6(1)6(2). Since 6(1)gb(1)-* 
= b(1)b(2)g, this shows that S is not a normal subgroup of G. 

Suppose now that S <7 <G. Then T contains elements w which are in B but 
not in U. Such an element hasa certain “length,” so that T contains an element 
win B but not in U which is of shortest length. Suppose that w begins with 7) 
and ends with b(i+7). Since U contains b(i+7 —2)b(i+j —1)b(é+/), it follows 
that 0 <j <1. Forj =1 we would find however that b(z)b(i+ 1)b(z)b(¢+1)b(¢+2) 
=b(i+2) would be of shorter length. Hence w=0)(i) and T=G, so that Sis a 
greatest subgroup of G though not a normal one. 

CasE 2. The elements not equal to 1 in B are of order a prime number 

Denote by U the subgroup of B which is generated by the elements 
b(z)b(¢+1) and by S the subgroup of G which is generated by g and b(1)(2). 
Then U is the crosscut of S and B. 

Any element x #1 in U contains at least two elements b(z) and b(j) #d(i) 
as factors. Thus 0(1) is no element in U. Since 2 is relatively prime to #, it 
follows that b(1)?=0(1)6(2)-1b(1)b(2)is not an element in U. Hence 6(1)b(2)- 
is not contained in U. Since b(1)gb(1)-!=6(1)b(2)—"g, this shows that S is not 
a normal subgroup of G. 

Suppose now that S<T<G. Then T contains elements w which are con- 
tained in B but not in U. Amongst these there are some of shortest “length”; 
and since U contains b(i)b(i+1), it follows that such an element of shortest 
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length has the form 6(z)" where 7 is relatively prime to p. Hence T contains 
b(z) and therefore every b(j), so that T=G. Thus S is a greatest subgroup 
of G but not a normal one. 

CasE 3. The elements not equal to 1 in B are of infinite order. 

Then let p be some prime number. Clearly the subgroup B? which is gen- 
erated by the elements 5(z)? is a normal subgroup of G. The group G/B? is 
then just of the type discussed under Cases 1 and 2. Hence G/B?” does not 
satisfy (G), so that G itself cannot satisfy (G). 


Lemma 1.9. If condition (G) is satisfied by the group G, if H #1 is a normal 
subgroup of G, if H is abelian and G/H cyclic, then the crosscut of Z(G) and H is 
different from 1. 


Proof. Let g be an element that generates G modulo H. Then the crosscut 
of Z(G) and H consists of exactly those elements x in H which satisfy xg = gx. 

CasE 1. H contains elements not equal to 1 of finite order. 

Then H contains an element u of order a prime number p. Denote by U 
the subgroup generated by u and g. The crosscut V of U and H is generated 
by the elements u(z) =g-‘ug' for integral i. 

If there did not exist any relation between the elements u(i), then U 
would be a group of the type discussed in (1.8). This is impossible, since G 
and U satisfy condition (G). Hence there exists a relation between the u(z). 
This proves that V is generated by a finite number of elements, so that V 
is a finite abelian group not equal to 1. 

There is nothing to prove if V<Z(U). If this is not the case, then 
1<C(U) SV. Since V is finite, it follows that the chain of subgroups C‘(U) 
ends, so that there exists an integer satisfying C‘+1(U) =C*(U) <C*"(U) 
<V. Since G and U satisfy (G), it follows from Lemma 1.7 that C‘(U) =1. 
Hence 1<C*"(U)<Z(U) so that the crosscut of Z(U) and V is different 
from 1. Thus the crosscut of Z(G) and H is different from 1. 

CAsE 2. All the elements not equal to 1 in H are of infinite order. 

Then there exists for every element x in H and for every integer m at most 
one element y in H so that x=y”". 

Let u be an element not equal to 1 in H. Denote by U the subgroup gen- 
erated by u and g. The crosscut V of U and H is generated by the elements 
b(z) =g-‘ug‘ for integral 7. 

If there did not exist any relation between the elements b(i), then U 
would be of the type discussed in (1.8). This is impossible, since G and U 
satisfy condition (G). Hence there exists some relation between the 6(z), and 
we may assume without loss in generality that this relation has the following 
form: 
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n—1 
"© = d(n)™ with m(1)m 0; 
i=1 
though there does not exist any relation between b(1), - - - , b(n —1). Denote 
now by / some prime number that does not divide m or m(1) and denote by 
V? the subgroup of V which is generated by the elements x” for x in V. 
Clearly V? is a normal subgroup of U. 
One verifies that b(n+i)”*" for 0<i is contained in the subgroup gen- 
erated by b(1), - - - , b(w#—1). Since 


n—1 
b(0)™™ = — 1)-™d(m — 1)", 
t=2 
as follows on transforming (a) by g-!, one verifies too that b(0)", 
b(—i)™“™ (for 0<z) are elements in the subgroup generated by (1), - - -, 
b(n—1). 

Suppose now that r=] ][7-'b(i)"“ =1 modulo V». Hence there exists an 
element s in V so that r=s”. Then s may be represented as a product of ele- 
ments 6(j) with —i <j <i for 0<i. Thus s™“*"™"" is certainly an element in 
the subgroup generated by b(1), - - - , b(n—1). If we put t= then 
tis relatively prime to p; and r‘=s‘?. Suppose that s‘=][7-/b(z)*®. Then 


n—1 n—1 
TT = TT 
i=1 


i=1 

Since there does not exist any relation between 6(1), - - - , b(w—1), it follows 
that tr(i) = ps(z). Since ¢ is relatively prime to p, this implies that r(z) =0 
modulo p. Thus we have proved that (1), ---, b(m—1) form a basis of V 
modulo V”. This shows in particular that V/V”#1 is a finite abelian group. 
Hence it follows from what has been proved under Case 1 that the crosscut 
of Z(U/V*) and V/V ° is different from 1, since G and therefore U/V” satisfy 
(G), since U/V is cyclic, and since V/V? is abelian. 

The automorphism which is induced by g in V/V” has therefore fixed- 
elements not equal to 1; and it may be represented by the matrix 


( 0 0 0 
0 @ 0 0 


m(1)m-! m(2)m-! m(3)m-! m(n — 2)m— m(n — | 


so that the determinant 
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0 
0 


—1 1 


| m(1)m-! m(2)m-! m(3)m-! m(n — 2)m-! m(n — 1)m-! 


whose coefficients are rational numbers with denominators prime to 9, is di- 
visible by p; that is, the integer Dm"~’ is divisible by p. Since this holds true 
for every prime number ?p that does not divide m or m(1), and since there 
exists an infinity of such prime numbers, it follows that D=0. Consequently 
there exists an element different from 1 in V which is a fixed-element under 
the automorphism induced by g in V, so that the crosscut of Z(U) and V is 
different from 1. It follows that the crosscut of Z(G) and H is different from 1. 


Lemma 1.10. If the normal subgroup H of the group G is different from 1, 
if H is abelian and of finite rank, if there exists for every subgroup K #1 of H 
and for every element g in G such that gK = Kg an element h¥1 in K such that 
gh=hg, and if there exists an ascending chain* of subgroups B, such that 

(1) H=B:; 

(2) B,is a normal subgroup of B,4+:; 

(3) B,4:/B, is abelian; 

(4) B, is for limit-ordinals v the set of all the elements contained in subgroups 
B, foru<v; 

(5) G=B,, 
then the crosscut of H and Z(G) is different from 1. 


Proof. It is possible to well-order the elements in G in such a way: 
g(1), g(2),---, g(x), g(k+1),--- that all the elements in B, precede all the 
elements that are not contained in B,. 

If H contains elements of finite order that are different from 1, then there 
exists a prime number # such that H contains elements of the exact order p. 
The subgroup generated by these elements is finite, since H is of finite rank; 
and this subgroup shall be denoted by B,. If however H does not contain ele- 
ments of finite order which are different from 1, then we put H = B, so that B, 
is an abelian group different from 1 which is either finite or does not contain 
any element of finite order except 1 and which is a normal subgroup of G, 
since it is a characteristic subgroup of the normal subgroup H of G. 

Denote by H(v) the set of elements x in B, which satisfy g(v)x=xg(v). 


* If we use the terminology introduced in §3, this amounts to saying that G/H is metacyclic. 
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Then it follows from our hypothesis concerning H and G that every H(v) isa 
subgroup, different from 1, of Bi. 

If 1<p, then denote by K(y) the crosscut of all the H(v) for »<p. The 
K(u) are subgroups of B, too. 

If B, is finite, then the K(u) form a descending chain of finite abelian 
groups. If B, is infinite, then 1 is the only element of finite order in B, so that 
there exists to every integer 7 and to every b in B, at most one solution «x of 
x'=b in B,. If g is an element in G, d an element in B,, 7 an integer, then it 
follows that gb‘=b‘g implies b‘=gb‘g—' = (gbg-')‘ and hence gb=bg too. The 
K(u) form therefore a descending chain of subgroups of the group B; of finite 
rank with the property that K(p) <K(c) if, and only if, the rank of K(p) is 
smaller than the rank of K(c). 

Thus it follows that there exists in both cases a smallest ordinal 7 so that 
K(r) =K(v) for r<v, that is, K(r) $Z(G). Since K(r) <K(u) for p<r, it fol- 
lows that 7 cannot be a limit-ordinal so that r=p+1, and so that K(p) #1. 
There exists furthermore a uniquely determined ordinal 6 so that g(p) is an 
element in B;,;:, but not in B;. Then all the g(v) for »<p are contained in 
Bs.:, so that all the commutators g(v)—'g(p)—"g(v)g(p) are elements in B;; 
that is, they are elements g(u) for u<p. If x is an element in K(p), and if 
v.<p, then 


g(v)g(p)xg(p)* = g() 
= 
= 
= g(p)xg(p)~*g(r) 


so that g(p)K(p) =K(p)g(p). Hence it follows from K(p) #1 that there exists 
an element 7#1 in K(p) satisfying g(p)v=vg(p) and this proves that K(r) 1. 
Since K(r) < Z(G) and since K(r) $B, <H, it follows that the crosscut of H 
and Z(G) is different from 1. 


Lemma 1.11. Suppose that the property (P) of groups satisfies the following 
conditions: 

(i) If (P) is satisfied by the group H, then (P) is satisfied by every quotient 
group of H; 

(ii) If (P) is satisfied by the group H A1, then Z(H) $1. 

Then there exists for every group G, satisfying (P), an ordinal ¢ such that 
G = . 

Proof. If (P) is satisfied by the group G, then (P) is satisfied by G/Z,(G). 
If Z,(G) <G, then it follows from (ii) that the central of G/Z,(G) is different 
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from 1, that is, Z,(G) <Z,4:(G). Since the Z,(G) form an ascending chain of 
subgroups, there exists an ordinal ¢ such that Z;(G) =Z;,:(G) and conse- 
quently G=Z,(G). 

2. In this section we shall give a characterization of the groups G which 
satisfy G=Z;(G) for some ordinal ¢. 


Lemma 2.1. If G=Z,(G), and if S is a subgroup of G, then S=Z,(S). 


For one verifies by complete (transfinite) induction that the crosscut of S$ 
and Z,(G) is part of Z,(S). 

It is a consequence of Jordan-Hélder's theorem that a finite group G is 
soluble if, and only if, the series of subgroups C;(G) ends with 1. Thus the 
following definition of solubility coincides for finite groups with the classical 
concept. 

The (finite or infinite) group G is termed soluble whenever there exists an 
ascending chain of subgroups B, for ordinals v with O0<v <8 so that 

(a) Bo=1; 

(b) B, is a normal subgroup of G; 

(c) B,s:/B, is an abelian group of finite rank; 

(d) B, is for limit-ordinals v the set of all the elements contained in groups B, 
forp<v; 

(e) B3=G. 

If G#1, then there exists a first B,~1, so that we may assume without 
loss in generality that B, ¥1. 


THEOREM 2.2. There exists an ordinal ¢ so that G=Z,(G) if, and only if, 
G is a soluble group, satisfying condition (G). 


Proof. We assume first the existence of an ordinal ¢ so that G=Z;(G). 
Since every Z,4:(G)/Z,(G) is abelian, there exists an ascending chain of sub- 
groups B,,, so that Z,(G)=B,.<B,,,<B,,.<B,,,-=Z,4:(G) for p<o, and 
B, »+1/B,,» is a cyclic group, and so that condition (d) is satisfied by the B,,.. 
Since every subgroup of the central of a group is a normal subgroup, it fol- 
lows that all the B,,, are normal subgroups of G; and this proves the solubility 
of G. 

Suppose now that S is a subgroup of G and that T is a greatest subgroup 
of S. Since Z)(S) =1, and since T contains Z,(S) whenever r is a limit-ordinal 
and T contains all the Z,(S) for u<v, there exists a greatest subscript 7 so 
that Z,(S) <7; and since T<S and S=Z,(S) by Lemma 2.1, it follows that 
Z.(S) <S. Hence there exists an element w in Z,,;(S) that is not contained in 
T. If sis any element in S, then wsw—'s~ is an element in Z,(S) and therefore 
in T, so that wT = Tw. Since 7 is a greatest subgroup of S, S is generated by 
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adjoining w to 7; and this shows that T is a normal subgroup of G, so that (G) 
is satisfied by the group G. 

Assume now conversely that G is a soluble group and (G) is satisfied by G. 
Let the B, form an ascending chain of subgroups of G which satisfies condi- 
tions (a) to (e) and in addition B,~1. B, is a normal abelian subgroup of G. 
Suppose that K is a subgroup not equal to 1 of B,; and g an element in G 
so that gK = Kg. Then it follows from (G) and Lemma 1.9 that there exist 
elements 1v#1 in K so that gy=vg. Hence it follows from Lemma 1.10 that 
Z(G) #1. 

If Gis a soluble group satisfying (G), then every quotient group of G is a 
soluble group satisfying (G), as may be seen by applying, to the ascending 
chain B,, the homomorphism which defines the quotient group. Since soluble 
groups not equal to 1, satisfying (G), have a central different from 1, it fol- 
lows from Lemma 1.11 that there exists an ordinal ¢ so that G=Z,(G). 


Coro tary 2.3. If G is a finite group, then each of the following properties 
implies the others: 

(1) There exists an integer h so that G=Z,(G). 

(2) Gis a direct product of p-groups. 

(3) Condition (G) is satisfied by the group G. 


The equivalence of (1) and (2) is a well known theorem.* That (3) is a 
consequence of (1), follows from Theorem 2.2. If finally (3) is satisfied, then 


it follows from the finiteness of G and from condition (G) that G is soluble 
by Lemma 1.4; and it follows from Theorem 2.2 that (1) is satisfied by G.f 


Coro.iary 2.4. If (G) is satisfied by the group G, and if there exists a 
finite ascending chain of subgroups B; so that 

(i) By= 1, 

(ii) By. is a normal subgroup of B; and B;/B;-, is an abelian group of 
finite rank, 

(iii) B.=G, 
then G=Z;(G) for some (finite or transfinite) ordinal £, and each quotient group 
Z,4:(G)/Z,(G) is an abelian group of finite rank. 


* Cf. for example, Burnside, Theory of Groups of Finite Order. 

{ It is known (cf. for example H. Wielandt, Mathematische Zeitschrift, vol. 41 (1936), pp. 281- 
282, or H. Zassenhaus, Lehrbuch der Grupbentheorie, vol. 1, p. 108) that for finite groups condition (G) 
is a consequence of the weaker condition that every greatest subgroup of the whole group be a normal 
subgroup. Such a condition would be fairly ineffective in the case of infinite groups, since infinite 
groups need not possess any greatest proper subgroups. 

A fact that amounts essentially to the equivalence of (1) and (3) has been proved recently by 
H. Wielandt, Mathematische Zeitschrift, vol. 45 (1939), pp. 209-244, (16). His condition that every 
subgroup be “subnormal” (nachinvariant) implies (G) and is equivalent to (G) only in case a suitable 
chain condition is satisfied; cf. also Theorem 4.13 and Corollary 4.15 below. 
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Proof. We show by complete induction with regard to i that each of the 
subgroups B; fulfills the assertions of our statement. This is clearly true for 
B,, since B, is an abelian group of finite rank. Thus we may assume that it 
holds true for B;:. Since B;; is a normal subgroup of B;, and since the 
Z,(B;-1) are characteristic subgroups of B;1, they are normal subgroups of 
B,. Since Z,4:(Bi)/Z,(Bi) and B;/B;1=B;/Z,(Bi) are abelian groups of 
finite rank—by the induction hypothesis—this shows that B; is a soluble 
group which satisfies (G); and it follows from Theorem 2.2 that B;=Z,(B;) 
for some ordinal ¢. The subgroup of those classes of Z,,:(B;:)/Z,(B;) which 
are represented by elements in B;_; is isomorphic with a subgroup of 
Z,4:(Bis)/Z,(Bi») and is therefore an abelian group of finite rank; and 
Z,4:(B;)/Z,(B;) is modulo this subgroup isomorphic to a subgroup of B;/B,_1 
—an abelian group of finite rank. Thus Z,,:(B;)/Z,(B;) is an abelian group 
of finite rank; and this completes the proof. 

That it is impossible to prove G=Z,(G) for integral 4 may be seen from 
the following: 


EXAMPLE 2.5. Let B be an abelian group of type p”, that is, B is generated by 
a sequence of elements b(i) so that b(1) is an element of order p, b(i)? =b(i—1). 
An automorphism vy of B is defined by x1=x1+?, 

Let G be the group. which is generated by adjoining to B an element u, sub- 
ject to the relation u-‘xu =x for x in B. 


B is the commutator subgroup of G, and G/B is an infinite cyclic group. 
If 7 is a positive integer, then Z;(G) is generated by 6(z), so that B=Z,(G), 
G=Z.4:(G). Thus it follows from Theorem 2.2 that (G) is satisfied by G. 
Finally it may be of interest* to note that B=C(G) =C(G). 


LemMA 2.6. Suppose the subgroups W, for 0S vr of the group G satisfy: 

(a) 

(b) SW, forv<uy; 

(c) W, is for limit-ordinals v the set of all the elements contained in W, for 

(d) W, is a normal subgroup of G; 

(e) if the subgroup S of G contains W,, and if w is an element in W,41, then 


wS = Sw. 


* For one proves easily, using an argument of Philip Hall, that if G=Z,(G) for some integer h, 
then C*(G) =1; and if C*(G) = 1 for some integer k, then G= Z;(G). That neither part of this statement 
holds true when infinite indices are admitted, may be seen from the following example that has been 
discussed in the proof of (1.8). Let G be the group generated by elements 6(7) for integral z (positive 
or negative or zero) and by an element g, subject to the relations 6(i)b(j)=6(j)b(), b(i)?=1, 
g~'b(i)g=b(i+1). C(G) is abelian, Z(G) = 1, (G) is not satisfied by G, but the crosscut of the groups 
C‘(G) for positive integers 7 consists of the identity only. 
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Then (G) is satisfied by the group G, if (and only if) (G) is satisfied by the 
quotient group G/W,. 


Proof. Suppose that S is a subgroup of G, and that T is a greatest subgroup 
of S. Denote by S, the crosscut of S and W,, and by T, the crosscut of T 
and W,. If v is a limit-ordinal, and if S,=T7, for every u<v, then S,=T, 
by (c). Since S)=7)=1, there exists therefore a greatest ordinal p so that 
S,=T,. If p=r, then 7/7, is a greatest subgroup of S/S,, and S/S, is essen- 
tially a subgroup of G/W,—a group which satisfies (G)—so that T is a normal 
subgroup of S. If p<7, then there exists an element w in S,,: which is not 
contained in 7. It is a consequence of (e) that there exists for every element g 
in G an integer 7 and an element v7 in W, so that w-4gw = g‘v. If gis in particu- 
lar an element in S, then v is an element in S, and therefore an element in 
S,=T,<5T. Thus wT = Tw. Since w is not in T, S is generated by adjoining w 
to T, and hence T is a normal subgroup of S. 

The norm N(G) of the group G has been defined’ as the set of all the ele- 
ments g in G which satisfy gS =Sg for every subgroup S of G. The iterated 
norms N,(G) may be defined as usual. An obvious consequence of Lemma 2.6 
is the fact that (G) is satisfied by a group G, whenever G=N,(G) for some 
ordinal x. Using Corollary 2.3 this implies the following statement: 


If Gis a finite group, then properties (1) to (3) of Corollary 2.3 are equiva- 
lent to the following condition: 
(4) G=N,(G) for some integer r. 


If S is a greatest abelian subgroup of the group G, then it is clear that S 
equals its centralizer in G. It is furthermore knownf that every greatest nor- 
mal and abelian subgroup of G equals its centralizer in G, if only G=Z,(G) 
for some integer h. This may be generalized as follows. 


If S is a greatest normal and abelian subgroup of the group G, and if 
G=Z,(G) for some (finite or infinite) ordinal ¢, then the centralizer of S in G is 
equal to S. 


Proof. Denote by T the centralizer of S in the group G. Since S is normal 
and abelian, S$ T and T is a normal subgroup of G. Denote by S, the crosscut 
of S and Z,(G); and denote by T, the crosscut of T and Z,(G). Since 

o=T)>=Z)(G) =1, we may assume that S,=7, has been proved for every 
CASE 1. v=p+1. 
Then S,=T,. If u is any element in 7,, s an element in G, then usu-'s—} 


* Cf. Compositio Mathematica, vol. 1 (1934), pp. 254-283. 
{ Cf. H. Zassenhaus, Lehrbuch der Gruppentheorie, vol. 1, p. 108. 
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is an element in Z,(G) as well as in 7; and therefore it is an element in T,. 
Hence it is an element in S. Thus the subgroup U, generated in adjoining u 
to S, is a normal subgroup of G. Since u is an element in 7, U is abelian. 
Hence U=S so that T,<S or S,=T,. 

CASE 2. v is a limit-ordinal. 

Then S, is the join of the S, for u<v; and T, is the join of the T, for u<v; 
and this implies that S,=T7,. 

Thus it follows in particular that S=S;=7;=T, since G=Z;(G). 

3. In this section we are going to apply the results of the preceding sec- 
tions on groups without elements of infinite order; in particular we shall be 
interested in the possibility of decomposing a group into a direct product of 
p-groups. 

3.A. For some of our purposes it will be sufficient to assume instead of 
solubility a somewhat weaker property. A group G may be termed metacyclic, 
if there exists an ascending chain of subgroups B, with the properties: 


(a) By=1; 

(b) B, is a normal subgroup of B,.;: and B,,:/B, is abelian; 

(c) B, is for limit-ordinals v the set of all the elements which are contained in 
groups B, for w<v; 

(d) Bs=G. 


If G1, then there exists a first B,~1, so that we may assume without 
loss in generality that B,~1. One verifies readily that every abelian group 
possesses an ascending chain of subgroups B, satisfying (a), (c), (d) and in- 
stead of (b) the stronger condition that B,,,/B, be cyclic. This shows that 
there is no loss of generality in assuming that the chain B, which defines G 
as a metacyclic group satisfies (a), (c), (d) and 


(b’’) B, is a normal subgroup of B,: and B,4:/B, is cyclic. 


If there exists a chain of subgroups B, satisfying (a), (b’’), (c) and (d), 
then G is said to be metacyclic of length less than or equal to B. 

Soluble groups are metacyclic; and these two concepts coincide for finite 
groups. But it is easy to construct examples of infinite metacyclic p-groups 
which are not soluble, though they satisfy condition (G); cf. Example 3.4 
below. 


Lemma 3.1. Every metacyclic group without elements of infinite order which 
is generated by a finite number of elements is finite. 


Proof. If G is metacyclic, then there exists an ascending chain of sub- 
groups B, which satisfies the above conditions (a) to (d). We may assume 
without loss of generality that B,<B, for w<v. If the length of the chain 
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is 1, then the group is abelian; and abelian groups without elements of infinite 
order are finite, if they are generated by a finite number of elements. Hence 
we may assume thatour statement holds true for metacyclic groups possessing 
a chain of shorter length. Since G is generated by a finite number of elements, 
it is impossible that the length 8 be a limit-ordinal, since otherwise there 
would exist an ordinal y <f so that all the elements in the finite set of gen- 
erators of G are contained in B, and so that therefore B;s=G=B, for y <8 
which contradicts our hypothesis concerning the chain B,. Hence B=a+1 
and B, is a normal subgroup of G. Since G/B, is an abelian group without 
elements of infinite order which is generated by a finite number of elements, 
it is a finite group; and it follows from (1.3) that B, is generated by a finite 
number of elements. It is therefore a consequence of the induction hypothesis 
that B, is finite; and G is finite, since its quotient group, modulo a finite nor- 
mal subgroup, is finite. 


THEOREM 3.2. Each of the following three properties of a group G without 
elements of infinite order implies the others. 

(1) G=Z;(G) for some ordinal ¢. 

(2) Gis a direct product of soluble p-groups. 

(3) Gis soluble and satisfies condition (G). 


REMARK. It may be verified easily that all the elements of a soluble group 
are of finite order if, and only if, there exists an ascending chain of subgroups 


B, satisfying conditions (a) to (e) of §2 and in addition: 


(c’) By4:/B, is a finite abelian group. 


Proof. The equivalence of (1) and (3) has been established as Theorem 2.2. 
In order to prove the equivalence of (1) and (2) we show first 


(3.2.1) If G satisfies (1), and if the subgroup S of G is generated by a finite 
number of elements, then S is a finite group and a direct product of p-groups. 


It is a consequence of Lemma 2.1 that there exists an ordinal o so that 
S=Z,(S); and it is a consequence of Theorem 2.2 that S is soluble and meta- 
cyclic. Hence it follows from Lemma 3.1 that S is finite; and it is a conse- 
quence of Corollary 2.3 that S is a direct product of p-groups. 

Denote now by u and v two elements of order a power of the same prime 
number ~. The subgroup S, generated by u and 2, is by (3.2.1) the direct 
product of its primary components and is consequently a p-group. Hence uv 
is an element of order a power of p. This shows in particular that the set G, 
of all the elements in G whose order is a power of p is a subgroup of G; and 
one verifies now as usual that G is the direct product of its primary compo- 
nents G,. 
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Since G, is a subgroup of G, there exists by Lemma 2.1 some ordinal a 
so that G, =Z,(G,). This implies by Theorem 2.2 that G, is soluble. Thus (2) 
is a consequence of (1). 

In order to prove that (1) is a consequence of (2) we show first 


(3.2.2) If G is a soluble p-group, then there exists an ordinal ¢ so that 
G=Z,(G). 

Since G#1 is a soluble p-group, there exists an ascending chain of sub- 
groups B, which satisfies conditions (a) to (e) of §2 and in addition the condi- 
tion that B, is a finite abelian p-group not equal to 1. 

Suppose now that K #1 is a subgroup of B,, and that g is an element in G 
so that gk =Kg. Then g induces in K an automorphism whose order is a 
power of p; and one proves as usual* that such an automorphism of K pos- 
sesses fixed-elements not equal to 1; that is, there exist elements v#1 in K 
so that gvy=vg. Hence the central of a soluble p-group is differer+ from 1 
whenever the group is different from 1, as follows from Lemma 1..v. 

Quotient groups of soluble p-groups are soluble p-groups. Hence (3.2.2) 
is a consequence of Lemma 1.11 and the fact just proved. 

Suppose now that (2) is satisfied by (G). Then G is the direct product of 
soluble p-groups H,. To every H, there exists by (3.2.2) an ordinal ¢(v) so 
that H,=Z;:,)(H,). Let ¢ be some ordinal which is greater than all the ¢(v). 
Since it may be proved by complete (transfinite) induction that Z,(G) is the 
direct product of the groups Z,(H,), it follows in particular that G=Z;,(G) 
so that (1) is a consequence of (2). 

The theorem that nilpotent groups without elements of infinite order are 
direct products of their primary components has been proved by deriving 
(3.2.1) and by applying Corollary 2.3, that is, by reduction to the finite case. 
An alternative proof may be offered which does not make use of this reduction 
and which consequently includes a proof of the theorem for finite groups too. 

We have verified before that groups G satisfying G=Z,(G) are metacyclic 
so that the absence of elements of infinite order implies the existence of an 
ascending chain of subgroups B, with the following properties: 

(a) By=1 

(b) B, is a normal subgroup of B,,1; 

(c) B,.:/B, is a cyclic group of order a prime number; 

(d) B, is for limit-ordinals v the set of all the elements which are contained 
in groups B, for p<v; 

(e) Bz =G. 


* The elements g~‘xg‘ for integral : form a set containing p"“*) elements. Since n(1)=0, there 
exists at least one element y¥1 such that n(y) =0, since the number of elements in K is a power of p. 
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Since By is the direct product of its primary components, we may assume 
that it has already been proved that every B, for u <v is the direct product of 
its primary components B,,. 

CASE 1. v=p+1. 

The index of B, in B, is a certain prime number #; and B, is the direct 
product of its primary components B,, so that we may represent B, as the 
direct product of B,, and of the direct product H of all the B,, for qg not 
equal to p. 

Let u be any element generating B, modulo B,. The order of u has the 
form ip? where 7 is relatively prime to » and 0<j. Then wu‘ generates B, 
modulo B,, so that there exists an element v of order a power of p which 
generates B, modulo B,. 

If h is an element in H, then we are going to prove that hvu=vh. This is 
certainly true if # is an element in Z(G). Hence we may assume that this has 
been proved for all those elements in H which are contained in groups Z,(G) 
for \<o. If # is an element in the crosscut of H and Z,(G) which is not 
contained in any Z,(G) for \ <a, then c=vhv—"h- is an element in some Z,(G) 
for k<c. Since H is a characteristic subgroup of B,, and since B, is a normal 
subgroup of B,, H is a normal subgroup of B, and ¢ is an element in H. 
Hence it follows from the induction hypothesis that cv =vc, and consequently 
we find that v‘hv-‘=c‘h for integral ¢. If ¢ is in particular the order of 2, 
then c'=1. Since the order of v is a power of p, and since the orders of the 
elements in H are all relatively prime to , it follows that c=1 or vh=hv. 
Since G=Z,(G), this implies that ho=vh for every h in H. 

If x is any element in B,,, i a positive integer, then 


and all the factors in the expression on the right are elements in B,,, so that 
(xv‘)” and therefore xv‘ itself is an element of order a power of p. The group K, 
generated by adjoining v to B,,, is therefore a p-group. 

If f is an element in K, # an element in H, then fh=hf, since this holds 
true both for f =v and for f in B,,. This shows that K contains all the elements 
of order a power of ~ in B,, and that H contains exactly those elements in B, 
whose orders are prime to p, since B, is generated by the elements in K and 
in H. Hence B, is the direct product of K and H, that is, B, is the direct prod- 
uct of its primary components. 

Case 2. v is a limit-ordinal. 

If « and v are two elements in B, whose orders are powers of the same 
prime number #, then the order of wv is a power of p too, since both u and v 
are contained in some B, for «<v. The elements of order a power of p in B, 
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form therefore a subgroup of B,; and now it follows that B, is the direct prod- 
uct of its primary components. 

Accordingly every B, is the direct product of its primary components; and 
this holds true in particular for Bs =G. 

This proof shows slightly more than we intended to prove. For our argu- 
ment contains a proof of the following statement. 


Coro.iary 3.3. If all the elements in G are of finite order, if uv=vu for 
elements u and v in G whose orders are relatively prime, and if G is metacyclic, 
then G is the direct product of its primary componenis. 


Remark. If G is a finite group of order [],"“, then it contains a Sylow 
subgroup S, of order p”‘”); and G is generated by any such system of Sylow 
representatives. If G satisfies the condition 


(5) uv=vu, if the orders of u and v are relatively prime, 


then the subgroup generated by a system of Sylow representatives is their 
direct product. This shows that a finite group is a direct product of p-groups 7f, 
and only if, it satisfies condition (5). 

It should however be noted that for the proof of this fact we needed the 
existence of Sylow subgroups, a fact that is comparatively much deeper than 
the fairly elementary means employed in the proof of Corollary 3.3. 

EXAMPLE 3.4. There exist infinite p-groups whose central is 1, though their 
commutator subgroup is abelian. 

This example shows in particular that it is impossible to omit the solu- 
bility in (2) of Theorem 3.2. 

Let B be a countable abelian group all of whose elements not equal 
to 1 are of order the prime number #, so that there exists a basis 
b(1), (2), --- , b(i—1), - of B. 

As is well known, there exists for every non-negative integer a unique 
p-adic expansion >>... .c:p’ where 0 <c; <p and where all the c;—apart from a 
finite number of exceptions—are 0. 

An automorphism (j) for 0 <j of B is defined by 


i=0 i= 0 


< — 1, 


for 
Cj = if 
Cj-1j = Cj-1 +1 for 
= 0 


1940] NILPOTENT GROUPS 413 


These automorphisms ¥ are all of order p and generate a commutative group 
of automorphisms. Hence there exists a group G which is generated by adjoin- 
ing to B elements u(j), subject to the relations 


u(j)? = 1, u(j)u(h) = u(h)u(j), = 


B is the commutator subgroup of this group G; and all the elements not equal 
to 1 in G are of order p. 

If U is the subgroup generated by the elements u(/), then U is an abelian 
subgroup of G, the crosscut of B and U is 1, and every element in G may be 
represented uniquely in the form bu for bin B and u in U. 

If u~1, then u does not permute with b(1). If 61, then there exists an 
integer i so that b is a product of elements 6b(j) for 0<j<p‘; and hence 
bb7‘*+), so that b does not permute with u(t+1). Thus the central of G is 1. 

If 6 is an element in B, uw in U, then buU = Ubu if, and only if, |v =Ub. 
If b+1, then there exists an element v in U—as has been pointed out just 
now—so that vb bv. Since the commutator of b and of v is an element not 
equal to 1 in B, this shows that }|U = Ub implies b=1; and we have proved 
that the normalizer of U in G is just U. 

Any finite number of elements in G generates a finite subgroup of G. It 
is a consequence of Theorem 4.1 below that this implies that (G) is satisfied 
by G, since finite p-groups satisfy (G). 

If the subgroup S of G is generated by adjoining a finite number of ele- 
ments u(z) to B, then S is a normal subgroup of G, so that S=Z,(S) for some 
ordinal o. But the join of these subgroups is G, and Z(G) =1. 

3.B. A characteristic property of the groups without elements of infinite 
order which satisfy condition (G) is given in the following theorem: 


THEOREM 3.5. Suppose that G be a group without elements of infinite order; 
and denote by W(G) the crosscut of Z(G) and of the iterated commutator sub- 
groups C;(G). Then condition (G) is satisfied by G if, and only if, G/W(G) is the 
direct product of its primary components, and if these primary components sat- 
isfy (G). 

Remakk. It is still an open question whether or not all p-groups satisfy 
(G), and whether or not there exist groups G without elements of infinite 
order which satisfy (G), though they are not direct products of p-groups. 

Proof. We assume first that (G) is satisfied by the group G; and we derive 
from this hypothesis that 


(3.5.1) uv =vu, if the orders of u and v are relatively prime. 


For, denote by U the subgroup generated by wu and v. Since all the ele- 
ments in G are of finite order, and since (G) is satisfied by G and therefore 


A, 
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by U, it follows from Lemma 1.4 that all the quotient groups U/C;(U) are 
finite, and that either C;(U) =1 or Cii:(U) <C,(U). Hence it follows from 
Corollary 2.3 that every U/C;(U) is a direct product of p-groups, so that in 
particular: wv =vu modulo C,;(U), since the orders of u and are relatively 
prime. Hence every U/C;(U) is abelian, so that C(U)=C.(U) and conse- 
quently C(U) =1. Hence U is abelian, and this proves our statement. 

Denote now by S the subgroup generated by two elements x and y both 
of order a power of the same prime number p. The order of xy is a positive 
number ip/ for 0<j and i relatively prime to p. Put z=(xy)”. Then z is an 
element of order i. If s is an element of order a power of p, then sz=zs by 
(3.5.1). If the order of s is relatively prime to p, then it follows from (3.5.1) 
that sx =xs and sy=ys; and this implies ss=zs, so that z is an element in 
Z(G). 

It is a consequence of Lemma 1.4 that S/C;,(S) is a finite group. Since 
this quotient group is generated by two elements of order a power of p, and 
since it satisfies (G), it follows from Corollary 2.3 that S/C;(S) is itself a 
p-group. Hence z is an element in C;,(S) <C.(G) for every k so that z is an 
element in W(G). The element xy is therefore modulo W(G) an element of 
order a power of #; and this proves that G/W(G) is a direct product of p- 
groups each of which satisfies (G). 

Suppose now that the group H is the direct product of its primary compo- 
nents H,, and that (G) is satisfied by each H,. Every subgroup S of H is the 
direct product of its primary components S,, since S, is the crosscut of S and 
H,. lf T is a greatest subgroup of S, then there exists a prime number gq so 
that the primary component 7,<S,. If pq, then the join of T and S, is a 
subgroup between T and S which is different from S, since it contains only a 
proper subgroup of S,, as T is the direct product of its primary components. 
Hence S,<T or S,=T,. lf 7, <K <S,, then the join of T and K is a subgroup 
between T and S which is different from T and which is therefore equal to S. 
Hence K =S, so that 7, is a greatest subgroup of S,. Since S, satisfies (G), 
it follows that T, is a normal subgroup of S,, so that T is a normal subgroup 
of S. 

Assume now that G/W(G) is the direct product of its primary compo- 
nents, and that these primary components satisfy (G). Then we have proved 
just now that G/W(G) satisfies (G), and it follows from Lemma 2.6 that G 
satisfies (G), since W(G) = Z(G). 

3.C. If a group G contains both elements of finite and of infinite order, 
then it may happen that the elements of finite order do not form a subgroup 
(example: the group generated by two elements u and 2, subject to the rela- 
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tions u?=v?=1, where wz is of infinite order). Thus it is of interest to find 
criteria excluding this possibility. 

Lema 3.6. If (G) is satisfied by the group G, if G is generated by a finite 
number of elements each of which is of finite order, if there exists a normal sub- 
group H of G so that H is abelian and so that G/H is a finite group, then G is a 
finite group. 

Proof. Our statement is certainly true if the index of H in G is 1, since in 
this case G=H, that is, G is an abelian group generated by a finite number of 
elements each of which is of finite order. Thus we may assume that our state- 
ment is true for all the pairs G’, H’ which satisfy the hypothesis of the 
* lemma, provided the index of #7’ in G’ is smaller than the index of H in G; 
and we may assume G¥H. 

Suppose furthermore that K is a subgroup of H and that K is a normal 
subgroup of G. Then G/H and [G/K |/ [H/K | are essentially the same groups; 
and all the hypotheses of the lemma concerning G and 4H are satisfied by 
G/K and H/K. 

It will be convenient to put G/K =G* and H/K =H, though the con- 
clusions we are going to arrive at now wiill later be applied to different sub- 
groups K. 

Since G* is generated by a finite number of elements, and since G*/H* 
is a finite group, it follows from (1.3) that H* is generated by a finite number of 
elements. 

Since G* satisfies condition (G), it follows from Lemma 1.9 that there 
exists for every element g in G* and for every subgroup R of H™*, satisfying 
gR=Rg and R#1, an element r#1 in R so that gr=rg. Since G*/H* is a 
finite group satisfying (G), it follows from Corollary 2.3 that G*/H* 
=Z,(G*/H*) for some positive integer k; and consequently it follows from 
Lemma 1.10 that the crosscut of Z(G*) and H* is different from 1, if H* 1. 

Since H is an abelian group, the elements of finite order in H form a sub- 
group F of H. Our lemma will be proved as soon as we know that H =F, since 
H is generated by a finite number of elements. Thus let us suppose that 
F <H.If K isa subgroup of H so that H/K #1 and does not contain elements 
of finite order not equal to 1, and so that K is a normal subgroup of G, then 
F <K; and the crosscut K’’ of the central of G/K and of H/K is different 
from 1, and modulo K”’ there are no elements not 1 of finite order in H/K. 
If K’ is the subgroup between K and H so that K’’=K’'/K, then the rank of 
H/K’ is smaller than the rank of H/K, since both ranks are finite; and the 
same hypotheses that applied to K apply to K’. Thus we find after a finite 
number of steps that FH implies the existence of a subgroup N of H with 
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the following properties: N is a normal subgroup of G; H/N does not contain 
any elements not equal to 1 of finite order; N<H; H/N is part of the central of 
G/N. 

Denote by Z the subgroup between H and G so that Z/H is the central of 
G/H. Since G/H is a finite group—which we may assume now to be different 
from 1—and since G/H satisfies (G), it follows from Corollary 2.3 that 
Z/H #1. The group H/N is part of the central of G/N and is therefore part 
of the central of Z/N. Since Z/H and [Z/N |/[H/N | are essentially the same, 
and since the first of these groups is abelian, it follows that Z/N is a group 
with abelian central quotient group. Since Z/H is a finite abelian group, it 
follows from the well known properties of groups with abelian central quo- 
tient group that all the commutators of elements in Z/N are elements of 
finite order which are contained in H/N. Since all the elements not 1 in 
H/N are of infinite order, this proves that Z/N is an abelian group. 

If G’=G/N, H'’=Z/N, then (G) is satisfied by G’, G’ is generated by a 
finite number of elements each of which is of finite order, H’ is a normal 
abelian subgroup of G’, and G’/H’ is a finite group whose order is smaller 
than the order of G/H. Hence it follows from the induction hypothesis, stated 
in the first paragraph of the proof, that G’ is a finite group; and this implies 
in particular that H’=Z/N is a finite group. But this is impossible, since H 
is between Z and N, and since N has been determined in such a fashion that 
H/N is an infinite group. Thus we find that the assumption F ¥H leads to a 


contradiction, that is, F = H is a finite abelian group; and Gis a finite group.* 


Coro.iary 3.7. If (G) is satisfied by the group G, if G is generated by a finite 
number of elements each of which is of finite order, then G/C,(G) is a finite group, 
Ci(G) is generated by a finite number of elements; and C;:(G)#1 implies 
<Cii(G). 


* The classical theorem that a finite group G is a p-group if it satisfies G=Z;,(G) and is generated 
by elements whose orders are powers of p, may be proved by the same method as follows. 

Since the theorem certainly holds true for groups of order 1, we may assume that it holds true 
for all quotient groups of G whose orders are smaller than the order of G. Thus in particular G/Z(G) 
is a p-group. If Z(G) itself is a p-group, then our theorem has been proved for G. Otherwise Z(G) is 
the direct product of two groups P and Q where all the elements in P are of order a power of p, and 
where the orders of the elements in Q are prime to p. P is a normal subgroup of G, since it is a char- 
acteristic subgroup of Z(G). If P1, then the order of G/P is smaller than the order of G, so that 
G/P would be a p-group and Q=1, that is, G itself would be a p-group. Thus assume that P=1. 
Then Q= Z(G) is part of the central of Z2(G) = R, and R/Q is an abelian p-group. Now it follows from 
the well known properties of groups with abelian central quotient group that the commutators of 
elements in R are elements in Q whose orders are powers of p. Hence they are all equal to 1, and 
Z,(G)=R is an abelian group. As R/Q isa p-group, R is the direct product of Q anda p-group S. 
If S=1, then Z(G) =Z,(G) and G is an abelian group and as such a p-group. If S¥1, then G/S is 
of lower order than G and is therefore « p-group. Since Q is isomorphic with a subgroup of G/S, it 
follows that Q=1 so that G is a p-group in every case. 
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REMARK. This statement is an improvement upon Lemma 1.4. 

Proof. Since our statement is certainly true for i=0, we may assume that 
it has been verified already for i—1. Thus G/C;_:(G) is a finite group, C:_:(G) 
is generated by a finite number of elements, and C;_:1(G) #1 implies 
<Cii(G). If G’=G/C(G), H’=Ci(G)/Ci(G), then G’/H’ and 
G/C;-:(G) are essentially the same finite groups, so that Lemma 3.6 may 
be applied to G’, H’. Hence G’ is a finite group. Since therefore G/C;(G) is 
a finite group, and since G is generated by a finite number of elements, it 
follows from (1.3) that C;(G) is generated by a finite number of elements; 
and it follows from (1.2) that either C;(G) =1 or Ciss(G) <Ci(G). 


Coro tary 3.8. If condition (G) is satisfied by the group G, and if u, v are 
elements of relatively prime finite orders in G, then uv =vu. 


Remark. This statement improves upon (3.5.1). 

Proof. If W is the group generated by u and 2, then it is a consequence of 
Corollary 3.7 that W/C.(W) is a finite group. Since W/C2(W) satisfies (G), 
and since the orders of u and v are relatively prime, it follows from Corollary 
2.3 that uv=vu modulo C2(W), so that W/C2(W) is abelian, since this quo- 
tient group is generated by u and v. Hence C(W) =C.(W); and it follows from 
Corollary 3.7 that C(W) =C.(W) =1, so that W is abelian and in particular 
uv 

3. D. For the following considerations it will be convenient to have a con- 


cept intermediate between “metacyclic” and “soluble.” A group G shall be 
termed weakly soluble if there exists an ascending chain of subgroups B, with 
the following properties: 


(a) Bo=1; 

(b) B,is a normal subgroup of G; 

(c) By4:/B, is abelian; 

(d) B, is for limit-ordinals v the set of all the elements contained in subgroups 
B, for w<v; 

(e) B,=G. 

One verifies that soluble groups are weakly soluble, and that weakly solu- 
ble groups are metacyclic. If G1, then there is no loss of generality in as- 
suming that B, <B, for w<v. 

THEOREM 3.9. Jf (G) is satisfied by the weakly soluble group G, and if G is 
generated by a finite number of elements each of which is of finite order, then G 
is finite. 

ReMaRK. Finite groups, satisfying (G), are, by Corollary 2.3, soluble 
groups. 
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Proof. Since G is weakly soluble, there exists a properly ascending chain 
of subgroups B,, satisfying (a) to (e). The ordinal r may be represented 
uniquely in the form tr =o + where g is either 0 or a limit-ordinal, and where 
n is a non-negative integer. We are now going to prove that G/B,_,; is a finite 
group for 0<i<n. Since this is certainly true for i=0, we may suppose that 
it holds true for i—1. If we put J =G/B,_;, H =B,_i4:/B,_;, then H is abelian, 
J/H =G/B,_i+: is finite, and J is generated by a finite number of elements 
each of which is of finite order. Hence it follows from Lemma 3.6 that J itself 
is finite. 

Thus in particular G/B, is a finite group. Since G is generated by a finite 
number of elements, it follows from (1.3) that B, is generated by a finite num- 
ber of elements. If o were a limit-ordinal, then this would imply B, =B, for 
some p<o. This is impossible, since the B, form a properly ascending chain 
of subgroups. Hence B, = By) =1, so that G/B, =G/B,=G is a finite group.. 


CoroLiary 3.10. If condition (G) is satisfied by the weakly soluble group G, 
then the subgroup, generated by the elements of finite order in G, is a direct prod- 
duct of p-groups |and does not contain elements of infinite order |. 


ReMARK. It would be sufficient to assume that subgroups of G which are 
generated by a finite number of elements of finite order satisfy (G) and are 
weakly soluble. The group generated by two elements u and 2, subject to the 
relations u? =v?=1, is soluble though wz is an element of infinite order. This 
shows that condition (G) cannot be omitted. Whether or not the weak solu- 
bility is really needed is still an open question. 

Proof. If u and v are two elements of finite order, then it follows from the 
hypothesis and from Theorem 3.9 that they generate a finite group, so that uv 
is an element of finite order. The elements of finite order in G form therefore 
a subgroup F without elements of infinite order. It follows furthermore from 
Corollary 3.8 that «y= yx, if x and y are elements in H whose orders are rela- 
tively prime. Since G is weakly soluble, F is metacyclic, and it follows now 
from Corollary 3.3 that F is a direct product of p-groups. 

4.A. In this section “properties in the large” will be derived from “prop- 
erties in the small.” 

THEOREM 4.1. Condition (G) is a consequence of the following property: 

(G*) If T is a greatest subgroup of the subgroup S of G, and if S is generated 
by a finite number of elements, then T is a normal subgroup of S. 

ReMARK. This theorem has two important, immediate consequences. 

(i) In every group there exists at least one greatest subgroup satisfying 
condition (G). 
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(ii) In every group there exists at least one greatest normal subgroup sat- 
isfying (G). 

Proof. Suppose that S [<7] is a greatest subgroup of the subgroup T 
of G. Let ¢ be any element in T which is not contained in S, let s be some ele- 
ment in S, and put c=sts—'t-'. If ¢ were not contained in S, then T would be 
generated by adjoining c to S. Hence there would exist a finite number s; of 
elements in S so that ¢ is contained in the subgroup V generated by the ele- 
ments ¢,S and s;. Since the s;,s are contained in the crosscut U of S and V, 
and since ¢ is not contained in S, there exists a greatest subgroup W of V 
which contains [s, s; and| U, but not ¢. If W<M<V, then fis in M, so that 
cis in M, since s isin W. Hence M contains s, s;:, c, that is, M=V. V is gen- 
erated by a finite number of elements. W is a greatest subgroup of V. Conse- 
quently W is a normal subgroup of V. Since ¢is in V, and since s is in W, this 
implies that c is in W, so that ¢ itself belongs to W. This is impossible. Thus it 
follows that every tst-'s—! for tin T and s in S is an element in S, that is, Sis a 
normal subgroup of T. Hence (G) is satisfied by G. 


Coro.iary 4.2. The group G satisfies (G) and has at the same time the prop- 
erty that any finite subset generates a finite subgroup if, and only if, G is the 
direct product of p-groups with the property that their finite subsets generate finite 
subgroups. 


Remark. It is a consequence of this fact that the group constructed as 
Example 3.4 satisfies condition (G). 

Proof. Suppose first that G satisfies (G) and has the property that finite 
subsets generate finite subgroups. Tnen all the elements in G are of finite 
order. Let u and v be elements both of order a power of the prime number Pp. 
The subgroup generated by wu and 7 is finite and satisfies (G). Hence it follows 
from Corollary 2.3 that this subgroup is a finite p-group, so that wz is of order 
a power of p. Now it follows again that G is the direct product of its primary 
components, and their finite subsets clearly generate finite subgroups. 

Suppose conversely that G is the direct product of its primary compo- 
nents G, and that finite subsets of G, generate finite subgroups of G,. Let 
now R be a finite subset of G. Then there exists clearly a finite set S whose 
elements are each of them of prime power order so that the subgroup 7, 
generated by S, contains all the elements in R. T is easily verified to be the 
direct product of finite p-groups. R generates therefore a finite group which, 
by Corollary 2.3, satisfies (G). Now it follows from Theorem 4.1 that G itself 
satisfies (G), and this completes the proof. 

The following statement is an immediate consequence of Lemma 3.1, 
(3.5.1) and Corollary 4.2. 
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THEOREM 4.3. A metacyclic group without elements of infinite order satisfies 
condition (G) if, and only if, it is the direct product of its primary components. 


Combining this result and Corollary 3.10, the following may be proved. 


A weakly soluble group is generated by elements of finite order and satisfies 
condition (G) if, and only if, it is a direct product of p-groups. 


4.B. It is possible to derive stronger results, if one restricts the length of 
the ascending subgroup-chains which exhaust the group (cf. Corollary 2.4). 


Lemna 4.4. Suppose that (G) is satisfied by the group G, and that there exists 

a finite ascending chain of subgroups B; with the following properties: 
(i) B, is abelian; 
(ii) B; is a normal subgroup of Bi, and B;,1/B; is a cyclic group; 

(iii) B, =G. 

Then G=Z;(G) for some suitable ordinal ¢. 

Proof. Suppose that the group G satisfies the hypothesis of the lemma 
and that G1. Then we may assume that B, +1. 

Clearly Z(B,) = B, #1. Hence assume that it has already been proved that 
Z(B;) #1. Since B; is a normal subgroup of B;,:, and since Z(B,) is a char- 
acteristic subgroup of B;, it follows that Z(B;) is a normal subgroup of B;+:. 
Since B;,,/B; is a cyclic group, there exists an element 6 which generates 
Bi,, modulo B;. Since Z(B;) is an abelian group not equal to 1, since 


bZ(B;) =Z(B,)b, and since the subgroup generated by b and by Z(B;) sat- 
isfies (G), it follows from Lemma 1.9 that there exists an element 7#1 in 
Z(B;) so that bv=vb. Clearly v is an element in Z(Bj4:), so that this latter 
subgroup is different from 1. Hence it follows by complete induction that 
Z(G) #1, if G¥1. 

The last result and Lemma 1.11 imply finally that G=Z;(G). 


Coro.iary 4.5. A group G with abelian commutator subgroup satisfies con- 
dition (G) if, and only if, its finite subsets generate subgroups S so that S=Z,(S) 
for suitable ordinals 


Proof. The sufficiency of the condition is a consequence of Theorems 2.2 
and 4.1. If conversely (G) is satisfied by G, and if the subgroup S of G is gen- 
erated by a finite number of elements, then C(S) is abelian and S/C(S) is 
generated by a finite number of elements. Hence Lemma 4.4 may be applied 
to S, and this proves the necessity of the condition. 


CoROLLARY 4.6. A metacyclic group of length less than or equal to w satisfies 
condition (G) if, and only if, its finite subsets generate subgroups S so that 
S=Z,(S) for suitable ordinals o. 
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Proof. The sufficiency of the condition is a consequence of Theorems 2.2 
and 4.1. If conversely (G) is satisfied by the metacyclic group H of finite 
length, then it is a consequence of Lemma 4.4 that H=Z,(H) for suitable 
ordinals 7. If G is a metacyclic group of length less than or equal to w, then 
the subgroups of G are metacyclic groups of length not exceeding w, so that 
finite subsets generate metacyclic groups of finite length; and this proves the 
necessity of the condition. 

4.C. We return now to the analysis of condition (G*) of Theorem 4.1. 


THEOREM 4.7. If the group G is generated by « se number of elements, 
then the following two conditions are equivalent: 

(a) Every greatesi subgroup of G is a normal subgroup of G. 

(b) A set of elemenis in G generates G if, and only if, it generates G modulo 
C(G).* 

Remark. Since G=C(G) implies that the identity generates G modulo 
C(G), it follows that G#1,G=C(G) and condition (b) are incompatible. 

Proof. Suppose first that the set W of elements in G generates G modulo 
C(G), but does not generate G. Denote by V the subgroup generated by W, 
so that V <G. Since G is generated by a finite number of elements, it is possi- 
ble to generate G by adjoining a finite number of elements to V. Let U be a 
smallest (finite) set of elements in G so that G is generated by V and U. Since 
V <G, it follows that U does not contain the identity and that it contains at 
least one element u. Denote by T the subgroup of G which is generated by 
adjoining all the elements not equal to u in U to V. It follows from the mini- 
mum-property of U that 7 <G, and that T does not contain u. There exists a 
greatest subgroup S of G which contains T but not u. If B is a subgroup of G 
so that S<B, then w is an element in B, that is, B=G, so that S is a greatest 
subgroup of G. Since G is generated by adjoining W to C(G), every subgroup 
of G that contains both W and C(G) is equal to G. Thus a proper subgroup 
of G cannot contain both W and C(G). S is a proper subgroup of G which 
contains WV <T<S. Hence C(G) is not part of S. Hence S is not a normal 
subgroup of G, since otherwise G/S would be a cyclic group and C(G) <S. 
Thus S is a greatest subgroup of G which is not a normal subgroup of G; and 
(b) is a consequence of (a). 

Suppose now that (b) is satisfied by G and that S is a greatest subgroup 
of G. Then S cannot generate G modulo C(G), since S<G. The subgroup 7, 
generated by S and C(G), is therefore a proper subgroup of G, that is, 

* This is a generalization of Burnside’s minimal basis theorem for groups of order a power of a 
prime numher; cf. for example, Philip Hall, Proceedings of the London Mathematical Society, (2), 


vol. 36 (1933), pp. 29-95; in particular, pp. 35-36. Also H. Wielandt, Mathematische Zeitschrift, 
vol. 41 (1936), pp. 281-282. 
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S<T<G; and since S is a greatest subgroup of G, this implies S=T or 
C(G) <S; and S is consequently a normal subgroup of G, so that (a) is a 
consequence of (b). 


Coro.Liary 4.8. The following property of groups G is a necessary and suffi- 
cient condition for the validity of condition (G): 

(G**) If the subgroup S of G is generated by a finite number of elements, and 
if the subset U of S generates S modulo C(S), then S is generated by U. 


This is a consequence of Theorems 4.1 and 4.7. 

4.D. The following property deserves at least a short discussion in this 
context, since it may be used as a definition for finite nilpotent groups. 

(M) Jf S is a subgroup of the group G, and if T is a proper subgroup of S, 
then there exists an element s in S so that sT =Ts though s is not an element in T. 

In other words, proper subgroups are proper subgroups of their normal- 
izers. 

Lemma 4.9. Jf (M) is satisfied by the group G, then G is metacyclic and satis- 
fies (G). 

ReMARK. Example 3.4 shows that metacyclic groups satisfying (G) need 
not satisfy (M). 

Proof. If S is a proper subgroup of the group G, then there exists in G an 
element g so that gS =Sg and so that S is a proper subgroup of the group T, 
generated by adjoining g to S. Clearly S is a normal subgroup of T anu 7/S 
is a cyclic group; and this implies the metacyclicity of G. If furthermore K 
is a greatest subgroup of the subgroup H of G, then the normalizer of K in H 
is different from K and therefore equal to H, so that K is a normal subgroup 
of H, that is, (G) is satisfied by G. 

CorOLiary 4.10. A group satisfies (M) and does not contain elements of 
infinite order if, and only if, it is a direct product of p-groups, satisfying (M). 

This is a consequence of Lemma 4.9 and Corollary 4.2, since a metacyclic 
group without elements of infinite order is by Lemma 3.1 finite, when gen- 
erated by a finite number of elements. 

Lemma 4.11. Jf G=Z;(G) for some ordinal ¢, then (M) is satisfied by the 
group G. 

Proof. Suppose that S is some subgroup of G, and that T is a proper sub- 
group of S. There exists by Lemma 2.1 an ordinal o so that S=Z,(S); and 
there exists therefore an ordinal 7 so that Z,(S) <T but it is not true that 
Z,4:(S) = T. There exists therefore an element 2 in Z,,;(S) which is not con- 
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tained in T. If g is any element in S, then vgv~'g—! is an element in Z,(S) ST; 
and this implies v7 = Tz, so that (M) is satisfied by the group G. 


Coro.iary 4.12. Properties (M) and (G) are equivalent properties of solu- 
ble as well as of finite groups. 


This is a fairly immediate consequence of Lemmas 4.9 and 4.11, Theorem 
2.2 and Corollary 2.3. 

Generalizing a concept introduced by H. Wielandt, op. cit. (second para- 
graph of the second footnote on page 405), we say that the subgroup S of 
the group G is a subnormal subgroup of G whenever there exists an ascending 
chain of subgroups B, with the following properties: 

(i) Bo=S; 
(ii) B,is a normal subgroup of B, +1; 

(iii) B, is for limit-ordinals v the set of all the elements contained in groups B, 

(iv) B,=G. 


THEOREM 4.13. Each of the following three properties of a group G implies 
the others: 

(a) Condition (M) is satisfied by the group G. 

(b) If T is a proper subgrout of G, then T is a proper subgroup of its normal- 
izer in G. 

(c) Every subgroup of Gis a subnormal subgroup of G. 


Proof. Condition (b) is a trivial special case of condition (M), so that (a) 
implies (b). That (b) implies (c) is a consequence of the fact that every sub- 
group of G is a normal subgroup of its normalizer in G. Suppose finally that 
(c) is satisfied by the group G, that S and T are any two subgroups of G and 
that S is a proper subgroup of T. Since S is a subnormal subgroup of G, there 
exists an ascending chain of subgroups B,, starting with S and satisfying the 
above conditions (i) to (iv). Denote by 7, the crosscut of T and B,. Then we 
have S =T>, and there exists some ordinal p so that S=T,<T 41, since Sisa 
proper subgroup of G, since the B, sweep out the whole group G, and since 
S =T, whenever is a limit-ordinal and S=T, for every u <X, as follows from 
(iii). If w is any element in T,,:, then u7,u-!=T,, since u is both an element 
in T and in B,4:, so that uT,u-! is both a subgroup of T and, by (ii), of 
B,=uB,u-'. Thus S=T, is both a normal and a proper subgroup of T,,,,<T, 
so that S is a proper subgroup of its normalizer in T, that is, (a) is a conse- 
quence of (c). 

We are going to discuss properties f of group elements which are subject 
to the following condition. 
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(S) If all the elements of the subgroup U of the group G satisfy property f, 
if gis an element in G which satisfies property f, and if gU = Ug, then every ele- 
ment in the subgroup generated by U and g satisfies property f. 


The two examples of properties satisfying (S) which interest us are: 

(a) that of being an element of order a power of the prime number p; and 

(b) that of being an element of finite order. 

If f is a property of group elements so that (S) is satisfied by f, and if the 
group unit satisfies f, then there exists always a subgroup all of whose elements 
satisfy f though it is not a proper subgroup of a subgroup with this property. 
Such a greatest subgroup of the group G is termed an f-com ponent of G. 

If U is an f-component of G, and if V is a subgroup of G such that U isa 
normal subgroup of V, then it follows from (S) that U is exactly the set of all 
the elements in V which satisfy property f. 

The properties f we are going to discuss are subject to another condition. 


(J) If the element g in G satisfies property f, and if a is an automorphism 
of G, then g* satisfies property f too. 

If property f satisfies (J), then a characteristic subgroup of G is generated 
by the elements satisfying f. 


Lemma 4.14. If the property f of elements in the group G is satisfied by the 
group unit, if the property f is subject to the conditions (S) and (J), and if con- 
dition (M) is satisfied by the group G, then there exists one and only one f-compo- 
nent F of G; and F contains all those elements of G which satisfy property f, so 
that F is a characteristic subgroup of G. 


Proof. As has been remarked before, there exists always at least one f-com- 
ponent U of G. Denote by U’ the normalizer of U in G, and denote by U’’ 
the normalizer of U’ in G. Clearly U is a normal subgroup of U’, and U’ isa 
normal subgroup of U’’. Since U is a normal subgroup of U’, it follows from 
condition (S) that U contains all the elements in U’ which satisfy property /; 
and it follows from (J) that U is a characteristic subgroup of U’. Since U’ 
is a normal subgroup of U’’, this implies that U is a normal subgroup of U”’, 
so that U’’ is part of the normalizer of U. Hence U’= U'"’. Since however (M) 
is satisfied by the group G, no proper subgroup of G equals its normalizer 
in G, so that U’=G. Hence U is a normal subgroup of G; and U contains con- 
sequently all the elements of property f in G, since U is at the same time an 
f-component and a normal subgroup of G. 


Coro.iary 4.15. If property (M) is satisfied by the group G, then the set 
F(G) of the elements of finite order in G is a subgroup of G; and F(G) is the di- 
rect product of its primary components. 


1940] NILPOTENT GROUPS 425 


Remark. This is not a consequence of Corollary 3.10, since in Corollary 
3.10 the group G is supposed to be weakly soluble; and Lemma 4.9 assures 
only the metacyclicity of the group G. That F(G) is the direct product of its 
primary components could be derived from Corollary 4.10, since F(G) satis- 
fies (M). But Corollary 4.10 has been proved by reference to an analogous 
theorem on finite groups whereas the following proof contains a direct proof 
for the “finite case.” 

It may be pointed out furthermore that these considerations furnish a 
simple proof of a theorem proved by H. Wielandt, op. cit. (second paragraph 
of the second footnote on page 405), since groups satisfying condition (M) 
are metacyclic, and since metacyclic groups are finite if, and only if, they do 
not contain elements of infinite order and their length is finite. 

Proof. If f is the property of being an element of finite order, then it follows 
from Lemma 4.14 that there exists one and only one f-component of G; and 
that this f-component contains all the elements of finite order. Thus F(G) is 
the uniquely determined f-component of G, and as such F(G) is a subgroup of 
G. Similarly it follows from Lemma 4.14 that there exists for every prime 
number # one and only one p-component of G (and of F(G)) which contains 
all the elements of order a power of # in G; and this implies that F(G) is the 
direct product of its primary components. 

4.E. At the end of §2 we mentioned the ascending norm chain of a group 
G. A more systematic treatment of the condition that G = N,(G) for some suit- 
able ordinal v may be given here. 

One verifies readily that if a group is swept out by its ascending norm 
chain, then so are its subgroups and quotient groups. It is furthermore not 
difficult to verify that a group is swept out by its ascending norm chain when- 
ever the group is swept out by its ascending central chain. But it is still an 
open question whether or not V(G) #1 implies Z(G) #1. In this respect only 
the following facts are known. 

(a) Z(G) =N(G). 

(b) If Z(G) contains elements of infinite order, then Z(G) = N(G).* 

(c) If N(G) is hamiltonian, then Z(G) ¥1.t 

Since hamiltonian groups are groups with abelian central quotient group, 
and since the iterated norms are characteristic subgroups, the following is 
true: 


(4.16) Gis weakly soluble, if G=N,(G) for some ordinal p. 


It is a consequence of Lemma 2.6 that 


* Cf. op. cit. (see the first footnote on page 407) Theorem 3, p. 259. 
+ R. Baer, Compositio Mathematica, vol. 2 (1935), pp. 241-246. 
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(4.17) Condition (G) is satisfied by the group G whenever G=N,(G) for 
some ordinal p. 

As a consequence of these last two statements it may be inferred from 
Lemma 1.9 and Lemma 1.10 that the following assertion holds true. 


(4.18) If G=N,(G) for some ordinal p, and if N(G) is an abelian group of 
finite rank, then Z(G) #1. 

The following fact from the theory of groups with cyclic norm quotient 
groups will be needed.* 

(a) If B is an abelian and normal subgroup of the group G, if G/B is a 
cyclic group, if B= N(G), if Dis the crosscut of B and Z(G), and if B¥1, then 
D#1and B/D isa cyclic group. 


THEOREM 4.19. A group G which is generated by a finite number of elements 
satisfies G=Z,(G) for some ordinal ¢ if, and only if, G=N,(G) for some ordi- 
nal p. 

Remark. Whether or not the condition that G be generated by a finite 
number of elements is really needed for the truth of this statement is still 
an open question. The interest of the above theorem lies in its connection 
with facts like Corollaries 4.5 and 4.6. 

Proof. It is a consequence of facts already related in the course of this 
discussion, and of Lemma 1.11, that it suffices to prove the following fact. 


(4.19.1) If the group G is generated by a finite number of elements, and if 
N(G) is an abelian group of infinite rank, then Z(G) #1. 


To prove this statement, let ™, - - - , u, be some finite set of generators 
of G; and denote by U; the set of elements y in N(G) so that yu;=uyy. In 
applying (a) to the subgroup generated by N(G) and u,, it follows that 
N(G)/U; is a cyclic group. Denote now by V; the crosscut of the groups U; 
for 1<j <i. Then V;=U,, so that N(G)/V, is a cyclic group; and V;_;/V; is 
acyclic group, since V; is the crosscut of V;_; and U;. Thus it follows finally 
that N(G)/V;, is of finite rank. Hence V;+1, since N(G) is of infinite rank. 
But V;< Z(G), since G is generated by the elements u;; and this completes 
the proof. 

(4.20) If G=N,(G) for some ordinal p, then condition (M) is satisfied by 
the group G. 

Proof. If S is a proper subgroup of G, then there exists an ordinal o so 
that V.(G) <S, but so that N,4:(G) SS does not hold. If u is any element in 


* Cf. op. cit. (see the first footnote on page 407). 
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N.4:(G) which is not contained in S, and if s is any element in S, then there 
exists an integer 7 and an element ¢in V,(G) so that usu-! = u't, and this shows 
that uS=Su. Hence S is a proper subgroup of its normalizer in G; and our 
statement is a consequence of Theorem 4.13. 


(4.21) If G=N,(G) for some ordinal p, then the elements of finite order in G 
generate a subgroup without elements of infinite order which is the direct product 
of its primary components. 


This is an immediate consequence of (4.16), (4.17) and of Corollary 3.10. 

4.E. If a certain property is not satisfied by the group G, then it may still 
be possible that G possesses a uniquely determined greatest subgroup with 
this property. Questions of this type shall occupy us now. 


THEOREM 4.22. In every group G there exists one and only one subgroup 
P(G) with the following properties: 
(i) P(G) is a normal subgroup of G; 
(ii) P(G) is the direct product of its primary components; 
(iii) if the normal subgroup S of G is the direct product of its primary compo- 
nents, then S< P(G). 


Proof. It clearly suffices to prove the existence of some group P(G). 

Suppose first that the normal subgroup S of G is the direct product of its 
primary components S,. Then S, is exactly the set of all the elements of order 
a power of pin S. Since S is a normal subgroup of G, and since S, is a charac- 
teristic subgroup of S,S, is a normal subgroup ofG. If Vis a p-group contained 
in G, V the subgroup generated by U and S,, then S, is a normal subgroup of 
V, and V/S, is isomorphic to some subgroup of U. Hence V is a p-group too. 
This implies in particular that S, is a subgroup of every greatest p-subgroup 
of G; or if we denote by P(G; p) the crosscut of all the greatest p-subgroups 
of G, then S,< P(G; p). 

P(G; p) is by its very construction both a normal subgroup of G and a 
p-group. The subgroup P(G) of G which is generated by the subgroups 
P(G; p) is therefore a normal subgroup of G and—as is readily verified—the 
direct product of the P(G; p). Thus (i) and (ii) are satisfied by P(G). That 
(iii) is satisfied by P(G) has been shown in the first part of the proof. 

It is an immediate consequence of this theorem that a finite group pos- 
sesses a uniquely determined greatest normal and nilpotent subgroup. 

If F*(G) is the crosscut of all the greatest subgroups without elements of 
infinite order, then F*(G) is a characteristic subgroup of G which does not 
contain elements of infinite order. If S is a normal subgroup of G which does 
not contain elements of infinite order, then S<F*(G), since the subgroup 
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generated by a subgroup without elements of infinite order and by a normal 
subgroup without elements of infinite order is itself a subgroup without ele- 
ments of infinite order. 

There exist in every group G normal subgroups S which satisfy S =Z,(S) 
for some ordinal o—for example, S=1. Thus the subgroup R(G) of G which 
is generated by all the normal subgroups S of G which satisfy S=Z,(S) is a 
well-determined characteristic subgroup of G. Example 3.4 however shows 
that R(G) need not satisfy R(G) =Z,[R(G) |. 


(4.23) R(G) is weakly soluble. 


If T is a proper subgroup of R(G) and a normal subgroup of G, then there 
exists a normal subgroup S of G so that S<T does not hold and so that 
S=Z,(S) for some ordinal o. Hence there exists a greatest ordinal 7 so that 
Z(S)<T, and clearly Z,(S) <S. The subgroup U which is generated by T 
and Z,,:(S) is a normal subgroup of G, contains T as a proper subgroup, and 
U/T is abelian. Now it is clear how to finish the proof of (4.23). 

It is a consequence of (4.23)—at least if G or R(G) satisfies condition (G)— 
that the elements of finite order in R(G) generate a subgroup which is a di- 
rect product of p-groups (Corollary 3.10). 

There exist in every group G normal subgroups S which satisfy 

(i) S=Z,(S) for some ordinal o; 
(ii) Z,4:(S)/Z,(S) is an abelian group of finite rank. 


The subgroup R*(G) which is generated by all the normal subgroups S of G 
that satisfy (i) and (ii) is a well-determined characteristic subgroup of G; and 
clearly R*(G) = R(G). 


(4.24) R*(G) is soluble. 


This statement may be proved in essentially the same manner as (4.23). 
It is a consequence of (4.24) and Theorem 2.2 that 


R*(G) = Z.[R*(G)] 


for some ordinal a, if only G or R*(G) satisfies condition (G). 

5. In this section we are going to prove the equivalence of the following 
three properties, provided the groups under consideration are subject to suit- 
able restrictions. 


(N) The subgroup S of the subgroup T of the group G is a normal subgroup 
of T whenever there exists at most one subgroup B so that S<B<T. 

(N*) Every subgroup of G is a normal subgroup of G. 

(F) If S is some subgroup of G, and if T is a normal subgroup of S, then 
S/T is not isomorphic to any of the groups Gy... 
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Here / is a prime number, e a non-negative integer and G,,, the group 
generated by two elements u and 2, subject to the relations 

(a) « and c=uvu-'y— are both of order p; 

(b) uc=cu, v¢ =cv, v? 

Both the central and the commutator subgroup of this group G,,. are gen- 
erated by the element c of order p. If p=2, then all the groups G:,, are iso- 
morphic; if #2, then G,» and G,, are not isomorphic and all the other 
groups G,,, are isomorphic to one of these two groups. 

(5.1) Gp,- satisfies (G), but not (N). 

Proof. G,,. is a group of order p* and every subgroup of order p? contains 
the element c. Thus (G) is satisfied by G,... 

Denote now by S the subgroup generated by the element wu. S is of order p. 
There exists one and only one subgroup of order p? which contains u, namely 
the subgroup generated by wu and c. Thus there exists one and only one sub- 
group, different from U and G, between U and G. On the other hand U is 
not a normal subgroup of G, so that (N) is not satisfied by G,... 


Lema 5.2. If G is a group with abelian central quotient group, then each 
of the three properties (N), (N*) and (F) implies the others. 


Proof. It is obvious that (N) is a consequence of (N*); and it follows from 
(5.1) that (F) is implied by (N). Assume now that the group G with abelian 
central quotient group does not satisfy (N*). Then there exists a pair of ele- 
ments uw, v so that wvu-' is not a power of v. Denote by W the subgroup gen- 
erated by u and v. The central Z(W) of W contains c=uvu-'v-', and c too is 
not a power of v. There exists furthermore some prime number # so that c is 
not a power of c?. (If c is of infinite order, any p will do; if c is of finite order, 
any prime divisor p of the order of c may be chosen, since c#1.) Since c is 
an element in the central of W, the subgroup D generated by c” is a normal 
subgroup of W. Put W’=W/D and x’ =Dx for x in W. Then c’ is an element 
of the exact order p which is contained in Z(W’), and c’ is not a power of ’. 
It follows now from the well known properties of groups with abelian central 
quotient group that W’/Z(W’) is a direct product of two cyclic groups of 
order p, that both uw’? and v’” are in Z(W’), and that Z(W’) is generated by c’, 
u’? and v’”. Since c’ is an element of order p which is not a power of v’, Z(W’) 
is the direct product of two groups R’ and S’ so that R’ is cyclic and contains 
c’ and so that S’ contains v’?. If S is the subgroup of W which contains D 
and satisfies S’=S/D, then W’/S’ and W/S are essentially the same groups. 
On the other hand W/S is generated by the elements Su and Sv which are 
just subject to the defining relations of groups G,,.. Hence G does not satisfy 
(F), so that (F) implies (N*), and this completes the proof. 
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Corotiary 5.3. If the group G satisfies G=Z,(G) for some integer h, then 
each of the three properties (N), (N*) and (F) implies the others.t 


Proof. Again it suffices to show that (N*) is a consequence of (F). This 
is a direct consequence of Lemma 5.2 if G=Z.(G). Hence assume that 2 <h, 
that Z,_:(G) <G, and that (F) be satisfied by G. We put G’=G/Z,_3(G). Then 
1<Z(G’) <Z.(G’) <Z;(G’)=G’ and (F) is satisfied by G’ as well as by 
G’’=G'/Z(G’). The latter group is a group with abelian central quotient 
group, and it follows from Lemma 5.2 that (N*) is satisfied by G’’. If uw’ and 
v’ are any two elements in G’, then it follows that c’ =u’v'u’—'v’-! is modulo 
Z(G’) both a power of wu’ and of v’, so that there exist integers 7, 7 and ele- 
ments 2, win Z(G’) satisfying u’‘s =c’ =v’‘w. Since u’ permutes with z, and v’ 
with w, it follows that c’ permutes with both u’ and v’. The group W gener- 
ated by w’ and 0’ is therefore a group with abelian central quotient group, 
satisfying (F); and it follows from Lemma 5.2 that W satisfies (N*), so that c’ 
is actually a power of both u’ and v’. Consequently G’ satisfies (N*), and this 
implies G’ = Z.(G’), a contradiction. This completes the proof. 


5.4. If C'(G) #1 implies C*+1(G) <C*(G), then each of the three 
properties (N), (N*) and (F) implies the others. 

Remark. Condition (N*) implies C2(G) =1. 

Proof. It suffices again to prove that (N*) is a consequence of (F). Thus 
assume that (F) is satisfied by G. Put G’=G/C*(G). Then G’ satisfies (F) and 
G’'=Z;(G’); and it follows from Corollary 5.3 that G’ satisfies (N*). Hence 
C?(G’) =1 and therefore C?(G) =C*(G), and this implies from our general hy- 
pothesis concerning G that C?(G) =C*(G) =1, so that G=G’ satisfies (N*). 

6. In the discussion of the preceding section condition (G) was always a 
consequence of the other hypothesis involved. This will be different in the 
present section. Whenever we assume that a group satisfies both the condi- 
tions (G) and (F), we shall express this shortly by saying that the group satis- 
fies condition (F-G). 

Lemna 6.1. [f there exists a normal, abelian subgroup H of G so that G/H is 
abelian, then each of the three properties (N), (N*) and (F-G) implies the others. 

Proof. We note first that (N*) implies (N), that (N) implies (G) and, by 
(5.1), (F),so that (F-G) is a consequence of (N). Hence it suffices to prove that 
(N*) is a consequence of (F-G). 

Let g be some ciement in G, but not in H; and let # be some element in H. 
Denote by Q the group generated by g and h. Since C(Q) S$ C(G) SH, it follows 
that C(Q) is abelian, and that hc =ch for every c in C(Q). Since (G) is satisfied 


+ This is a special case of Theorem 6.5 below. 
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by G and by Q, it follows therefore from Lemma 1.7 that C*(Q)=1 or 
C*+1(Q) <C*(Q). Hence it follows from Corollary 5.4 that (N*) is satisfied by 
Q. This implies in particular that either gh = hg—in case Q is abelian—or that 
ghg-th-* is an element of order 2—in case Q is hamiltonian. If in particular h 
were an element of order 2, then Q would be abelian: gh=hg; for if Q were 
hamiltonian, Z(Q) would contain the elements of order 2 anyway, so that 
gh=hg and Q would be abelian. 

Since C(G) <H, and since H is abelian, it follows from the previous argu- 
ment that C?(G) contains only elements of order 1 and 2, and that therefore 
C%(G) =1. Hence it follows from Corollary 5.4 that (N*) is satisfied by the 
group G. 


6.2. If Ci(G) #1 implies <Ci(G), then each of the three 
properties (N), (N*), (F-G) implies the others. 


Note that condition (N*) implies C2(G) =1. 

Proof. It suffices again to prove that (N*) is a consequence of (F-G). Then 
G/C;(G), G/C2(G) and C(G)/C;(G) satisfy condition (F-G) too. Since the com- 
mutator subgroups of both the groups G/C2(G) and C(G)/C;(G) are abelian, it 
follows from Lemma 6.1 that these two quotient groups satisfy (N*). If 
G/C.(G) is abelian, then C(G) =C.(G) and therefore C(G) =C2(G) =1, so that 
G=G/C,(G) is abelian. If G/C2(G) is hamiltonian, then its commutator sub- 
group C(G)/C:(G) is of order 2. Since C2(G)/C3(G) is the commutator sub- 
group of C(G)/C;(G), and since the commutator subgroup of a hamiltonian 
group is not of index 2 in the hamiltonian group, it follows now that 
C(G)/C;(G) is abelian, so that C2(G) =C3(G) and therefore C2(G) =C;(G) =1, 
so that G=G/C,(G) is hamiltonian, and this completes the proof. 


THEOREM 6.3. If G is a group without elements of infinite order, then each of 
the three properties (N), (N*) and (F-G) implies the others. 


Proof. Again it suffices to derive (N*) from (F-G). We prove first the fol- 
lowing somewhat more general statement. 


(6.3.1) If the group H is generated by a finite number of elements of finite 
order, and if H satisfies (F-G) (or (N)), then H is a finite group all of whose 
subgroups are normal. 


It is a consequence of our hypothesis that H/C(#) is a finite group, and 
it follows from (1.3) that C(H) is generated by a finite number of elements. 
If H is not abelian, then C(H) #1 and it follows from (G) and (1.2) that 
C.(H) <C(H) <H. But H/C,(H) is not abelian, and it follows from Lemma 
6.1 and (F-G) that H/C2(H) is hamiltonian. This implies that H/C2(H) is a 
finite group, since H is generated by a finite number of elements of finite order. 
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Hence it follows from (1.3) that C2(H) is generated by a finite number of ele- 
ments; and if C.(H) #1, then it follows from (G) that C;(H) <C2(H). How- 
ever it has been proved in Corollary 6.2 that (F-G) and C;(H) <C2(H) are 
incompatible, so that C.(H)=1, and H=H/C,(H) is a finite hamiltonian 
group. This completes the proof of (6.3.1). 

If « and v are now any two elements of a group G without elements of 
infinite order which satisfies (F-G), then the elements u and v generate by 
(6.3.1) a finite subgroup which satisfies (N*). Hence uvu-! is a power of v, so 
that G itself satisfies (N*). 


Coroiuary 6.4. If the group G satisfies (F-G) (or (N)), then the set of ele- 
ments of finite order in G is a subgroup of G which satisfies (N*). 


This is a consequence of (6.3.1) and Theorem 6.3. 


THEOREM 6.5. If there exists an ordinal ¢ so that G=Z,(G), then each of the 
properties (N*), (N) and (F) implies the others. 


Note that property (N*) implies G=Z.(G). Whether or not there exist 
groups G which satisfy (N) (or (F-G)), though not all their subgroups are 
normal subgroups, is still an open question. 

Proof. It suffices to prove that (N*) is a consequence of (F) and G=Z,(G). 
It is a consequence of Theorem 2.2 that G=Z,(G) implies property (G). In 
order to prove (N*) it suffices to prove that every Z,(G) satisfies (N*). This 


will be done by complete (transfinite) induction. 

Z(G) =1 satisfies (V*). Hence we may assume that every Z,(G) for u<v 
satisfies (N*). 

CasE 1. v=p+1. 

Then Z,(G) satisfies (N*) so that the group Z,(G) =G’ satisfies C;(G’) =1, 
since C2[Z,(G) | =1, and since C(G’) < Z,(G). Hence it follows from Corollary 
6.2 that G’ satisfies (N*). 

CASE 2. v is a limit-ordinal. 

If « and » are two elements in Z,(G), then they are already contained in 
some Z,(G) for u<v. Since (N*) is satisfied by Z,(G), this implies that uvu-! 
is a power of v; and consequently Z,(G) satisfies (N*). This completes the 
proof. Actually we have proved 


Coroiiary 6.6. If the group G satisfies (N) (or (F)), then every subgroup 
ZAG) satisfies (N*). 


Appendix. In §§2-4 several conditions have been mentioned which were 
all of them characteristic properties of nilpotent groups, provided the group 
in question is a finite group. If it is not assumed that the groups are finite, 
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then those properties are no longer equivalent. It will therefore be conven- 
ient to have a list of these properties together with a chart indicating their 
interrelations. 


(A) If S and T are subgroups of the group G, and if S is a proper subgroup 
of T, then there exists a normal subgroup N of T so that SSN <T. 

(A’) If Sis a proper subgroup of the group G, then there exists a normal sub- 
group N of G so that SSN <G. 

(G) If S and T are subgroups of the group G, and if S is a greatest subgroup 
of T, then S is a normal subgroup of T. 

(G*) If the subgroup S of the group G is generated by a finite number of ele- 
ments, and if T is a greatest subgroup of S, then T is a normal subgroup of S. 

(G**) If the subgroup S of the group is generated by a finite number of ele- 
ments, and if the subset U of S generates S modulo C(S), then S is generated by 
the set U. 

(G’) Every greatest subgroup of the group G is a normal subgroup of G. 

(K) G=N,(G) for some ordinal p. 

(K’) If the subgroup S of the group G is generated by a finite number of ele- 
ments, then S = N,(S) for some ordinal c. 

(L) C*(G) =1 for some ordinal r. 

(M) If S and T are subgroups of the group G, and if S is a proper subgroup 
of T, then Sis a proper subgroup of the normalizer of Sin T. 

(M*) If Sis a proper subgroup of the group G, then S is a proper subgroup 
of the normalizer of SinG. 

(M**) Every subgroup of G is a subnormal subgroup of the group G. 

(P) The group G is a direct product of p-groups. 

(P’) The elements of finite order in the group G generate a subgroup F(G) 
of G which does not contain elements of infinite order and which is a direct prod- 
uct of p-groups. 

(R) If u and v are elements of finite order in the group G, and if the orders 
of u and v are relatively prime, then uv=vu. 

(Z) G=Z,(G) for some ordinal ¢. 

(Z') If the subgroup S of the group G is generated by a finite number of ele- 
ments, then S=Z,(S) for some ordinal a. 


That a finite group, satisfying (L), is a nilpotent group seems to be some- 
what accidental if one considers Example 2.5 and the footnote on page 406; 
and for this reason (L) has not been discussed in this investigation. 

In the following chart of inferences we denote by C,(G) the crosscut of 
the subgroups C;(G) for integral 7; and whenever a group is supposed to con- 
sist of elements of finite order only, we indicate this by (O). 
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Note finally that “arrow crossed out” is used to mean “not implying.” 


|G, C, (G)=1) G,metacyclic of length | 


[ G, weakly soluble 


|O, metacyclic, R | | O,C, (G)=1,G 
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NETS AND GROUPS. II* 


BY 
REINHOLD BAER 


In this note we continue the investigation of symmetry-properties of nets, 
in §8 of a previous paper.t We make free use of the results and definitions of 
the first five sections of this paper to which reference will be made by prefix- 
ing I. 

11. In this section we analyze the following property of division-systems 
with unit. 

(S) x(yz) =1 af, and only if, (xy)z=1. 

This property may clearly be divided into the following two properties. 

(S’) If x(yz) =1, then (xy)z=1. 

(S’’) If (xy)z=1, then x(yz) =1. 

However the following proposition holds true. 


THEOREM 11.1. If D is a division-system with unit, then each of the proper- 
ties (S), (S’), (S’’) implies the others. 


Proof. Clearly it suffices to show that (S’’) is a consequence of (S’). Thus 


let us assume that (S’) holds true, and that (wv)w=1. Since D is a division- 
system with unit, there exists one and only one element r so that r[u(ow) |] =1. 
Applying (S’) twice we find that 


1 = r[u(ow)] = (ru)(vw) = [(ru)v]w. 


Since there exists one and only one solution of the equation xw = 1 in D, it fol- 
lows that uv =(ru)v, and that therefore u=ru, r=1, that is, u(vw) =1. 


THEOREM 11.2. Suppose that D is a division-system with unit, and that 
(S<G; r(X)) is a canonical representation of D. Then (S) is satisfied by D if, 
and only if, r(Z)-7(Y)-!r(VZ) is an element in S for any two elements Y and 
Z of D. 

Remark. r(YZ)r(Z)-'7(Y)-! is always contained in S. Thus our condition 
amounts to saying that D is not changed, if we consider left-cosets instead of 
right-cosets. 

Proof. Suppose that X, Y, Z are three elements in D. Then (XY)Z is 


* Presented to the Society, April 13, 1940; received by the editors November 30, 1939. 
t These Transactions, vol. 46 (1939), pp. 110-141. 
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represented by r(X)r(Y)r(Z); and X(YZ) is represented by r(X)r(VZ) 
=r(X)r(V)r(Z)r(Z)— (V2). 

Suppose first that (S) is satisfied by D, and that Y, Z are any two elements 
in D. Since D is a division-system with unit, there exists one and only 
one element X in D so that X(YZ)=1; and this implies by (S) that both 
r(X)r(Y)r(Z) and r(X)r(VZ) are elements in S. As S is a subgroup of G, 
it follows that r(Z)—'r(Y)-'7(YZ) is an element in S and this shows the neces- 
sity of our condition. 

Suppose conversely that the condition of the theorem is satisfied. If 
(XY)Z =1, then r(X)r(Y)r(Z) is an element in S; and it follows from our 
condition that r(X)r(YZ) is an element in S, that is, that X(YZ) =1. Thus 
(S’’) is satisfied by D; and it follows from Theorem 11.1 that (S) is satisfied 
by D. This completes the proof. 

Remark. That condition (S) is satisfied by the so-called quasigroups has 
been proved by Bol.* That the converse does not hold true may be seen from 
the following example? of a division-system with unit which satisfies condition 
(S), but which does not satisfy the rule: 


(+) if x-! signifies the solution of xy=1, then (uv)-!=0-u-}. 
§ 


That this last rule is satisfied by all the quasi-groups has been shown by 


Bol.{ 
Denote by H the abelian group of order 4 which is not cyclic; and denote 


by Z a (cyclic) group of order 2. Then H contains apart from 1 three elements 
u,v, w of order 2; and Z contains 1 and z. We put 1 =f(1, x) =f(«, 1) for every 
«in H;1=f(u, u) =f(v, v) =f(u, =f(v, u) and z=f(w, w) =f(u, w) =f(w, 
=f(v, w) =f(w, 2). 

The system D consists of all the (ordered) pairs (h, k) for h in H and k 
in Z; and multiplication in D is defined by the rule 


(x, x’)(y, y’) = (xy, x’y’f(x, y)). 


It is easily verified that D is a division-system with unit (1, 1), and that D 
is commutative. We have 


(1,1) = (u, 1)? = (v, 1)? = (w, 1)(w, 2), 


though (u, 1)(v, 1) =(uv, 1) =(w, 1) #(w, 1), that is, the rule (+) is not 
satisfied in D. 
In order to prove that (S) is satisfied in D, it suffices to consider prod- 


* G. Bol, Mathematische Annalen, vol. 114 (1937), pp. 414-431; cf. p. 425. 
+ This example belongs to a class of systems discovered by Zassenhaus; cf. Bol, op. cit., p. 530. 
t Cf. Bol, op. cit., p. 425. 
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ucts of the form (r, r’)[(s, s’)(t, t’)] for rst=1. This product is equal to 
(1, r’s’t’f(s, t)f(r, r)) and we find furthermore that [(r, r’)(s, s’)](¢, ¢’) 
=(1, r’s’t’f(r, s)f(t, But one verifies that f(r, r)f(s, =f(t, f(r, s) when- 
ever rst =1, since all these products are equal to z, whenever none of the ele- 
ments 1, s, ¢ is equal to 1. Thus (S) is clearly satisfied by D. 

If D is a division-system with unit, and if x is an element in D, then we 
denote by x~! the right inverse of x, that is, x! is uniquely determined as a 
solution of the equation = 1. 


THEOREM 11.3. Jf D is a division-system with unit, and if D satisfies condi- 
tion (S), then each of the following properties implies all the others. 
(i) (xy)(y—a-) =1 for every pair x, y in D. 
(ii) y(y~1x) =x for every pair x, y in D. 
(iii) (wy)y-! =x for every pair x, y in D. 


REMARK. The example, discussed just now, shows that these conditions 
are not consequences of (S). 
Proof. Suppose first that (i) is satisfied by D. Then it follows from (S) that 


1 = (xy)(y ta?) = = [(xy) 


and this implies, since D is a division-system, that x-!=y(y—'x-") and 
x =(xy)y—! so that (ii) and (iii) are both consequences of (i). 
If (ii) holds true, then y(y—1«—") =—! and consequently 


1 = = = 
by (S) so that (i) is a consequence of (ii); and if (iii) is true, then 


by (S) so that (i) is a consequence of (iii). 

The following remark may be of some interest. Condition (iii) is obviously 
a special case of the following condition: 

(iv) wx =[w(xy) ]y-! for any three elements w, x, y, in D. 


Substituting w=1, x=y~! we find that is, y-'y=1; and 
w=1 alone gives (iii). Thus we find 


(wx)y = {[w(xy)]y} = { [w(xy) (94) = w(xy), 


so that (iv) implies the associative law; that is, a division-system with unit, 
satisfying (iv), is a group. 

12. In this section we shall need the following special case of the property 
R-S. 


i 
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Property R-S-e. If bi, be are points on T(e), c1, d; on R(e) and az, dz on S(e), 
and if R(a;)=R(b,), K(cs) =R(di), S(ai) =S(di), S(bi) = S(c:), T(a) =T (a2), 
T (c:) =T (c2), then d; and dz are points on the same T-line. 

This property is illustrated by Fig. 6, I, p. 134. 

THEOREM 12.1. Each of the following properties of a point e in a net N im- 
plies the other properties. 

(a) The system M(R/S; e) satisfies condition (S) of §11. 

(b) The net has Property R-S-e. 

(c) An anti-isomor phism of M(R/S; e) upon M(S/R; e) is defined in map- 
ping G(R/S; e)r(R/S; T(e) —X) upon G(S/R; e)r(S/R; T(e) —X). 

Remark. The author is indebted to Dr. Max Zorn for pointing out that 
the above property (c) is satisfied whenever the system M(R/S; e) is a quasi- 
group—as has been remarked in $11, condition (S) is satisfied by every quasi- 
group, though the converse does not hold true. The statement of I, Theorem 
8.1, that (2) is equivalent to each of the other conditions is thus erroneous. 
Regarding its proof the following may be said. The paragraphs preceding I, 
Fig. 7, p. 135, contain a nearly complete proof of Theorem 12.1, the para- 
graph containing this figure does not prove anything; and the remaining 
paragraphs contain a proof of the facts that (3) implies (4), (4) implies (5) 
and that (5) implies (1). As has been remarked before, it may be verified by a 
simple computation that (1) implies (3). 

The following proof of Theorem 12.1 is slightly different from the one sug- 
gested by the discussion in I. 

Proof. If Z is any T-line whatsoever, then we shall write for brevity r(Z) 
instead of r(R/S; T(e)—Z)—if X and Y are any two T-lines, then there 
exists one and only one 7-line W so that e™ =e" and there exists one 
and only one T7-line V so that e=e"¥)'*)'*), as follows from I, Theorem 
4.4. Using the notations of I, Fig. 6, we have W =T(d,) and V =T(d2). Thus 
the net has Property R-S-e if, and only if, W=V, that is, if, and only if, 
that is, if, and only if, is an element in 
G(R/S; e) for any two T-lines X and Y, that is, by Theorem 11.2, if, and only 
if, M(R/S; e) satisfies condition (S) of §11; and thus we have proved the 
equivalence of the properties (a) and (b). 

Using again the notations of I, Fig. 6, and applying I, Theorem 4.3, it 
follows that r(R/S; T(e) —X)r(R/S; T(e)—Y) maps e upon the same point 
as r(R/S; T(e)—T(d:)) and that r(S/R; T(e)—Y)r(S/R; T(e)—X) maps e 
upon the same point as r(S/R; T(e) —T(d2)). Thus condition (c) is satisfied 
if, and only if, T(d:) =T(d2), that is, if, and only if, the net has Property 
R-S-e; and thus we have proved that (b) and (c) are equivalent properties. 


\ 
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If D is a division-system with unit, then a net K(D) may be derived from 
D in the following fashion. The points of this net K(D) are all the triples 
(r, s, t) of elements 7, s, tin D which satisfy r(ts) =1. All the points with the 
same first coordinate r lie on the same R-line which shall be denoted by r; 
and the S- and T-lines are defined accordingly. That K(D) is really a net un- 
der these definitions is readily derived from the fact that D is a division-sys- 
tem with unit. 


THEOREM 12.2.* Suppose that D is a division-system with unit, that N is the 
net K(D), just defined, and that e=(1, 1, 1). Then an isomorphism of D upon 
M(R/S;e) is defined in mapping the element x in D upon the element 
G(R/S; e)r(R/S; T(e) —x) in M(R/S; e) if, and only if, condition (S) of $11 
is satisfied by D. 

Proof. It is a consequence of I, Theorem 4.3, that r(R/S; T(e) —x) maps 
the point p=(r, s, 4) upon the point R(p)S{xR[T(e)S(p) |}. As T(e) =1, 
S(p) =s, we have T(e)S(p) =(s’, s, 1) where s’ is the uniquely determined 
left inverse of s, that is, s’s=1. Hence s’=R[T(e)S(p)] and xR[T(e)S(p) | 
=(s’, y, x) where y is uniquely determined as the solution of s’(xy) = 1—the 
y is the uniquely determined solution of xy =s. Thus S{«R[T(e)S(p) } =y and 
the image of p under r(R/S; T(e) —x) is exactly (r, y, v) where v is the uniquely 
determined solution of r(vy) =1 or vyy=r—! where r—' is the right inverse to r. 

Thus in particular e=(1, 1, 1) is mapped by r(R/S; T(e) —x) upon the 
point (1, x). 

If w is some other element in D, then it follows furthermore that (1, x~, x) 
is mapped by r(R/S; T(e)—u) upon the point (1, w, w’) where w’ is the left 
inverse of w and where w is uniquely determined as the solution of the equa- 
tion uw=x-', The product r(R/S; T(e)—x)r(R/S; T(e)—u) consequently 
maps the point e=(1, 1, 1) upon the point (1, w, w’) where w is determined 
as the solution of «(uw) =1 and w’ as the solution of w’w =1. 

Note now that r(R/S; T(e) —xu) maps the point e = (1, 1, 1) upon the point 
(1, (xu)-!, xu) so that r(R/S; T(e) —xu) and r(R/S; T(e) —x)r(R/S; T(e) —u) 
have the same effect upon the point ¢ if, and only if, w’ =xu. An isomorphism 
of D upon M(R/S; e) is consequently defined in mapping the element x in 
D upon the element G(R/S; e)r(R/S; T(e) —x) if, and only if, «(uw) =1 im- 
plies (xu)w=1, that is, if, and only if, D satisfies condition (S’) of §11; and 
now our theorem is a consequence of Theorem 11.1. 


* This theorem shows that just the nets whose coordinates are taken from a division-system 
with unit, satisfying (S), admit properly of a Kneserian representation; cf. Bol, op. cit., p. 424. 
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REGULAR NORMAL EXTENSIONS OVER 
COMPLETE FIELDS* 


BY 
O. F. G. SCHILLING 


The local class field theory completely settles all problems pertaining to 
the abelian extensions of a compiete field. All abelian extensions can be de- 
scribed in terms of norm class groups and it can readily be decided which 
abelian groups can be realized as Galois groups. In this paper we want to 
attack a more general problem. We consider non-abelian normal extensions 
of the ground field whose degrees are powers of a prime which is distinct from 
the characteristic of the residue class field. We construct an infinite normal 
extension which acts as an universal field. The algebraic approximation of 
this field yields complete information on the algebraic structure of the field 
and its Galois group over the ground field. It is shown that the Galois group 
contains an everywhere dense subgroup which completely suffices to describe 
the Galois theory. The structure of this group is readily determined. To a 
certain extent it is a generalization of the fuchsian groups of the classical 
theory of algebraic functions. The analogy is rather striking. We thus can 
associate to the given rational prime and the ground field an abstract infinite 
discrete group which can be considered as a universal covering group with re- 
spect to the given prime. All finite groups which can be realized as Galois 
groups are homomorphic maps of this infinite group. Finally, we associate 
to certain non-abelian extensions factor groups which are defined in terms 
of division algebras over the ground field. These factor groups are isomorphic 
with the respective Galois groups of the fields under consideration. We thus 
obtain another generalization of local class field theory. In our proofs we 
make ample use of the ramification theory and local class field theory. 

Let & be a field which is complete with respect to a discrete valuation of 
rank one. Suppose that o is the ring of all integers in k and that {[=(A) is the 
prime ideal of o. We shall assume that the residue field o/{ of & is a finite 
Galois field containing /*=q elements. Let p#2 be a prime such that g—1=0 
(mod p). Then & contains the pth roots of unity.f In the sequel we shall sup- 

* Presented to the Society, October 28, 1939; received by the editors January 31, 1940. This 
paper was received by the editors of the Annals of Mathematics August 15, 1939, accepted by them, 
and later transferred to these Transactions. 

t Since & is supposed to be complete, Hensel’s irreducibility criterion implies the existence of 


the (¢—1)st roots of unity in &. Cf. [4]. The number [4] refers to the reference in the bibliography 
at the end of this paper. 
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pose once and for all that & and are fixed. The structure theory of complete 
fields yields that & is either a field of {-adic numbers over the rational /-adic 
field or a field of formal power series in one variable over the Galois field of ¢ 
elements (cf. [7, 11, 12.2]). 


Lemna 1. The maximal abelian extension A of exponent p over k has a Galois 
group of type (p, p). The field A contains the unramified extension U of degree p 
over k. 


Proof.} The field A is the join of all radical extensions k(a"/”), a~0 in k, 
for 4 contains the pth roots of unity. Hence, by the general theory of radical 
extensions, we must investigate the structure of the factor group k*/k*?, 
where &* denotes the multiplicative group of the field k. Let {¢} be the group 
of all units in k which are congruent to 1 (mod 1). We first assert that 
{e} = {e}, that is, every unit ¢ is the pth power of a suitable unit 7 « {e}. 
We shall construct a solution 7 of «7—e=0 by successive approximation. 
Since «=1 (mod 1), we can put 7:=1. Suppose that we already constructed a 
unit 7; such that e=7n? (mod ['+!). We set ni41 where x; is to be 
determined in a fixed set of representatives for 0/1. We require 


= nus (mod I). 


Consequently, we have (mod ['+?), or e=n? + 
(mod I*+?); thus 


i+2 


); 
for (p, 1) =1 by assumption. Hence 


that is, x:,: is uniquely determined by e. Thus &*” contains the group ‘e}. 
Since k is a complete field, every element a ¢ & has a unique representation as 
we where w denotes a fixed primitive (g—1)st root of unity and ) a ‘ined 
prime element of k. Hence k* (mod k*?) has w and ) as independent generating 
representatives. Since g—1=0 (mod 9), the group k*/k*” has type (p, p). 
Consequently, the field A is given as k(A!/?, w/”). Obviously, the cyclic un- 
ramified field U of degree p over k is contained in A. This completes the proof 
of the lemma. 

Suppose that p* is the highest power of p which divides g—1. Then the 
maximal abelian extension of exponent p* has degree p*“ and its Galois group 
has type (p*, p*). Now let i>. We want to find the order of the factor group 


+ We repeat here Hensel’s arguments for sake of completeness. Cf. [5.1]. 
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k*/k*»*, Obviously the prime element A is a representative of order p‘. Con- 
sider now the factor group {w}/{w?'}. We find for its order 


for} ] = [fo}: for} 

Hence by the index principle of group theory (considering w—w” as a homo- 
morphism), [{w}:{w2"}]=[{w}:{w}]=p# for p+||g—1. Thus, we have 

Lema 2. The index [k*:k* if and p* if icy. 

Suppose now that K is an arbitrary normal extension of k whose degree 
is a power of p. Let G= |x, y, - - - } be the Galois group of K/k. The elements 
xyx~ly?-! generate an invarant subgroup G* of G whose factor group G/G* 
has type (p, p,---, p) (cf. [12.1]). Let K* be the field which corresponds 
to G*. 

THEOREM 1. The Galois group of any normal extension K of degree p” over k 
can always be generated by two elements. 


Proof. Let G* be the group {xyx-!y?-!}. Then the minimal number of 
generators of G is equal to the number of invariants of G/G*. This number of 
invariants is not greater than 2 for [K*: k] =[G:G*]<[A: k]=p? by Lemma 
1. 

A normal field K over k of degree p” shall be called a regular extension of k. 


We now want to construct a universal field N‘ over k which contains 
all regular extensions K. Let A = A, be the maximal abelian extension of ex- 
ponent p over k. Since k ¢ A,, that is, the pth roots of unity lie in A1, we can 
repeat this construction. Let kc --- CA;1CA;c--- be the 
infinite tower of relative maximal abelian extensions of exponent ; that is, 
[A;:Ai1|=p?, the Galois groups G(A;, Ai-1) having type (p, p). A theorem 
of local class field theory yields that A; is normal over k, the degree being p”'. 
Namely, the class group A;?, which belongs to A;/A;-1 is left invariant 
by all elements of G(A ;-1, k) (cf. [3]). Consequently, the join A, is an 
infinite normal extension of k. 


THEOREM 2. The field N‘”/k is universal, that is, it contains all regular 
fields K/k. 


Proof. The Galois group G of K/k contains a series of normal subgroups G; 
such that G;/G;,, are cyclic groups of order p. Let 


cK 


be the associated chain of subfields (cf. [12.1]). In order to prove our asser- 
tion we compare this chain with the defining chaink¢ A,c A,¢ --- of N®, 
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We have K, c A, for K, is a cyclic extension of degree p over k. Consider now 
the cyclic extension of K,. Then either Ke2=A, or In the second 
case the join K2A; is a cyclic extension of degree p over A, as a consequence of 
the Galois theory. Consequently K2A, ¢ Az by construction of Az. We can con- 
tinue this process. Thus, ultimately K¢A,;, ¢A;1 where the index 7 is 
uniquely determined by the given field K. 

An immediate consequence of Theorem 2 is the fact that the Galois group 
G of a regular field K is a homomorphic map G‘”/S(K) of the Galois group 
G‘») belonging to the universal field N‘”)/k. We therefore must investigate 
the structure of G‘” if we want to get information on the various groups G. 

Let G; be the Galois group of an arbitrary but fixed extension A ; over k. 
Then Theorem 1 implies that G; can be generated by 2 elements a;, 7;. We 
shall select o;, 7; such that o; generates the inertial group of A; with respect 
to k. The group {o;} is an invariant subgroup of G; and its order is equal to p’, 
for A; contains the unramified field U_- (of degree p‘ over k) as maximal un- 
ramified subfield (inertial field) (cf. [4]). Thus 


Gi/{oi} = k). 


The group G(U,;x, k) has order p‘ and is generated by an element 7;*. Thus, 
if 7; denotes a representative of 7;* in G;, we get 
oi, rit = Gi, = = 1, 

where g; is a prime residue modulo fp‘. The group G;_1 is a homomorphic map 
of G;. Let S; denote the invariant subgroup of G; which belongs to A;_,. Then 
G;/S;:G;1. It is immediately seen, as a consequence of our selection of the 
generators o;, 7;, that S;= {o?**, 7} . Hence we can select the generators 
oi-1, Ti-1 as the maps of o;, 7; on Gis. Whence =0%_, and 
consequently g:=gi-1 (mod p**). 

Next we want to normalize the exponents g; to an integer g such that 
77 for all z. We shall prove this statement by constructing two ele- 
ments g, 7 in the infinite Galois group of N‘”/k whose homomorphic images 
in G; have the required properties. 

Suppose that p is an odd rational prime. Denote by V the valuation which | 
is given by p. 


Lemma 3. Let a be a p-adic integer such that p*||a—1, u=1; then there exists 
a p-adic integer h such that a*=1+p*. In other words, the p-adic units which 
are congruent to 1 (mod p*) form an ideal cyclic group which is generated by any 


a=1 (p*),aAl (p**"). 


Proof. The exponent / for which a*=1+ * will be constructed by suc- 
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cessive p-adic approximation. Let a=1+5p* where b is a p-adic integer of 
value 0. Suppose that we already found integers Mf, - - - , 4; for which 
(1) h, = h,-1 (mod p’'), 
and 
(2) a’ = 1 + p* (mod p#*’), v 
The first number /, is easily determined. Namely, we require 

a™ = (1 + bp*)" = 1 + Aybp* + pc, V(c) 20. 
Since b40 (mod p), we can determine h, by the congruence /4,b=1 (mod fp). 
Consequently, 

= 1+ p* (mod p*+!), 

In the general case we propose to find an integer h;,; as h;+r;p/ where r; has 
to be determined. Such a number /;,; surely satisfies condition (1). In order 


to show that condition (2) can be realized we proceed as follows. We must 
have 


qhitt = qhigriri = (1 + p* + a bp*)rip 
where s is a p-adic integer by induction. Next 


rjpi 


= (1+ = 1 + Crips, 


a=2 


We now show that the value of the sum on the right hand exceeds n+7. The 
binomial coefficients C,,»/,,=B; have the form p/r;(x!)-'d where V(d) 20. 
Hence 

V(B;) 27 — Vie!) 7 — — 
for V(x!) =(x—s,)(p—1)-! where s, 0 (cf. [5.2]). Thus 

V(B,(bp*)*) wx +7 — — + — 1) — 
1) 
provided that p=3, x23. If x=2, then 
B = 1 jp? — = ptid, 

where d is a p-adic integer. Consequently, 

V(B,(bp*)?) = 2ut+j+i. 


Hence, in general, =1 where V(#)20. Returning to 
we get 
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qhitt (1 + p* + +. br + petit) 
= i1 + + (s + br ;) peti (mod peri), 
Since 640 (mod p), we can determine 7; as a solution of s+6r;=0 (mod ). 


Hence the induction is completed. The numbers /; form a convergent p-adic 
sequence. Let lim;... h;=h. Then 


a = giim’; = lim a*i = 1 + pe. 


Lemma 4. The Galois group G; of A;/k is given by the relations o?' =7?' =1, 
tro where a—1=p*-r, (r, p) =1. 

Proof. Let G‘” be the infinite Galois group of N‘”/k. As usual we define 
as the group of vectors - - - , pi, - ) where (cf. [6]) 


pieG;, (mod S;) = t= 1,2,- 


Application of the ramification theory of infinite normal extensions yields 
that G‘” contains two elements o, r* having the following properties. The 
element ¢ is a generator of the inertial group of V‘”/k, that is, the elements 
of the inertial group are powers o¢ where the c’s are p-adic integers. The group 
of the inertial field of N‘”/k is ideal cyclic and generated by a residue class 
7* (mod {o}) where r* ¢ G (cf. [6]). Since the inertial group is an in- 
variant subgroup of G‘”), we have r*-!¢*r*=o* where a is a p-adic in- 
teger. Since lim;... we have o=(01, Gi, and 
r*=(ri*,---, 7*,---), G;. Moreover, =of where a;=a (mod 
p*) and o?‘ =1 according to the selection of the elements a, r* in 
We now want to apply Lemma 3 in order to normalize the exponents g;. 
Consider for this purpose the norm groups N;A * which belong to the various 
fields A ;/k; N; denotes the norm taken from A; to k. Observing that NV; can be 
split up into the various relative norms from A; to A;_; and that A; is the 
maximal abelian extension of type (p, p) over A ;-1, we get NA * = k*”". Hence 


= if isu 
= peti if i>u. 
A theorem of local class field theory yieldst that 
(i) A;is an abelian extension of type (p‘, p*) over k if 
(ii) A,;is a non-abelian extension of degree p” over k if i> and the group 
NA # belongs to the maximal abelian subfield A,U,: of Ai. 


Since G, is the Jast Galois group in the approximation of G‘”) which is 
abelian, we must have a=1 (mod p*), a#1 (mod p*t'). Hence there exists, 


t [3, 10]. We mean the “Abgrenzungssatz” of local class field theory. 
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by Lemma 3, a p-adic integer # such that a’ =1+*. Consequently, we can 
change 7* to a new element t=7** in G® such that 


tor = gir", 


Namely, r*—!or* =o* implies =o" Hence, also 


$=1,2,---. 

Lema 5. Let L be an infinite normal extension of the abstract field R and 
let T be the (topologized) Galois group of L/R. Suppose that A is a subgroup of T. 
Then A is everywhere dense in T if and only if whenever W/R is a finite normal 
subfield of L every automorphism of W/R can be extended to an automorphism 
of A.F 

Proof. We first note that a group A as described in the lemma is sufficient 
to describe the Galois theory of the finite extensions W/R which lie in L. 
An alternate formulation of the conditions of the lemma is this: 

If L>W>R, |W:R| finite, and if A(W) is the subgroup of A leaving the 
elements of W fixed, then A/A(W) is isomorphic to G(W, R). 

Suppose now that A is an everywhere dense subgroup of I’. We want to 
prove that the Galois theory for finite extensions R ¢ W ¢ L can be described 
in terms of A. Let p be an arbitrary automorphism of G(W, R). We can extend 
p to an automorphism p’ of I’. Since A is everywhere dense in I and since 
the automorphisms leaving W elementwise fixed constitute a neighborhood NV 
of the unit in I’, there exists an element 6 in A such that 6p’ lies in V. Thus, 
6 lies in Np’ or 6 induces p on W. Conversely, the possibility of describing the 
Galois theory for finite extensions W/R by means of a subgroup A of T im- 
plies that A is everywhere dense in I’. Let p’ be any automorphism of I and 
let N(W) be any neighborhood of the unit in I, that is, V(W) is defined by a 
finite subfield W/R of L. Then there exists, by hypothesis, an element 6 in A 
such that 6 agrees with p’ on W, that is, 5p’—! induces the identity on W. 
Hence 6p’! is an element of N(W). This means that A is an everywhere dense 
subgroup of 


THEOREM 3. The group {o, 7; =0'+ =F is an everywhere dense 
subgroup of G‘”’. The Galois theory for finite subfields of N‘»)/k can be described 
in terms of the subgroup F°?, 

Proof. By Lemma 5 it suffices to prove the first part of the theorem. The 
topology of G‘” is given by the chain of homomorphisms G;->G;,_1, explicitly 


t—1 
, }), ria =i (mod {o; , }). 


+ The author wants to thank Professor Saunders MacLane for valuable suggestions in the proofs 
of Lemmas 3, 5. 
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In other words, we get an isomorphic representation of G;_, by reducing the 
exponents of the elements p;=of7? in G; modulo p*! and changing the sub- 
script ¢ to i—1. Since 0? =r?" =1, the exponents a, 6 of the element p; e G; are 
p-adic integers reduced modulo p*. Next we remark that {o*, 7”*} is an in- 
variant subgroup F; of F‘”. Namely, we have 


toes = terror - ++ 


= git cee oitp* 


Next hence 


where x = [(1+)»‘—1]p-‘. Thus F‘)/F,;G;. In other words, we obtain G; 
from F‘») by reducing the exponents a, 8 of o°r® (a, 8 are rational integers) 
modulo p‘ and attaching the subscript 7 to ¢, r. Consequently, every element 
-) of can be approximated by a sequence 
i=1,2,---, where the a(z), B(z) are integers such that 


pi = (mod SM) = g%(i)78(i) (mod 


for every i, where G® /S“~G;. This proves that F is an everywhere dense 
subgroup of G‘”. We remark that the closure G™ of F is obtained by ad- 
mitting for the exponents a, 6 of p=o*%r* arbitrary p-adic integers instead of 
rational integers. The closure of F; in G™ is equal to S and S® n F® =F;. 
This follows immediately from the imbedding of F in G), 


THEOREM 4. A finite group G of order p” can be realized as the Galois group 
of a reguar extension K/k if and only if it is a homomor phic map of the group 
F = {o, 7; ror =o ?"} 


Proof. Let K be an arbitrary regular extension of k. Then K € A,, 7 suffi- 
ciently large, by Theorem 2. Then, by Theorem 3, the Galois group G of K 
is a homomorphic map of F‘». Conversely, suppose that GYF‘”)/T. Then, by 
the second half of Theorem 3, there exists at least one field K>k whose 
Galois group is isomorphic with G. The field K belongs to T. However, T 
need not be uniquely determined byG, for the homomorphism F‘”)—>G can, in 
general, be realized by various invariant subgroups T. The number of groups 
T corresponding to a given group G is finite. Namely, the argument which we 
used to prove that K ¢ A; shows that i is bounded by u, where [K:k]=p". 
Hence G&G(K, k) =G;/G(A;, K) =(F™/F;)/(T/F;). We remark that 
~T implies that the closures in G® of T;, T2, respectively, are also distinct 
provided that T and T® have finite indices under F), 
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It is relatively easy to determine the exact number of regular fields K 
with prescribed Galois group of small order. We want to discuss briefly the 
simplest case. Suppose that that is, g—1=p)-r, (r, p) =1. Then Azisa 
non-abelian extension of degree p* over k. Its Galois group is given by the 
relations 


=z, 


Now let G be an arbitrary group of order p*. Siuce the commutative cases 
are already settled by local class field theory, we investigate the non-abelian 
cases. There are two distinct types of non-abelian groups of order #*: 

(a) =1, ror =o'+? and 

(8) o?=7°=p?=1, p=are— =a, tot =0, (cf. [2]). 
A simple computation yields that both groups are homomorphic maps of 
G2.= |, I}. Hence every type has at least one realization as the Galois group 
G(K) of a regular field K ¢ Ay. Moreover, every K which belongs to either 
type (a) or type (8) must be contained in A2. Since these fields K are non- 
abelian extensions of k, they all must contain the field A;. This field A: be- 
longs [12.1] to the group G* = { SF =-''2-"} of Gz. Since K > Ai, we also have 
G/G*=G./G* where G* is defined in the same fashion as G:*. Moreover, 
G2/S'(K) =G(K). Hence, by the homomorphism principle of group theory, 
S’'(K) ¢ Gs. Thus, the fields K are found among the cyclic extensions of de- 
gree p over A;. There are p+1 such extensions for Gs* has p+1 invariant 
subgroups of order p, as follows from the structure of Gz. Namely, G* = {Gi ; 
X”, X ¢G:} where G/ is the commutator group of Gz (cf. [12.1]). Conse- 
and =>». 

Consider now the invariant subgroup {27} of G». Its factor group 
G:/ is abelian and has type (/, p?). The associated field, belonging to 
is U 

The factor group G:/{I'?} is non-abelian. It has type (a). 

The p—1 different subgroups given by { 2‘#I'*?} have factor groups which 
belong to type (8). This is easily verified. 

Combining these results we can state the following theorem. 


Tueorem 5. If p||q—1, then k has exactly one regular extension of type (a) 
and exactly (p—1) distinct regular extensions of type (8). 


The infinite discrete group F‘” can be considered as a generalization of 
the fuchsian groups of the classical theory of algebraic functions to /-adic 
number fields. The analogy is rather striking. We may interpret it as follows. 
The substitution + e F‘” corresponds to the unramified extensions, that is, 


= 1, 
= 
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to the fundamental group of the classical case. The substitution o e F‘” cor- 
responds to the substitution of signature lim;.,. p-'=p-* around the given 
branch point of the underlying Riemann surface. Moreover, the commutator 
group F‘”’ of F‘» is given by r~'era~! =o as is readily verified. The factor 
group F‘»)/F‘»)’ has type (p*, p*). Using the ramification theory of infinite 
normal extensions of an I[-adic number field, one sees that the subfield L 
belonging to F‘’ is given as &(A/»")U® where U® denotes the join of all 
unramified extensions of degree p‘ (i=1, 2, - - - ) over k (cf. [6]). We remark 
that F® /F®' = {r,0;0>"=1} is the generalization of the Betti group belong- 
ing to a given branch point with signature 1/*. 

The equivalent to the multiplicative functions belonging to a fuchsian 
group is given by the multiplicative group V‘”* of the universal field. The 
field N‘”) contains all p‘++th roots of unity w; and all radicals \!/"=),, 
i=1, 2,---. Since k is supposed to contain the pth roots of unity, we have 
U®) =k(w1, we,---, wi,---). Moreover, the construction of as 
implies that A; e N‘”). Hence 


The groups {w;,\;} which are generated by the elements w;, \;—for a fixed \ 
in k—form a multiplicative subgroup M® of N‘»*. The complete closure V 
of consists of all sums where {w;},V,V;e 
such that V(W,;)—« where V denotes the valuation of N‘”;+ V(W) =0, 
,~0. Thus N‘» consists of all elements of WN which are algebraic over k. 

Now let K be an arbitrary regular finite extension of k. The structure 
theory of complete fields yields that K is complete and that it is uniquely 
determined by the root of unity w(K) of highest order which is contained in K 


and a prime element A(K) of K: 


j=0 


the c; residues modulo the order of w(K) (cf. [7, 11, 12.2]). 
According to Theorem 2 we have K £A;j, where 7 is sufficiently large. 
Since A;=k(A;, wi), we have 
w(K) = = 
where ¢; is a unit of A; which is congruent to 1 (mod (A,)). 
Let {p} be the Galois group of A;/K. Then 


B(K), 8(K). p p 


\(K) \(K)* = (w; rj = (w; ) 


t [9]. By Hensel’s criterion applied to relatively complete fields. 
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Hence (w?(*)\#*))e-1=¢!-» for all p. The unit e!-* lies in {¢;}; moreover 
fw, Ac} M{e:} =1. Thus, e!-*=1 for all p. For p effects a multiplication of i; 
by a root of unity according to the definition of \; as a radical. Hence ¢; e K. 
Thus, A(K) -e7!=\'(K) 2), In other words, the prime element 
of K can be normalized in such a way that it lies in {\j, w;}. 

The group F‘” acts as operator group on M“’. Arranging the elements 
of as follows:{ - As} }, and observing that F‘ is every- 
where dense in G‘”), it follows that this representation of F‘” as operator 
group is an isomorphic one. Let S be an arbitrary normal subgroup of finite 
index under F‘”), Denote by M(S) the subgroup of all elements in M‘) which 
are left invariant by S. Since S contains some S; belonging to a field Aj, it 
follows that M(S) € {w;, \;}. We already noticed before that the field of S 
is a uniquely determined subfield K(S) of A;. Hence we can apply the result 
concerning the normalization of the prime element of K(S). It follows that 
M(S) is equal to {w;, \;} M K(S). In order to determine the maximal root of 
unity w(S) and the normalized prime element A(S) of K(S) we proceed as 
follows. Since M(S) is a finite group contained in {w;, \;}, it has a minimal 
base of at most 2 elements. Let \(S) be an element of M(S) such that V(A(S)) 
is minimal. Then take for w(S) an arbitrary other element of value 0 which 
has maximal order. The elements A(.S), w(S), thus selected, obviously have 
the required properties. These results which are implied by the fact that we 
have to deal with (discrete) complete fields can be interpreted in the following 
fashion. The group M ‘” is the minimal set of multiplicative functions over k 
which suffices to describe all finite regular fields. Somehow the elements w; 
correspond to the unramified algebraic functions—obtained from normalized 
integrals of third kind—of the classical case. The \; correspond to ramified 
algebraic functions with one prescribed pole. Of course, this analogy is rather 
superficial. 

We now want to interpret the Galois groups G; of the fields A;/k in terms 
of certain factor groups of division algebras over . 

Let D; be the normal division algebra of degree p‘ over k which is given 
by the following relations. The algebra D; is to consist of all finite sums 
i :4;,,.Ai, where a;,, are elements of k and Q;, A; satisfy the relations 

(i) 
(ii) Q;is a primitive (g”—1)st root of unity, 

(iii) A71Q:A;= (cf. [4]). 

Let &, be the two-sided prime ideal of D,; and {E;} the totality of all units 
in D; which are congruent to 1 (mod &;). Obviously, the set {E,} is a group. 


Lemna 6. Every element of {E;} is a pith power. 


\ 
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Proof. Let E; be an arbitrary element of {E;}. Then E;=1+B; where 
Ve,(B;) >0. Consider the subfield K(B;) of D;. It contains E;. Hence, by the 
proof of Lemma 1, E;= H” where H is a suitable unit which is congruent to 1 
modulo the prime ideal of k(B;). Since H e¢ k(B,;) ¢ D;, the assertion of the 
lemma is obvious. 


THEOREM 6. The factor group D*/D#" can be generated by two elements 
A*, Q* satisfying the relations 


Af = OFF =1, AP = OF, 


Proof. We first remark that the group D*»* which is generated by the 
p'th powers of all nonzero elements in D¥ is an invariant subgroup of the 
multiplicative group D*. The group D}” contains the unit group {Ei}, by 
Lemma 6. Thus, A; and Q; can be considered as representatives of D*/D?”’. 
The defining relations of D; and the fact that {E;} is an invariant subgroup 
of D* imply that every class of D*/D*” can be represented as A,*2:D?” 
where 0 B;<p‘. Hence A* =A; (mod D¥*’) and =Q; (mod D#*’) have 
the required properties. 

_ We can suppose that the Galois group G; of A;/k is given by the relations 
of =r? =1, rz0,7;=0'. Namely, g—1 is exactly divisible by p*. 


THEOREM 7. The Galois group G; of A;/k is isomorphic with the factor group 
of D;. 


Proof. The asserted isomorphism is an immediate consequence of Theorem 
6 and Lemma 4. We let correspond ¢;—>¥*, r;—-A¥. 

The group D** can be considered as the generalization of the norm 
groups appearing in local class field theory. We can obtain D#”' by the fol- 
lowing construction. Consider the norm group N;A * =k**' which belongs to 
the field A,;/k. Let N; denote the reduced norm of D; over k. Then D#**’ is the 
subgroup H of maximal index in D* such that N;\W=N;A¥*. This follows 
immediately if one observes that NiD*=k*, and that A,, 2;, {E;} form a 
base for all elements of D*. The requirement N;H = NA * implies certain con- 
gruence conditions for the exponents occurring in the multiplicative represen- 
tation of the elements in H in terms of the base A;, 9;, {E,}. Since N; is an 
abelian multiplicative function on D**, it follows that H is a normal subgroup 
of 

Now let D}*’ be the maximal subgroup of D* such that N,D*’=N,A¥. 
Using the homomorphism principle on groups we get 


= = [k*:N:A¥]. 


The last index is equal to [G;:G/ ], where G/ denotes the commutator group 


452 O. F. G. SCHILLING [May 


of G; (cf. [1, 8, 10]). Hence D*’/D¥*' is the commutator group of D*/Gi*", 
for D*/D**'~G; by Theorem 7. Thus, D*’/D**'=G/ . The latter group is a 
cyclic group which is generated by the commutator 77o;7,07!=o{-'. 
Namely, the structure of A;/k implies that A;=U ,#k(A*/»*)(A1/?") is a cyclic 
extension of degree p*-“ over U ,:k(A1/”"). The latter field A/ obviously belongs 
to G; according to the local class field theory. We have 


= [NiD*: NDF") Vi), 
pt = [k*:N,A¥][Xi: Vi] = ifi> up. 


Here X;, denotes the group of elements in D* whose reduced norms are equal 
to 1 and similarly, Y, the appropriate subgroup of D*”. These statements 
yield that D*’/D” is represented by a root of unity. For this we only have to 
take into account the structure of D* and the multiplicative properties of Ni. 
It is therefore not so astounding that the Galois groups G; can be described by 
factor groups of D*. The algebra D; contains the (g?'—1)st roots of unity 
and hence the p“t'th roots of unity, for the maximal unramified subfield U”" 
of D; has relative degree p‘ over k. Consequently U,,: must be given by w’!’, 
where w is a primitive (g—1)st root of unity in k, for we supposed g—1=0 (9). 

The field A,’ can be obtained as follows. Consider the group D*/D*”' and 
reduce it modulo the commutator group D*’/D*?'. Then A*»*=X* and 
Q*'=w*. Consider \* and w* as the elements X, w in k. Then the solutions 
x;, of x?"=, y?’ =o define the field A/. 

In order to obtain A; itself, we associate to D*/D**”' the group A; given 
by the relations X? =r, Y? =w. Then A;=k(X;, Y,). This is to a certain 
extent the generalization of the theory of radical fields to normal regular ex- 
tensions. 

Suppose now that K is an arbitrary regular normal extension of k. Then 
K £ A; for some A; by Theorem 2. To the field K there corresponds a uniquely 
determined invariant subgroup H of G; such that G(K, k)&G;/H. The local 
class field theory yields that G(K, k)/G*(K, k)'’=~k*/NxK*, where G(K, k)’ 
denotes the commutator group of G(K, k) and NxK* stands for the norm 
class group of K with respect to k. Theorem 7 implies the existence of a unique 
invariant subgroup H of D* such that D*/H=G(K, k). 

THEOREM 8. Let K be an arbitrary normal regular extension of k such that 
K Aj, then |k*: N:H| = [k*: NxK*]. 

Proof. The first isomorphism theorem of group theory yields that there 
exists an invariant subgroup R of G; such that G;/R&G(K, k)/G(K, k)’. 
Hence R2G/ by the properties of the commutator group G/. Trans- 
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ferring R to D*, we obtain an invariant subgroup R of D* for which 
k)/G(K, k)'’™k*/NxK*; R2D#’. Next consider the index 
[D*:H]. Applying the multiplicative mapping N; to D* and H, we get 


[D*:H] = [NiwD*: N:H|[D#:D¥ nH] = [k*: 14]. 
The second isomorphism theorem of group theory yields 
0H = H/H. 


Consequently, [k*: | =[D*:HuD?#’]. Namely, the inclusion D* 2 HuD#’ 
2 H implies 


H:H| = H]-". 


Thus [D*:H |= [k*:N.H][D*:H][D*:D*'uH]-. Since D*/R is an abelian 
group, we have R2 D3’, by the properties of the commutator group D?’. 
Hence R2 D*’uH. But also D*’uH ER for R/H is the commutator group 
of D*/H. Consequently, D*’uH =R. 

Application of NV; to the groups D* and D*uH yields 


= [k*: NH]. 


Finally, [k*:NxK*]=[k*:N:H] for D*¥/R&G(K, k)/G(K, k)’. 

Finally we want to indicate briefly that the theory of regular normal ex- 
tensions K/k cannot be developed with respect to a fixed division algebra D; 
of degree p‘ over k. It would be natural to require that every Galois group G 
is a homomorphic map of D**. In analogy to the theory of abelian fields (which 
can be described by subgroups of k*) we would require that all units {E,} 
of D; are contained in the subgroups H of D* belonging to the arbitrarily 
given field K/k. Namely, the set of units E” =((A,)‘) form an invariant sub- 
group of the totality of ali units in D;. The index of this subgroup turns out 
to be equal to Thus for D, contains no units 
of higher p-order than p*?’, as follows from the algebraic theory of splitting 
fields of D;. Hence the class groups H which supposedly can be associated to 
the fields K/k must contain E;. Consequently, any such invariant group H 
of D; must contain {Q”}u{A‘} for suitable chosen integers m, s. Since D; 
contains only roots of unity of bounded p-order, the possible exponents are 
bounded, say m< mp. If m>mo, then {QP}u{Ai} = {OM }u{Ai}. We have a 
similar fact in local class field theory. There the ramification exponents e(K) 
of regular fields are bounded by p*. The reason being that the ground field k 
does not contain sufficiently may roots of unity. Such roots of unity always 
are needed to describe the class groups of ramified abelian extensions. In 
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other words, in the abelian case the regular extensions are made up by a 
ramified extension of degree p* and an unramified extension of arbitrarily 
high degree (cf. [10]). A similar situation prevails in the general case. Having 
fixed an algebra D;, we only can describe by means of D; such regular fields K 
which contain a normal subfield whose ramification degree is not greater than 
p”. One also could arrive at this result by purely group theoretical analysis. 
The structure of D*/{ 2/"}u{Aj{} can easily be determined. One observes that 
not all G; can be homomorphic maps of some suitable D*/{ Q"}u {Aj}. Hence, 
by virtue of Theorem 2, not every G can be described as a homomorphic map 
of D*. These considerations indicate why the totality of all algebras D; is 
required for our generalization of local class field theory. 


BIBLIOGRAPHY 


1. Y. Akizuki, Eine homomorphe Zuordnung der Elemente der galoisschen Gruppe zu den Ele- 
menten einer Untergruppe der Normklassengruppe, Mathematische Annalen, vol. 112 (1936). 

2. W. Burnside, Theory of Groups of Finite Order. 

3. C. Chevalley, La théorie du symbole de restes normiques, Journal fiir die reine und angewandte 
Mathematik, vol. 169 (1933). 

4. H. Hasse, Uber p-adische Schiefkirper und ihre Bedeutung fiir die Arithmetik hyperkumplexer 
Zahlsysteme, Mathematische Annalen, vol. 104 (1930). 

5. K. Hensel, (1) Allgemeine Theorie der Kongruenzklassengruppen und ihrer Invarianten in 
algebraischen Zahlkirpern, Journal fiir die reine und angewandte Mathematik, vol. 147 (1917); 
(2) Zahlentheorie, Berlin and Leipzig. 

6. J. Herbrand, Théorie arithmétique des corps de nombres de degré infini, I1. Extensions algé- 
briques de degré infini, Mathematische Annalen, vol. 108 (1933). 

7. S. MacLane, Subfields and automorphisms of p-adic fields, Annals of Mathematics, (2), vol. 40 
(1939). 

8. T. Nakayama, Uber die Beziehungen zwischen den Faktorensystemen und der Normklassen- 
gruppe eines galoisschen Erweiterungskor pers, Mathematische Annalen, vol. 112 (1936). 

9. A. Ostrowski, Untersuchungen zur arithmetischen Theorie der Kérper, Mathematische Zeit- 
schrift, vol. 39 (1935). 

10. F. K. Schmidt, Zur Klassenkérpertheorie im Kleinen, Journal fiir die reine und angewandte 
Mathematik, vol. 162 (1930). 

11. O. Teichmiiller, Diskret bewertete perfekte Kirper mit unvollkommenem Restklassenkor per, 
Journal fiir die reine und angewandte Mathematik, vol. 176 (1936). 

12. E. Witt, (1) Konstruktion von galoisschen K érpern der Charakteristik p mit gegebener Gruppe 
der Ordnung p”, Journal fiir die reine und angewandte Mathematik, vol. 174 (1936); (2) Zyklische 
Korper und Algebren der Charakteristik p vom Grade p”, Journal fiir die reine und angewandte Mathe- 
matik, vol. 176 (1936). 


UNIVERSITY OF CHICAGO, 
Cuicaco, IL. 


REGULARITY PROPERTIES OF CERTAIN FAMILIES 
OF CHANCE VARIABLES* 


BY 
J. L. DOOB 


Let ¢ vary in any simply ordered set, and let {x,} be a family of chance 
variables. We shall say that the chance variables have the property € if when- 
ever 


with probability 1. The subscript 1 here is any positive integer. It will always 
be supposed that the given chance variables have expectations, so that the 
conditional expectations involved in the definition of the property € will al- 
ways exist. 

We shall first make a few introductory remarks on the general family of 
chance variables with the property €. Then in §1 it will be supposed that ¢ 
takes on integral values, and the convergence properties of such sequences of 
chance variables will be discussed in detail. In §3 it will be supposed that ¢ 
runs through the real numbers. Before discussing this case, it is necessary to 
investigate the justification for the use of such descriptive terms as continuity, 
boundedness, and so on, as applied to the random function x,. This investiga- 
tion is made in §2, in the general case, without the hypothesis of the property 
€, and it is found that the above terms can always be made meaningful, and 
given their usual meanings, at the cost, however, in some cases, of introducing 
infinite-valued functions. 

In the following, we shall always suppose that the x, are measurable func- 
tions defined on a space Q, on certain sets of which a measure function is de- 
fined. That this can always be done, and how this is to be done, was shown 
by Kolmogoroff [5, pp. 27-30]. The space , following Kolmogoroff, will be 
taken to be the space of real-valued functions of ¢. Integration in terms of 
probability measure will be denoted by / - - - dP, and integration will be over 
all space, unless the domain of integration is otherwise specified. The quali- 


* Presented to the Society, December 28, 1939, under the title On a certain type of family of 
chance variables; received by the editors December 11, 1939. 

+ Weshall use the notation E [y] for the expectation of the chance variable y, and E [n, re 4 y] 
for the conditional expectation of y for given , yn, a function of ++ , Yn. If the are not 
finite in number, the notation will be modified accordingly. We shall assume the definitions of 
Kolmogoroff [5, pp. 41-44] for these conditional expectations. (References in brackets are to the 
bibliography at the end of the paper.) 
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fication “with probability 1” will be used interchangeably with “almost every- 
where on 22.” Let J be any set of ¢-values. A P-measurable set A (that is, an 
Q2-set whose probability is defined) will be said to be an a,-set with ¢e J, ora 
set depending only on ¢ for ¢ in /, if it is in the Borel field of Q-sets determined 
by the sets of the form 


tae < ki, f= 0} 
(nm any integer, ki, - - - , kn any m numbers, - - - , any m distinct ¢-values) 


or if it differs from an Q-set in this field by an Q-set of P-measure 0. If J 
includes all ¢-values, the Q-sets in question are all the P-measurable sets. 


THEOREM 0.1. Let {x,} be a family of chance variables with the property E. 
If I is any t-set, and if tS sy, s2 for all tin I, then 


(0.1.1) E[x., te 1; x.,] = t eZ; 
with probability 1. If I has a last element s, and if o>s, 
(0.1.2) E[x., 1; x.] = 
with probability 1. 

This theorem extends the defining property ©, which states the conclu- 
sion of Theorem 0.1 for J a finite set. By definition of conditional expecta- 
tions, E[x,, te J; x,,], 7=1, 2, is a function measurable with respect to the 


P-measurable Q-sets depending only on x, for ¢ in J, and such that, if A is an 
Q-set of this type, 


(0.1.3) ff Ble, ter; = j=1,2. 
A A 


Suppose that the P-measurable set M depends only on ¢ for t=h,--- , tn, 
with ¢;e7,j7Sn,i<--- <t,. Then, using the fact that the chance variables 
°° Xs, have the property E, 


(0.1.4) f = Elta, = f j=1,2. 
M M M 
Thus 


(0.1.5) fo = f 
M M 


and therefore, using (0.1.3), 


(0.1.6) ff Ble, = f E[x:, t eT; x.,|\dP. 
M M 
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Since any P-measurable set which depends only on ¢ for ¢ e J can be approxi- 
mated arbitrarily closely by a set M, (0.1.6) must hold with the general A in 
place of M. Since the integrands are measurable with respect to the field of 
sets A, the integrands are necessarily equal, with probability 1, as was to be 
proved. If J has a last element s, E[x,, te J; x,]=x,, with probability 1, from 
the definition of conditional expectations, so in that case both terms of (0.1.1) 
are equal to E[x,, t e 1; x,|=x,, with probability 1. The last statement of the 
theorem is merely a rewording of this fact. 


THEOREM 0.2. Let x, y be chance variables whose expectations exist, and sup- 
pose that E|x; y|=x, with probability 1. Then E[x]=E|y], and E|x| <E|y|. 

If E|x; y]=x, with probability 1, the expectations of the two chance 
variables E[x; y], x are equal: E[y]=£[x]. Moreover |x| < E[x; | y| ] with 
probability 1, and, taking expectations of the two sides of this inequality, we 
obtain E|x| <E|y|. 

Corotiary. If {x;} is « family of chance variables with the property E, 
Ex, is independent of t, and E|x,| is a non-decreasing function of t. 

THEOREM 0.3. Let {x,} be a family of chance variables with the property E. 
Then for each io, the x, with t<ty are uniformly integrable.* 


We show first that 
(0.3.1) lim P{| «,| = k} =0, 
ko 


uniformly for ¢<¢o. This fact is implied by the following inequality (in which 
t<t): 


kP{|«,| = k} <f «dP 
{zz2k} 


-f — < |x| dP. 


We are using here the fact that if t<t, E[x.; x,,]=x, with probability 1. 
Now if ts to, 


(0.3.2) 


f | dP = — «dP 
{2,2k} {2~s—k!} 


f — f < f | dP, 
{2,2k} {| 


* This means that limy... /{|z,| >t} | x.|dP=0 uniformly in ¢ for ¢Sto. 


(0.3.3) 
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and, as k—~, the right side goes to 0 uniformly in ¢ (from (0.3.1)), so the 
left side goes to 0 uniformly in ¢, as was to be proved. 

1. Sequences of chance variables with the property €. We first prove the 
following theorem. 


THEOREM 1.1. Let - - - ,¥_1,%0, - - - , x be chance variables with the property 
€.* Let m, n be integers with mn, and define the sets A, M by 


ms jsn mSjsn 


Then if N is any P-measurable (- - - , Xm—1, Xm)-Set, 
(1.1.1) f xdP = kP{A-N}, f adP < kP{) 
A-N M-N 


To prove (1.1.1), define the sets A, --- as follows: 
An = {xn 2 k}, 
Amy = | Xm ta: 2 k}, 


Then the A; are disjunct with sum A, and A; depends only on xn, -- + , X). 
Since E| - - - , x;; x ]=2,, with probability 1 (Theorem 0.1), 


f xdP = >> = >> «dP 
A-N 


m A;-N m Aj -N 


(1.1.2) 

> P(A;-N) = RP(A-N), 
giving the first inequality of (1.1.1), and the second can be proved in the same 
way, or by changing the x;, x to their negatives, and applying the result al- 
ready obtained. 

THEOREM 1.2. Let --- , X1, %9 be a sequence of chance variables with the 
property €. Then lim,.-. *,=x exists with probability 1, and the chance varia- 
bles x, , Xo have the property E. The chance variables {x;| are uniformly 
integrable, and E| xo| = --- 2E|x|; E\x,| 

Unless lim inf,._. *,=lim sup,.-. x, with probability 1, there are num- 
bers ke with such that 


* The x; may be finite or infinite in number, and if infinite in number may be finite in one direc- 
tion. The essential fact is that there is a last one x. 

+ The inequalities (1.1.1) are implicit in the work of Ville [9, pp. 100-101] who discussed se- 
quences of non-negative chance variables with the property E. The method of proof we use was used 
by Lévy [8, p. 129], in a related discussion. 
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(1.2.1) lim inf x, < ki < ke <lim sup %,, 
«© 

with positive probability ». Let the (- - - , xo)-set on which (1.2.1) is true 
be A. We can choose —m so large that L.U.B.,,<; {x;} 2keon an (- , %0)- 
set A, with P(A-A,)>n(1—2-"). We can choose m:<m such that 
Shi on an (---, xo)-set Ae with P(A-As) >n(1—2-%). In 
general, if m:,--~-,m,-1 have already been chosen, and if r is odd, we can 
choose n,<m,; such that L.U.B.n,<j<n,_, {xj} on an (--- , %o)-set 
A, with P(A-A,) >n(1—27-"); or if r is even, we can choose u,<mn,_; such 
that G.L.B.,,<j<n,_, Skionan(- - -,x)-set A, with P(A-A,) >n(1—2-"). 
Then if A,’ =] ],"A;, 


(1.2.2) P(A.) > 9 — — — = — 
According to Theorem 1.1, if 7 is odd, 


(1.2.3) f P = heP(A;) 
A 


r 


and if r is even 


(1.2.4) xodP kyP(A;). 

Ay 
As ro, A, increases to a set A’ of measure not less than 7; (1.2.3) and 
(1.2.4) become 


(1.2.5) keP(A’) <f xodP ki P(A’), 


which is impossible, because k; <k2. We have thus proved that lim,._.. +, =x 
exists, with probability 1. According to Theorem 0.3, the x; are uniformly in- 
tegrable. Then their limit x is integrable, and term by term integration of 
x; or |x;| is legitimate. This means that £|x,|—>-E|x|. The fact that 
E|xo| =E|x1| = --- follows from the corollary to Theorem 0.2. To show 
that the chance variables x, - - - , x-1, %9 have the property E€, it is only neces- 
sary to show that if m<n<r<0, E[x, , with probability 
1, and that E[x; x,]=x, with probability 1. To prove the first, we must 
prove that if A is a set depending only on x, Xm, - - - , Xn, then 


(1.2.6) 
A A 


Now A evidently depends only on - - - , %n-1, %,; So (1.2.6) follows from the 
fact that E[ - - - , x,;x,]=x,, with probability 1 (Theorem 0.1). If A is a set 
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depending only on x, (1.2.6) is true for all n<r, and becomes, if n—— ~, 


f ap =f 
A A 


that is, E[x; x,]=x, with probability 1. 

THEOREM 1.3. Let x1, %2, - - - be a sequence of chance variables with the prop- 
erty €. Then E|x,| SE\x2| < ---. Tf limy.. =1< ©, then 
exists, with probability 1, and E|x| <1. If the x; are uniformly integrable, 
lim, exists, with probability 1, and the chance variables x, %2,---,x 
have the property E. 

Ville has studied sequences of non-negative chance variables with the 
property €. Since, by the corollary to Theorem 0.2, Ville’s hypotheses imply 
that 


the hypotheses of the first part of Theorem 1.3 are satisfied, in Ville’s case. 
Ville proved* that in his case L.U.B.;z, | x;! < «©, with probability 1 (implied 
by our conclusion that lim,.... «, exists with probability 1, and that the limit 
is integrable), and applied this fact to the study of certain games of chance. 
Proof of Theorem 1.3. According to the corollary to Theorem 0.2, E| x,| 
is monotone non-decreasing. Suppose that lim,... E|x,| =/<«. Unless 
lim inf, ... =lim sup,... %,, With probability 1, there are numbers fy, ke, with 
ki <ke, such that 
(1.3.1) lim inf x, < ky < ke < lim sup x, 
with positive probability ». Let the (x, 22, - - - )-set on which this is true be 
A. We can choose m; so large that L.U.B.j<,, {x;} 2k: on an (x1, x2, - - - )-set 
A, with P(A-A,)>n(1—3-"). We can then choose m,.>m so large that 
G.L.B.»,<j<n. Sion an (x, x2, - - - )-set Ae with P(A-As) >n(1—3-%). In 
general if m,, - - - , m,, have already been chosen, and if r is odd, we can find 
n,>M,—1 so large that L.U.B.,,_,<j<n, {xj} Ske on an (x1, x2, )-set A, 
with P(A-A,) >n(1—3-"); or if r is even, we can find n,>m,_; so large that 
G.L.B.,,_,<j<n, on an (x1, x2, - - - )-set A, with P(A-A,) >n(1—3-"). 
Then if A,’ =[]TA;, 


(1.3.2) P(A.) > 9 — 9/3 — 9/3? — = 9/2. 


According to Theorem 1.1, if m=nz,, 


* [9, chaps. 4, 5.] 
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A A 


2r-1 


2r 


Then if M, =A3,_-1—Ao, 


(1.3.4) f XmdP > — = (ke — + 
M, 


Now the M, are disjunct, so if m is sufficiently large (depending on q), 


> Xm = (ke — hs) > P(A2r—1) + ad P(M,) 


M, r=1 r=1 
(ke —k 
> | kyl. 


But this is impossible, since then 


(1.3.5) 


q 
(1.3.6) f f tad P (ke — bs) | hai, 
r=] M, 


that is, 
(1.3.7) 1 > (1/2)qn(ke — ki) —| 


for all g. We have thus proved that lim, ... x, =x exists with probability 1. By 
Fatou’s lemma, «| and the fact that E|«| < implies that x is finite, 
with probability 1. If the x; are supposed uniformly integrable, it follows that 
the sequence { } is uniformly bounded. Then lim, x, =x exists with 
probability 1. Because of the uniform integrability, term by term integration 
of the sequence {x,} is allowed on any P-measurable set, and we can readily 
verify that the sequence of chance variables x1, x2, - - - , x has the property E. 
In fact, all that need be proved is that E[x.,, - - - , =a, with probabil- 
ity 1, if ai< --- <a,. This will follow if it can be shown that whenever A is 
an %2,.- - - )-set depending only on , %a,, then 


(1.3.8) ff sar = 
A A 


Since the chance variables x, x2, - - - have the property €, (1.3.8) is true if x 
is replaced by x, with m>a,. Then if m— ©, we obtain (1.3.8). 


Corotiary. Let yi, ye, -- - be a sequence of chance variables whose ex pecta- 
tions exist, and suppose that Yn; Yn4i1]=0, n=1, 2,---, with 
probability 1. Then E|>-yy;| is monotone non-decreasing with n, and if 
lim, ... E| < ©, the series y; is convergent, with probability 1. 
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For if x,=)>—\y;, n=1, 2, -- - , the x, have the property €, and Theorem 
1.3 is applicable, giving the result of the corollary. 

Lévy [8, pp. 247-248] has discussed series of chance variables }.\y;, with 
Ely, ¥nj Yn4i]=0, 2,---, with probability 1, relating the con- 
vergence of the given series to that of their conditional dispersions. 

An important particular case of this corollary is that in which the y; are 
mutually independent. The hypothesis on the conditional expectations be- 
comes in this case the hypothesis that Ey,=Ey.= - -- =0, and the corol- 
lary has been deduced in this case.* In this special case it has also been shown 
that the partial sums {;} are necessarily uniformly bounded by a chance 
variable whose expectation exists. It follows that in this case the x; are al- 
ways uniformly integrable. 

The following example shows that the hypotheses of the first part of 
Theorem 1.3 do not imply that the sequence 21, x2, - - - , x has the property E. 
Let x»=1 with probability 1. Let x:;=1/2 with probability (1—4-") and 
x, =5/2 with probability 1/4. In general if x;, - - - , x, have already been de- 
termined, we determine x,,; as follows. The values of x,,, depend only on 
those of x,, and if x,=a, we set x,4;=2-’—' with probability (1—4-"-") and 
%,41=£ with probability choosing to make the expectation of x,4; 
(with «,=a) equal to 0: 


t 1 1 


Then it is easily verified that x,=2-" with probability (1—4-*), if n21, 
so that «,—«=0, with probability 1. The chance variables are all positive 
and the hypotheses of the first part of Theorem 1.3 are satisfied. The sequence 
41, X2,- ~~ , x certainly does not have the property €. 

The following theorem is essentially the converse of the second part of 
Theorem 1.3. 


THEOREM 1.4. Let x1, 2, ---, x’ be chance variables with the property E. 
Then 

(a) limn.. %n=E[x1, x2, -- - ; x’] with probability 1; 

(b) the chance variables x2, --- ,x, x’ have the property E; 

(c) if x’ is a function of , lin... Xn=x’, with probability 1. 

Lévy [8, p. 129] proved part (c) of this theorem, under the hypothesis 
that x only takes on the values 1 and 0. His proof can be extended to cover 
Theorem 1.4. He puts the result in the following form (we are dropping his 
restriction on the values taken on by x’); let 41, ye, --- be a sequence of 


* Doob [2]. 
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chance variables and let x’ be a chance variable dependent upon them. Then 
if x» =E[y,---, Yn; x’], he proves that x,—x’ with probability 1. Since 
%1, %2,---, x’ have the property €, this is exactly our Theorem 1.4(c). 

Proof of (a), (b). According to Theorem 0.3, the x; are uniformly integra- 
ble. Then Theorem 1.3 states that lim, .., x, =x exists with probability 1, and 
that the chance variables x, - -- , « have the property €. If we show that 
the chance variables x;, - - - , x, x’ have the property €, it will follow (because 
of Theorem 0.1) that x=E[m, - - - ; x’] with probability 1. To show that the 
chance variables 21, - - - , x, x’ have the property € it is sufficient to show that 
if --- then E[xa,- Xa,, x; x’]|=x with probability 1, that is, 
that if A is any set depending on %q,, - - - , Xa,, X, 


(1.4.1) ff var = ff sar. 
A A 


Now A is a set depending on x, x2, --- (because x,—x with probability 1). 
Equation (1.4.1) is certainly true for A depending only on a finite number of 
the x; (because if x, is the last of these x;, both integrals are equal to the in- 
tegral of x, over A: %,---, x’ and x,---, x have the property €). Then 
(1.4.1) is true in the general case because the general A can be approximated 
arbitrarily closely by the special ones. 

Proof of (c). If x’ is a function of x, x2, -- - , E[xi, a, --- ; with 
probability 1, so that x=’ with probability 1. 

THEOREM 1.5. Let x1, x2,---, x be chance variables with the property E. 
Suppose that E| x log |x|| < «©. There is then a number K depending only on 
E|x log |x||, and such that E{L.U.B.nz1 | <K. 


Let £=L.U.B.n21 {x,}, and let A={£2k}, According to Theorem 
1.1, 


(1.5.1) f kP(A). 
A 


k 
f | «| dP < — P(A), 
z|<k/2} 2 


k k 
(1.5.3) f f => — P(A) = — P{t= k}. 
{| 2 2 


This inequality, together with the fact that E|x log |x||<«, has been 


Now 
so 
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used in an analogous discussion (Wiener [10, pp. 17-18]) to show that 
E&<K,, where K, only depends on E|x log |x||. Applying this result to 
—21, —%2,---, —x, completes the proof of the theorem. 

We have seen above in the discussion of the corollary to Theorem 1.3 that 
if the x; are the partial sums of a series of mutually independent chance varia- 
bles having zero expectations, the hypothesis that E| x log |x| | < © is unnec- 
essary in Theorem 1.5. 

2. One-parameter families of chance variables. In this section we shall 
consider a one-parameter family of chance variables {x,}, — © <i<~, or 
0<t< «. The probability relations are those derived from certain elementary 
probabilities: if 4, - - - , ¢, are distinct ¢-values, and if ki, - - - , k, are any real 
numbers, P{x.,<k;, 7 <n} is given. The mathematical setup appropriate to 
the study of the probability relations of the x, is the following. Let * be 
the space of all real-valued functions of ¢. A probability measure is determined 
on Q* by the measures of certain elementary sets, which we shall call neigh- 
borhoods: a set A of functions «(¢) satisfying 


a; < x(t;) < b;, 


will be called a neighborhood, and we define a measure of A, P*(A), setting 


P*(A) = Pla; < x, <b; j n}.t 


If x,(w) is the function of w e 2* which for w=wo: xo(t) assumes the value x)(s) 
(so that we can write, somewhat loosely, x,(w) =x(s)), x.(w) is a P*-measura- 
ble function (s fixed), and the probability relations of the {x,} become meas- 
ure relations of the corresponding {x,(w)}. The outer measure P*(A) of an 
0*-set A is defined as the lower limit of P*(A’) where A’ > A and A’ is P*-meas- 
urable.{ The inner measure of an 2*-set A is defined as 1—P*(A;), where Ai 
is the complement of A. It is usually convenient to use a subspace Q of 0* 
(with P*(Q)=1) instead of * itself. The P*-measure on Q* determines P- 
measure on Q, and 


P*{ x(t;) < kj, j =1,---,n} = < =1,---,n}. 


We are using x(¢;) to denote the P-measurable function «,,(w), which in turn 
represents the original chance variable x,,, and we shall continue to use this 
notation where there is no danger of confusion. The symbol x(¢) thus may 
represent either a point w of 0*, that is, a function of ¢, or, if we are fixing ¢, 
a function of w: x,(w). 

In discussions of continuity and related questions, it is desirable to con- 


+ Cf. Doob [1, pp. 107-110]. 
¢ We can even suppose that A’ is restricted to be a denumerable sum of neighborhoods. 
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sider L.U.B.; 27 G.L.B.; e 1 where J is a ¢-interval. It was pointed out 
by Kolmogoroff [5, p. 26] that the probability that L.U.B., «7 x,<k or that 
G.L.B.; 2¢1%:< cannot be derived from the given probabilities. Since we are 
giving a complete treatment of the problem here, we shall prove a somewhat 
stronger result, pointed out to the writer by Dr. P. R. Halmos. 


THEOREM 2.1. Let Q* and P*-measure be defined as explained above. Then 
the w-set {L.U.B.,er x(t) <k} has inner measure 0, for any nondenumerable set I 
and real number k.’ 


This theorem shows that the w-set {L.U.B.,e7 x(t) <k} ,if it is P*-measura- 
ble, must have measure 0, irrespective of the P*-measure. If the complement 
of the w-set in question is A, it will be sufficient to show that P*(A) =1. The 
Q*-set A is the set of all x(#) with x(t.) >k for some é in 7. Let [ = Q* be any 
denumerable sum of neighborhoods, with >A. It will be sufficient to show 
that P*(I') =1, and in fact we shall show that f=*. Let th, #,--- be the 
i-values used in defining the I’;. Let xo(¢) be any element of *. There is surely 
a function x,(¢), with x;(¢;)=xo(t;) for all 7, and such that for some s in J, 
xi(s)>k. Then x(t) e ACT, so eT also, because x,(¢;)=xo(t;) (721). 
Thus [' = *, as was to be proved. 

Two ways have been suggested, to define P{L.U.B.,e7 x:<k} and 
P{G.L.B., er x.<k}. Khintchine [4, pp. 68-69] considers a sequence {t;} of 
t-values in J. The probability P{L.U.B.;>: «:,<} is already determined, and 
Khintchine defines P{L.U.B.,e1 2: <k} as the greatest lower bound of these 
probability numbers, for all denumerable sets {¢;} in 7; P{G.L.B.,e1 x. <k} 
can be defined similarly. With this definition, the “L.U.B.” in “L.U.B.; e 7 x,” 
is not taken literally, necessarily not, since x, is not a single function of ¢ and 
since the problem has not been reduced to one of studying functions of ¢. The 
second way is to find a subspace 2 of 2*, of outer measure 1, such that there is 
a denumerable set {s;} for which, if x(¢) « @, and if J is an open interval, 


(2.1.1) L.U.B. x(#) = L.U.B. x(s;), G.L.B. x(t) = G.L.B. x(s;). 
tel tel sj 


If there is such an Q, the x(é)-set {L.U.B.,e1 x(t) <k} becomes a P-measurable 
set: 


(2.1.2) PALUB. x(t) < = PALU-B. x(s;) 
tel 


and similarly for the G.L.B. Evidently the two methods of definition give the 
same numerical values to P{L.U.B.,e1x,<k}. It must be stressed that in 
(2.1.2) the set {L.U.B., e, x(t) <k} is a subset of 2, whose P-measure is equal 


466 J. L. DOOB [May 


to that of the set on the right since the sets are identical. The P-meas- 
ure of the set on the right is equal to the P*-measure of the *-set 
{|L.U.B.,, e7 x(s;) Sk}, by the definition of P-measure, and may be any num- 
ber between 0 and 1, depending on & and the particular characteristics of 
the given P*-measure. On the other hand, Theorem 2.1 shows that the 2*-set 
|L.U.B., 27 x(t) <k} necessarily has inner measure 0. 

A process with a space © as just described is called quasi-separable. Let J 
be any open /-interval (of length |/|) containing the point s. Define x-(s), 
x*(s) by 
(2.1.3) «,(s) = lim G.L.B. x(s;), x*(s) = lim L.U.B. x(s;). 

sjel 

Then the condition that Q be the space of a quasi-separable process is equiva- 
lent to the condition that if «(¢) e , and if {s;} is an everywhere dense de- 
numerable /-set, 


(2.1.4) xy(t) S x(t) S x* (2) 


for all ¢.f It has been shown (Doob [1 ]) that many given probability measures 
on {* are such that there is a quasi-separable process. It will be shown below 
that every probability measure has this property, if infinite-valued functions 
are allowed. Applications will then be made in §3 to P*-measures in which the 
chance variables {x,} have the property E. 

In order to treat the problems below it will sometimes be necessary to 
allow our functions x(t) to take on the values + «. Kolmogoroff’s proof [5, 
pp. 27-30] that the elementary given probabilities determine a probability 
measure needs no change to cover this case. All distributions will be finite: 
for each #, |x(t)| <.« with probability 1. It is easily shown that the set of 
everywhere finite-valued functions x(¢) has outer measure 1, and inner meas- 
ure 0. 

Let J be an open ¢-interval, and let {t;} be a sequence in J. Then 
L.U.B.;>1 x(¢;) is a chance variable, that is, a P*-measurable function on 0*. 
We shall show below that there is a sequence {i;} in J such that if {t;} is any 
sequence in /, 


= L.U.B. x(i;) => L.U.B. x(t,) 


j21 


with probability 1. The (possibly infinite-valued) chance variable é will be 
called the generalized upper bound of x(#) in J, and will be denoted by 
U;[x(t) |]. The generalized lower bound L;[x(é) ] is defined in a similar fashion. 
To demonstrate the existence of the {i;}, we note that the values of 


t Cf. Doob [1, pp. 110-111]. 
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E[arc tan L.U.B.;z: x(¢,;) ]¢ for {t;} a sequence in J, have a least upper bound 
M. There are sequences Tag k=1, 2,---, such that 


z| are tan L.U.B. x(t) — M. 


Let be the 7, arranged in some order. Then evidently 


arc tan L.U.B. w(t) | = M. 
21 


Now let {t;} be any sequence in 7. We shall show that it is impossible that 
L.U.B. j=: x(¢;) >L.U.B.;2: x(é;) with positive probability, that is, on an 0*-set 
of positive P*-measure. If this inequality were possible with positive proba- 
bility, the inequality would still be true if the sequence {t;} were augmented 
to include the /;. Then, supposing this has been done, 
arc tan L.U.B. x(t;) 2 arc tan L.U.B. x(i;) 

g21 
for all w, and there is actual inequality with positive probability. This implies 
that 


z| arc tan L.U.B. x(t) | > z{ are tan L.U.B. w(t) | = M, 
j21 


contradicting the definition of M. Thus the #; have the required property. 
Evidently U;[x(¢)] is not a uniquely determined function, but is determined 
up to an 2*-set of P*-measure 0, in the sense that two generalized upper 
bounds are equal almost everywhere on 0%. 


THEOREM 2.2. There is a sequence {s;}, independent of the open interval I, 
such that, for each I, 


(2.2.1) L.U.B. x(s;) = Uz[x(2)], G.L.B. «(s;) =Lz[x(2)], 
& sj & 


with probability 1. 
We have seen that to each J correspond sequences {t/ }, {¢/’ }, such that 
(2.2.2) L.U.B. = U;[x(d)], G.L.B. x(t;) = Lr[x(0)], 
j21 
with probability 1. Let {s;} be any sequence including all these ¢/, ¢/’, for 


every J with rational end points. Then evidently (2.2.1) is true, with probabil- 
ity 1, if J is such an interval. Let J be any open /-interval, and let J;, Js, - - - 


t We define arc tan+ © as +7/2. 
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be intervals with rational end points, such that /,c¢/,;,¢ --- and that 
> Then 


(2.2.3) L.U.B. x(s;) = U;,[x()], 


8; & In 
with probability 1. Let {o;} be a sequence of ¢-values, including the s;. This 
inclusion implies that 
(2.2.4) L.U.B. x(s;) = Ur, [x(t)] = L.U.B. x(o;) 


sj & In oj; &In 


with probability 1. Let the {a;} also be so inclusive that 
(2.2.5) U;[x(t)] = L.U.B. 
oi 


with probability 1. Then if m—« in (2.2.4), we find that 
(2.2.6) L.U.B. «(s;) = L.U.B. x(o;) 


oj 
with probability 1, and (2.2.5), (2.2.6) taken together imply the first part of 
(2.2.1). The second part is proved in the same way. 

Lemma 2.3. If a sequence {s;} is chosen as described in Theorem 2.2, and 
if x*(t), x(t) are the upper and lower limiting functions of x(t) on {s;}, as de- 
fined in (2.1.3), then for each value of t, 

(2.3.1) x(t) S x(t) S x*(#) 
with probability 1. 

For if x*(so) <x(so) for some ¢-value so, on an Q*-set of positive measure, 

and if J is an open interval containing 5», 


(2.3.2) Ur[x(t)] = L.U.B. x(s;) < «(so) 
j21 


on an 0*-set of positive measure, if J is sufficiently small, contradicting the 
definition of U;|x(t)]. Thus the second half of the inequality is proved, and 
the first is proved in the same way. 

Coro tary. For each value of t, xx(t) < ©, x*(t)> — ©, with probability 1. 

It has not been necessary, as yet, to utilize a subspace 2 of 0*, rather 
than 0* itself. As Theorem 2.1 shows, such a transition is necessary, in dis- 
cussing quasi-separable processes. 

THEOREM 2.4. Whatever the given P*-measure, there is a space Q of a quasi- 
separable process. In some cases it is necessary to allow infinite-valued functions 
in Q. 
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This theorem states that we can find a space on which the generalized 
upper and lower bounds become actual upper and lower bounds. It will be 
utilized to show that a regularity property of x(#) known to be true when ¢ 
is restricted to denumerable sets implies the same type of regularity for all ¢, 
for the functions of a suitably chosen space 2. (Compare Theorems 2.7, 2.8, 
2.9.) 

Proof of Theorem 2.4. Let {s;} be a sequence as described in Theorem 
2.2. Define xx(#), x*(t) as in (2.1.3). Let Q be the space of all «(¢) with 


(2.4.1) ty(t) S x(t) S x*(t) 


identically in ¢. If x4(#) = -+ ©, this means that «(#) = + ~, and if x*(#)=— ~, 
this means that «(#)= — ~. To prove the theorem, we need only show that 
P*(Q)=1. Let T=>°"T,, be any denumerable sum of neighborhoods with 
I’ > Q. It will be sufficient to show that P*(I’) =1. Let i, #, - - - be the ¢-values 
used in defining the I';. Let Q; be the space of all x(#) satisfying (2.4.1) for 
t=h, tr, ---. Then by Lemma 2.3, P*(Q,) =1, so it will be sufficient to prove 
that Let be any element in 92;. We show that é£(¢) We have, 
since £(t) e Qi, 


(2.4.2) £,(t;) £(t;) = g*(t;), j 1, 2, 


Now there is an xo(é) in Q such that xo(¢;) =é(¢;), 721: we need only define 
x(t) so that 


(2.4.3) S xo(t) t¢ {tj}. 


Then xo(#) e QcT so E(é) is in T (because £(¢;)=-x(t;), 721), as was to be 
proved. An example will be given below to show that the introduction of 
infinite-valued functions may be essential in some cases. Evidently it must 
be known that x*(#), —x(é) are (simultaneously for all ¢) not equal to +, 
with probability 1, if infinite-valued functions are to be avoided. 

We pass to the discussion of measurable processes. A process with space Q 
is said to be measurable if the function x,(w) (=2(s)) is measurable as a func- 
tion of the two variables s, w, with w ¢ 2.F 


THEOREM 2.5. Let P*-measure be such that there is a measurable process. 
Then there is a space Q of a quasi-separable measurable process. In some cases 
it is necessary to allow infinite-valued functions in Q. 


Define the function ¢,(¢) by 
o,(t) = k2-", if (k—1)2-"<ts k2-", k= 


n 


(2.5.1) 


t Cf. Doob [1, p. 113]. 
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Then since there is a measurable process with the given P*-measure, there is a 
constant c, and a sequence of integers {a,}, such that for é fixed, not in some 
set e of Lebesgue measure 0, 

(2.5.2) lim ale + dan(t) | = x(c + 2), 


with probability 1. Let {o;} be the sequence of all numbers {c+2-"}, 
k=0, +1,---,m=1, 2,---. Define x**(2), xax(t) by 


(2.5.3)  x**(#) =lim sup x[c + ¢.,(¢)], = lim inf x«[c + 


Then for each ¢ not in e, «#«() =x(¢) =x**(t), with probability 1. Let {s;} bea 
sequence of numbers with the properties described in Theorem 2.2. We can 
suppose that the sequence {s;} includes the {a;}, since any sequence includ- 
ing the sequence {s;} also has the properties described in Theorem 2.2. De- 
fining x»(t), x*(t) as in (2.1.3), 


(2.5.4) S S x**(t) x*(0), 

and for each ¢, we have seen that 

(2.5.5) a(t) S x(t) S x*(0), 

with probability 1. Let Q be the set of all functions x(¢) satisfying 
(2.5.6) S x(t) S x**(2) 


for ¢¢ e, and (2.5.5) for te e. (We are allowing x(¢) to take on infinite values.) 
Then if x(t) e Q, x(Z) satisfies (2.5.5) identically in ¢. This means, according to 
the definition of quasi-separability, that if P*(Q)=1, Q is the space of a 
quasi-separable process. To prove the theorem, it will therefore be sufficient 
to prove that P*(Q) =1 and that the function x,(w) is a measurable function 
of (s, w), (we 2). Let ['=>°{T,, be any denumerable sum of neighborhoods 
with >. To show that P*(Q)=1, we shall show that P*([')=1. Let 
ti, tz, --- be the ¢-values used in defining the neighborhoods. Let Q be the 
space of all x(t) such that (2.5.6) is true for the ¢;# e, and (2.5.5) for the 
t; ee. Then P*(Q,) =1, so it will be sufficient to show that [> Q. Let &(é) 
be any function in Q,: 


S &(t;) S tj fe, 
S &(t;) S 


Now there is an xo(¢) in Q such that xo(t;) =£&(¢;), 721: we need only have 
xo(t) satisfy 


(2.5.7) 


t Doob [1, p. 115]. 
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(2.5.8) xo(t) &**(0), t¢ {t;}. 


Then x,(#) e This means that e T (because xo(t;) = E(¢;), 7>1). Then 
['>Q,: P*(C)=1. To complete the proof we must show that x,(w) is (s, w)- 
measurable (w e Q). It is readily verified that «[c+¢.,(s) ], which is x,(w) with 
¢=c+¢.,(s) is (s, w)-measurable, and it follows that x**(w), x.x«(w) (defined 
in terms of «**(t), xx«(¢) as x.(w) is in terms of x(#)) are (s, w)-measurable. 
Then since if s ¢ e, and if w « Q (rewriting (2.5.6)) 


(@) < Xs(w) xe**(w), 
ar * ~ince the extremes are equal (s ¢ e) for almost all w « 2, the extremes are 


equal for almost all (s, w). Then x,(w) =x*(w) =%.%«(w) for almost all (s, w) 
(w e 2), and so x,(w) is (s, w)-measurable (w e 2), as was to be proved. 


Coro tary. The hypotheses of Theorem 2.5 imply the following stronger con- 
clusion. There is a space Q of a stochastic process, and a denumerable everywhere 
dense t-set {s;} such that, defining x(t), x*(t) by (2.1.3), and yx(t), y*(t) by 


(2.5.9) y,(#) = lim inf x(s;), y*(¢) = lim sup x(s;), 


if x(t) e Q, 
(2.5.10) S x(t) S x*(2) 


for all t, and, except for c t-set e, (independent of the function x(t)) of Lebesgue 


measure 

(2.5.11) Ya(t) S x(t) 

The set e, contains no point t’ with the property that whenever {t,,} is a sequence 
converging to t’ from above: t, | t’, then 


(2.5.12) lim inf x(¢,) S x(t’) S lim sup x(¢,) 
with probability 1. 

The proof of Theorem 2.5 actually proves most of the corollary. Using the 
notation of that proof, we have 


Ya(t) S S S y*(d). 


This means that, to prove the corollary, we need only modify the definition of 
Q, as follows. The space © is now to include all functions «(#) satisfying 
(2.5.6) for all ¢ ¢ e, as before, and also for t=?’ ¢ e, if t’ is as described in the 
statement of the corollary; otherwise x(#) is to satisfy (2.5.5) for ¢ e e. The 
proof then goes through essentially as before. 


| 
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The following example of a stochastic process illustrates the application 
of the preceding theorem. We shall restrict ¢ to be non-negative. Define P*- 
measure as follows. Let «(0)=0 with probability 1. The chance variable 
x(t+l) —x(t) (1>0) has a distribution taking on only integral values, and 


— x(t) =v} = 


If --- <t,, the chance variables 


are to be mutually independent. According to Theorem 2.4, there is a space Q 
of a quasi-separable process. Let {s;} be the denumerable set involved in the 
definition of quasi-separability, so that (2.1.4) is true for all ¢, if x(#) e 2. We 
can assume that ¢=0e {s;}. Evidently x(t), considering ¢ only in {s;} is mono- 
tone non-decreasing, starting from 0, and increasing only by jumps of unit 
magnitude, with probability 1. Then except for an Q-set of P-measure 0, the 
functions in 2 are monotone non-decreasing, and continuous except for jumps 
of magnitude 1, these jumps being the only points of increase. It is easily 
verified that 2. is the space of a measurable process.t According to the corol- 
lary to Theorem 2.5, there is even a space Q, of a stochastic process all of 
whose functions are continuous on the right. In fact the set e; of that corollary 
is empty, because for any #, ¢, | ¢ implies that «(¢,)—>x(¢) with probability 1. 
In this case infinite-valued functions need not be introduced, but we shall 
use this example to derive another, in which the introduction of infinite- 
valued functions is essential, in discussing quasi-separable processes. For each 
x(t) e Q,, as defined above, we define a function £(#), to be 0 at t=% if x(¢) has 
a jump there, and otherwise to be 1/| ¢,—¢o| , where 4; is the closest point to ft 
where there is a jump. The probability relations for the £(¢) are derived from 
those of the x(z). For each ¢t, &(#) =£,(w) is a P-measurable function, and the 
one-parameter family of chance variables { £,(w) } determines a new stochastic 
process. The particular functions £(¢) we have defined above form a space Q:, 
which can be shown to be of outer measure 1 in terms of the new probability 
measure, { but we shall not need this fact. Evidently if £(#) e Q:, &(¢) is continu- 
ous except at an isolated denumerable set. If {s;} is any everywhere dense 
denumerable set, and if &4(¢), €*(¢) are defined as usual, £(#)=+ © at some 
point in any given interval of length / with probability (1—e-"). Thus 


max &(/) = + = 1 


t This fact also follows from Theoren. 2.5 (ii) of Doob [1]. 
t Ambrose-Doob [3]. 


y=Q@,1,2,---. 
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and the introduction of infinite-valued functions is necessary to obtain a 
quasi-separable process for the &(#). The space Q; is not that of a quasi-separa- 
ble process, but it can be shown that if each £(#) in Q; is altered to + © where 
it vanishes, the resulting £(#) are the functions of a quasi-separable process. 

THEOREM 2.6. Suppose that there is a t-set E such that whenever t, |te E 


x(t,) approaches a limit in probability. Then there is a denumerable set Dc E 
such that if te E—D, x(t+h)—<x(t) in probability as h-0. 


Define a metric on the space of P*-measurable functions f(w), by defining 
the distance between /; and f2 to be 


d(fi, fe) -f | arc tan fi — arc tan fo| dP, 


so that d(f, f,.)—-0 means f,— in probability, and conversely, if f is finite- 
valued. Then for each ¢, the w-function x,(w) becomes a point of this space, 
and as / varies we obtain a function of ¢. This function of ¢, ®(¢), has the prop- 
erty that if ¢ E, lim:,,, ®(¢,) exists. Then if ¢ E, lim, ,, &(t’) exists. It is 
well known that a function with this property can have at most a denumerable 
number of discontinuities on E, and this set of discontinuities is the D of the 
theorem. 


THEOREM 2.7. Suppose that there is a t-set E such that whenever t, | te E 
lim, .< *(t,) exists, with probability 1. Then there is a denumerable set D' c E, 
such that if te E—D’, t,—>t implies that x(t,)—>x(t) with probability 1. If Q is the 
space of a quasi-separable process, each x(t) in Qis continuous almost everywhere 
on E with probability 1, and if ty e E—D’, x(t) is continuous at to, with proba- 
bility 1. 

Since convergence almost everywhere on {* implies convergence in meas- 
ure (that is, in probability) on 2*, Theorem 2.6 implies that there is a de- 
numerable ¢-set Dc such that te E—D, t, | ¢ implies that x(t,)—x(¢) in 
probability, and since lim,... x(¢,) exists with probability 1, this limit must 
be x(t). Let S be an everywhere dense denumerable ¢-set. The hypothesis of 
Theorem 2.7 implies that if te E—D, lim, ,, x(t’) exists with probability 1, if ¢’ 
is restricted to lie in S.{ Let v be any positive integer. Then if 4) e E—D, 
there is an open interval /(t)) with ¢) as left-hand end point, such that the 
oscillation of x(#) (¢ e S) on (to) is not greater than 1/y, neglecting an 2*-set 
of measure not greater than 1/v. The intervals /(¢) cover E except possibly 


t Both in this theorem and in the preceding one, convergence to an infinite limit can be allowed. 
The definition of convergence in probability to an infinite limit is made in an obvious way. 
t Doob [1, p. 111]. 
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for an at most denumerable set D?: for the 7(#) with ¢ e E, and ¢ not covered, 
are nonoverlapping intervals, and so are at most denumerable. Moreover if 
to e E—D, the oscillation of x(t) (¢ e S) at é is not greater than 1/v, neglect- 
ing a possible 2*-set (depending on é) of measure not greater than 1/v. Then 
if e E—D,, where Di the oscillation of x(t) (¢ is 0, neglecting a 
possible 2*-set of measure 0. This means that if e E—D’, where D’=D+D,, 
lim,.,, x(t) =2x(to) (te S), with probability 1. Now let © be the space of a quasi- 
separable process (Theorem 2.4 states that there always is such a space), and 
let S be a set of ¢-values such that (2.1.4) is satisfied for all ¢. It follows that 
if te E—D’,t x(t) (in Q) is continuous at ¢, with probability 1. This means, in 
particular, that if t,t e E—D’, then x(t,.)—>«(¢) with probability 1 in Q, and 
therefore in 2*. The theorem will be completely proved when it is shown that 
x(t) (in Q) is continuous almost everywhere in EZ, with probability 1. To show 
this, let x*(w) [x,«(w)] be the function of w: x(t) which for w=wo: xo(t) takes 
on the value x#*(s) [xox(s)]. We can then write x*(w) =2x*(s), 1.4(w) =2x(s). 
The functions x**(w), 2,«(w) are easily seen to be measurable functions of 
(s, w) for w e 2, and for s e E—D’ are equal almost everywhere on Q. Then 
by Fubini’s theorem, they are equal almost everywhere on E—D?’ (that is, 
almost everywhere on £) for almost all w: x(#). The equality of «*(t), x+(to) 
means the continuity_of «(¢) at to; so the theorem is now completely proved. 


THEOREM 2.8. Suppose that P*-measure has the property that, whatever the 
denumerable set S, almost every x(t) in Q* has the property that lim;,,, x(t) (te S) 
exists for all to. Let D,.(D2) be the t-set on which it is not true that t, | t (tnt t) 
implies that x(t,)—>-x(t) with probability 1. Then D,, Dz are denumerable. Let Q 
be the space of a quasi-separable process. Then for almost all x(t) in Q, 
lim,,o x(¢+h) exists, for all t, and x(t) is continuous except perhaps for a de- 
numerable number of discontinuities (varying with the function x(t) in Q). There 
is a quasi-separable process with space Q:, for which, in addition to the above, 
x(t) in Q, is continuous on the right: x(t+0) =x(t) for all t¢ Dy. 


The hypotheses imply that if | ¢, lim, .. x(t,) exists with probability 1. 
Then according to Theorem 2.7, D, and Dz are denumerable. Let 2 be the 
space of a quasi-separable process, and let S be a sequence of ¢-values such 
that (2.1.4) is satisfied for all ¢. Then since, according to the hypotheses, 
limyso x*(¢+), lim,;o exist and are equal for all with probability 1, 
it follows that if x(¢) e Q and is not in an exceptional w-set of probability 0, 
limy:o «(¢+h) exists, for all ¢. A function with this property has at most a 
denumerable number of discontinuities. According to the corollary to Theo- 
rem 2.5 there must be a space 9, of a stochastic process, that is, with 


+ The set D’ depends on S. 


a 
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P*(Q;) =1, all of whose elements are functions continuous on the right if 
t¢ 

This theorem, which sounds somewhat clumsy, has been phrased with the 
applications in mind. It is applicable, for example, to any differential process: 
one in which if f)<t:< --- <t,, the chance variables 


are mutually independent.} The first example given above was one of such a 
process. 


THEOREM 2.9. Suppose that P*-measure has the property that, whatever the 
denumerable t-set S, almost every x(t) in Q* coincides on S with an everywhere 
continuous function f..(t). Then there is a space Q of a (quasi-separable) process, 
whose functions x(t) are everywhere continuous. 


According to Theorem 2.4, there is a quasi-separable process. Evidently 
almost all the functions involved in this process are everywhere continuous, 
so the continuous functions themselves can be taken as the functions of a 
process. 

In many applications, the following situation arises. There is given a 
P*-measure, and a one-parameter family of P*-measurable functions { f,(w) }, 
—«<t<+o. Let 02* be the space of all functions y(#). We define a P*- 
measure on 2* by setting 


y(t) 1, ,n} = P*{ < ki,j= 1, ,n}. 


In other words, we use the family of chance variables {f,(w)} to define a new 
stochastic process. The y(t) of 2,;* are the elements of a stochastic process 
whose measure relations are those given by the x(¢). It is frequently desirable 
to restrict the x(¢) to some space 2 (to obtain a quasi-separable or measurable 
process) and to consider only the y(¢) given by 


y(t) = filo), weQ,—- <t<o, 


It is known that the space Q, of these y(¢) has outer P;*-measure 1, and so is 
the space of a stochastic process,{ but it is also desirable to know that this 
process has further properties, such as quasi-separability or measurability. 
In the application to be made in the next section, f:(w) is only determined, 
for each ¢, up to an w-set of measure 0, and this is the usual case. We can then 
vary Q, by changing f;(w) for each ¢ on an w-set of measure 0. We shall show 
that by doing this we can (i) make Q, the space of a quasi-separable process, or 

t Cf. Doob [1, pp. 134-137]; the theorems of the present paper make possible considerable sim- 


plification of this paper. 
t Ambrose-Doob [3]. 
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(ii) (if the P;*-measure is such that there is a measurable process) we can make Q, 
the space of a quasi-separable measurable process. 

Proof of (i). Let {s,} be a ¢-set with the properties described in Theorem 
2.2, using P,*-measure. Define f:«(w), f*(w) by 

fix(w) = lim GLB. f*(w) = lim L.U.B. f,,(w), 

where J is an open interval, containing #, of length |/7|. Then according to 
Lemma 2.3, for each ¢, 


Six(w) S fF 


almost everywhere on {2. There is a subspace {9 ¢ 2. of P-measure 1, such that 
these inequalities are satisfied for all w 2 Qo if te {s;}. If f1,(wo) does not satisfy 
this inequality for wy e Qo, redefine f;,(wo) as any number between f;,«(wo) 
and f*(wo). We thus change f,,(w) on at most an w-set of measure 0, and inci- 
dentally may introduce some infinite values. The new function g,(w) has the 
properties 

= f.;(w), 21,weQM, 

Sia(w) = S ge(w) S = 


Let g:(w) =0 if w e QN—Q. Then the functions y(t): y(t) =g:(w), w e Q, deter- 
mine a space Q, of the desired quasi-separable process. 

The proof of (ii) is along the same lines, and will be omitted. The result 
can be extended in the same way that Theorem 2.5 was extended in its corol- 
lary. 

3. One-parameter families of chance variables with the property €. In 
this section, we shall apply the results of §2 to the special case in which the 
chance variables { x,(w) } defined in §2 have the property €.f An important ex- 
ample of the kind of process being considered here is the following. Let Ex, ex- 
ist for all and suppose that Ex,=0; suppose also that if 
the chance variables 


are mutually independent. The chance variables {x,(w)}, £20, then have the 
property € if xo is set identically 0 at =0. In this case, the qualitative char- 
acteristics of the random function x, as given by P. Lévy [6, 7], are well 
known: x, can be considered continuous except for discontinuities of the first 
kind (jumps), or, in the terminology of the present paper, there is a space Q 


t Ville [9, pp. 111-130] has discussed families of non-negative chance variables, depending on 
the parameter ¢ ranging from 0 to + ©, with the property ©. His discussion of the meaning of a con- 
tinuous process, and of generalized upper bounds is somewhat obscure. 
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of a stochastic process with the given P*-measure, whose functions x(¢) are 
continuous except for jumps.f It will be seen below that much of this regular- 
ity is true in the more general case now under discussion. 

Suppose that the chance variables {x,(w)} have the property €. Let t,—# 
and suppose that the sequence {t,} is monotone increasing. Then the chance 
variables «1, %2,---, x’, with x,=x(t,), x’=2x(t) satisfy the hypotheses of 
Theorem 1.4, so lim,.., «(¢,) =%:(¢) exists, with probability 1, and the varia- 
bles x(t), x(t), -- - , x(t), x(t) have the property €. The limit x,(¢) is inde- 
pendent of the sequence {¢,} (neglecting 2*-sets of zero P*-measure), since 
two sequences can be combined into a single one, and evidently #, 7 ¢ implies 
that «(¢,,.)—>,(t) with probability 1, even if the sequence {#,} is not monotone. 
Similarly, using Theorem 1.2, ¢, | ¢ implies that lim,.,. x(t,) =%,(t) exists, 
with probability 1, and is independent of the sequence {t,}, neglecting 9*- 
sets of zero P*-measure. By Theorem 2.7, x)(¢) =x,(¢) =x(¢) with probability 
1, if ¢ is not in some set D which is at most denumerable. It also follows from 
Theorem 1.2 that there is a chance variable «(—  ) such that if t, ~— «© then 
x(tn)—>x(— ©) with probability 1. The family of chance variables {x(é)} 
= {x,(w)} augmented by the newly defined x,(é), x,(t), «(— ©), and ordered 
in the natural way, has the property €. By the corollary to Theorem 0.2, 
E|x(t)| is a monotone non-decreasing function of ¢. If E| x(é)| is a bounded 
function, Theorem 1.3 shows that there is a chance variable x(+ © ) such that 
if t,>+ 0, x(t,)—-«(+«), with probability 1. Theorem 0.3 states that the 
chance variables x,(w), for ¢ in any set bounded on the right, are uniformly 
integrable. 


THEOREM 3.1. Let {x,}, — © <t<+, be chance variables with the prop- 
erty €. Define A, M by - 


A= {Ur[x.] > k}, M = {L;[x.] < k}, 


where I is the interval a<t<b. Then if s26b, 


(3.1.1) ff sar > kP(A), f x,dP < kP(M).t 
A M 


If E| xy log | | <2, E{Ur||x:| ]} <@. 
We have shown that 
Ur[x.] = L.U.B. x,,, = G.L.B. xs, 
j21 


j21 


t Cf. Doob [1, pp. 134-135], and also [2] where the above specific case, involving Ex; is dis- 
cussed. The hypothesis of the existence of Ex; is unnecessary to obtain the above regularity properties 
of x;; it is the independence condition that is essential. 

t Cf. Ville [9, pp. 113-119]. 
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for a suitably chosen sequence s; in the interval 7. By Theorem 1.1, if 


A, = %,2k+ /n], 


it follows that 


f x,dP = kP(A,), 
An 


If m becomes infinite, this becomes the first inequality in (3.1.1), and the sec- 
ond is proved in the same way. If E| x, log |x| |<, there is, according to 
Theorem 1.5, a constant K, depending only on this expectation, such that 
E{L.U.B.j<n |x.,| } <K. If we find that E{U;|x,| } <K, as was to be 
proved. 

If the chance variables {x,(w)} have the property ©, we have seen that 
t,t implies that x(¢,,) x(t) with probability 1, unless /is in an exceptional set 
which is at most denumerable. There is then a measurable process. Accord- 
ing to Theorem 2.5, there is a quasi-separable measurable process. By Theo- 
rem 3.1, if / is any finite interval, U;[|x(¢)| ]< ©, with probability 1. Then 
it is unnecessary to use infinite-valued functions in discussing quasi-separable 
processes. Let D,¢D be the (at most denumerable) set of ¢-values where 
x(t), x,(t) are different on 2*-sets of positive measure. The main result of this 
section is that there is a space @ of a stochastic process with the given proba- 
bility measure whose elements are continuous except possibly on a denumera- 
ble é-set, and everywhere continuous on the right, except perhaps at points 
of D, (the limit lim, ;, x(¢’) existing even on D,). In order to prove this, we 
shall need several preliminary results. 


Lema 3.2. Let u(w) be a measurable function of w, where w varies on some 
space on which a measure function is defined. The subscript a ranges through 
the ordinals of the first and second classes. Suppose that for each w if a2>ax, 
Ua(W) >Ua,(w) unless ug(w) for all B>a. Let u(w) =L.U.B.a>1 Ua(w). 
Then there is a subscript v such that u,(w) =u(w) for almost all w. 


We shall only need this lemma if the {.(w)} are uniformly bounded and 
if the w-measure is finite-valued, so only this case will be proved, but the ex- 
tension to the general case can easily be done. Let € be any positive number. 
We shall prove first that there is a subscript 6 =8, such that if y >8, u,—us<e 
except possibly on a set (depending on +), of measure less than e. If this is not 
so there are pairs (61, 71), (Be, ¥2),- with - - - such that 
My,(W) —ug,(w) = € on an w-set A, of measure not less than e. The set of points 
A in infinitely many A, has measure at least e. Now this is impossible, since 


t Doob [1, p. 118]. 
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then u(w)=+ 2 on A,, and we have supposed that the u. are uniformly 
bounded. There are therefore subscripts 81, Be, - - - , --- such that 
(we are choosing ¢ successively as 1/2, 1/3, - - - in the above result) if y>8, 


Uy — < 1/n, 


except possibly on a set of measure less than 1/n. The sequence {ys,(w) } is 
monotone; let lim,... %s,=%.. Let v be any ordinal of the second class, be- 
yond B2,---. Then so u,=u,, for almost all w. On the other 
hand, u, <us,+1/n, except possibly on a set of measure not greater than 1/n. 
Therefore u, <u,, for almost all w. It follows that u,=w,, for almost all w and, 
since v was any ordinal of the second class beyond (i, Be, - - - , %41=U., for 
almost all w also. Thus except for an w-set Ay of zero measure, u#,41=U.. This 
implies that if w # Ao, =u,41= - - - =u, as was to be proved. 


Lemma 3.3. Suppose that P*-measure has the property that for almost all t, 
t,—t implies that x(t,)—-x(t) with probability 1. There is then a space Q of a 
quasi-separable measurable process. Let @(w) be an Q-measurable function and 
let =v/n, where 


(v — 1)/n S o(w) < v/n, y=0,+1,---,#=1,2,---. 


Then x|s+¢,(w) |, x[s+(w) are measurable (s, w)-functions (we and 
x[s+,(w) |—x[s+¢() | almost everywhere on (s, w)-space (we Q). 


According to Theorem 2.4, there is a quasi-separable process with the 
given P*-measure. The hypotheses have been shown to imply that any quasi- 
separable process is measurable.t Let 2 be the space of a quasi-separable 
measurable process. To show that x|s+@(w)] is (s, w)-measurable (w e Q), 
we must show that for any k, {x[s+¢(w)]>} is an (s, w)-measurable set. 
Since x,(w) is (s, w)-measurable (w e 2), because of the measurability of the 
process with space 22, we need only show that if A is an (s, w)-measurable set, 
the points (s, w) with (s+@(w), w) e A constitute an (s, w)-measurable set. 
Denote this image of A by Ay. We shall show that the transformation AA, 
takes measurable sets into measurable sets. Suppose first that A= XA: the 
direct product of an s-interval a<s<b and a measurable Q-set A. Then A, is 
a simple ordinate set: the (s, w) points “over” A determined by the inequalities 


a— 5b — Ga), 


and an ordinate set of this type is known to be measurable. It follows that if A 


+ The function x[s+(w) is the function x,(w), where o=s+¢(w), and x[s+¢n(w)] is defined 
similarly. 
t Doob [1, p. 118]. 
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is in the Borel field ¥ of sets determined by the sets which are direct prod- 
ucts of s-intervals and Q-measurable sets, the corresponding A, is (s, w)-meas- 
urable. In particular suppose that A e ¥ and that A has measure 0. Then for 
almost all w the s-set {(s, wo) « A} is of measure 0. This same fact will cer- 
tainly be true of the s-set {(s+@(wo), wo) « A} so the set A, will have measure 
0. Since any (s, w)-measurable set of measure 0 can be included in some set 
of ¥ which is of measure 0, it follows that whenever A is measurable and has 
measure 0, the same is true of A,. Now the most general (s, w)-measurable 
set A differs from some set M of ¥ at most by a set of measure 0, so the corre- 
sponding A, will differ from M, by at most a set of measure 0: A, is measurable, 
as was to be proved. We have thus proved that x[s+@(w)| (and therefore 
x|[s+¢,(w) |) is (s, w)-measurable (w 2). According to Theorem 2.7, if e Q, 
x(t) is continuous for almost all ¢, with probability 1. Then if w is fixed, 
x|s+¢,(w) |—«[s+¢(w)] for almost all s, with probability 1. This implies 
that x[s+¢,(w) |-x|s+@(w) | for almost all (s, w), which is the final conclu- 
sion of the lemma. 

Lemma 3.4. Let u(w) be an w-measurable function, defined on the space Q 
of a stochastic process whose chance variables |x,(w)} have the property E. Sup- 
pose that u(w) takes on only a finite number of values: u(w)=d; on Aj, 
j=1, 2,---. Suppose that for each j, {u(w)=d;} is an w-set depending on w: 
a(t) for t<d;. Then the chance variables {y.} , y.=x[t+u(w) | (that is, y.=x,(w), 
o=t+u(w)), have the property E, for t>0. 

To prove this fact, we need only show that if M is a P*-measurable set 
depending on the y(¢) for ---,t,,0<i<--- <t,<t,+h, then 


(3.4.1) f -{ 
M M 


Now 


M 


j YA;-M j 


The conditions on the y(é;) determining M are, on A;, conditions on x(¢;+,), 
i=1,---,v,so A;-M is a set depending on ¢-values for ¢<#,+,;. Because of 
the fact that 


E[x:, t, + dj; | = Xtytd;» 


with probability 1 (Theorem 0.1), we find that 


(3.4.3) f x(t, +A; + h)dP = f x(t, + A,;)dP = f yudP. 
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Summing over j gives 

(3.4.4) f = f x(t, + u + h)dP -f 
M M M 


or (3.4.1), as was to be proved. 


Lemma 3.5. Let u(w) be a bounded w-measurable function, defined on the 
space Q of a stochastic process whose chance variables x,(w) have the property E. 
Suppose that for each number c, {u(w)=c} is an w-set depending on w: x(t) for 
t<c. Let S be any everywhere dense denumerable set. Then lim,,o x[s+-u(w) |f 
(s e S) exists with probability 1. 

Let u,(w) =v/n where 

(v — 1)/n S uw) < v/n, v=0,+1,---,#=1,2,---. 
Then u,(w) satisfies the hypotheses of Lemma 3.4. Let y,(s)=x[s+u,(@) ], 
y(s) =x[s+u(w) |. Weshow first that, forfixedwands>0, ifT >s+L.U.B.,,.u(w), 
then 


(3.5.1) E[yn(s); «(T)] = ya(s), 


with probability 1, that is, that the ordered pair of chance variables y,(s); 
x(T) has the property €. Let A be any w-set depending on y,, that is, deter- 
mined by some condition imposed on y,. It must be shown that 


(3.5.2) f yn(s)dP = f a(T)dP. 
A A 
Let An,j= {un=j/n}. Then 
(3.5.3) f y(sdP = >> f a(s + j/n)dP. 
A i 
Now the w-set A,,,; depends only on ¢-values less than j/, and on A,,; the con- 


dition on y, determining A becomes one on x(s+j/m), so A-A,,; depends only 
on é-values not greater than s+j/n. This means that, using the property E€, 


3.5.4 n(s)\dP = a(T)dP = T)dP, 
(3.5.4) fo fan 


or (3.5.1), as was to be shown. Now if u varies, it follows that the y,(s) are 
uniformly integrable, from the proof of Theorem 0.3: in fact, the proof of 
that theorem did not use the full property €, but only the fact that, for 


t The function x[s+-u(w)] is the function x,(w), where o=s+u(w). 
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t<t, E|x.; x.,]=x: with probability 1. This corresponds to the fact that 
E[yn; «(T) |=yn, n=1, 2, - - - , with probability 1. 

Having these preliminary facts in mind, we proceed to prove Lemma 3.1. 
We enlarge S to include the rational numbers, and so that S contains the 
number s,+52 if it contains s; and se. Let 6:, 52 be positive numbers, with 
5; <6. According to Lemma 3.4, the y,(s) for s>0 (m fixed) have the prop- 
erty €. Then it can be verified at once that the chance variables y,(s) —y,(6:), 
for s> 6, (n fixed) have the property ©. Using Theorem 3.1, we find that 


bi<s<be 


1 

(3.5.5) PALU-B. [yn(s) — yn(61) > < —{ [yn(62) — yn(61) |dP, s eS, 
eva 

where A is the set on the left, and 


<5 


1 

(3.5.6) [yn(s) — < — <— f — se S, 
€ M 

where M is the set on the left. Then surely 


1 
PALWU.B. > cbs — f | vols) 
€ 


(3.5.7) seS, 


1 
PIGLB. [yn(s) — yn(1)] < — s— f | yn(2) — | dP, 
€ 


so that 


bi<s<ba 


2 
(3.5.8) PALU-B. | yn(s) — Yn(61) | > < =f | yn(52) — yn(51) | dP, s eS, 
€ 
which implies that 


2 
(3.5.9) L.U.B. | yn(s’) — | > < =f | yn(2) — yn(61) | dP, 
€ 


Now if &, denotes the quantity on the left in (3.5.9), 


> Pf L.U.B. | x(s’ + v/n) — + v/n) | > u, = 


(3.5.10) > L.U.B. | «(s’) — x(s”’) | > un, = v/n \ 


| 
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It is easily verified that all the sets involved are w-measurable. When u be- 
comes infinite, we obtain 


(3.5.11) lim inf é, = L.U.B. x(s’) — x(s’”)| > s’, eS. 


n- 2 


It was shown in Lemma 3.3 that y,(s)—y(s) for almost all (s, w). Then except 
for some s-set e of measure 0, y,(s)—>y(s) for almost all w. Choose 6;, 5: not 
in e. Combining (3.5.9), (3.5.10), (3.5.11), we find that 


(3.5.12) L.U.B. x(s’) — x(s”)| > 26 < y(52) — | dP, 


2S. 


We can integrate to the limit because the y, have been shown to be uniformly 
integrable. Now let 6,—0 along a sequence of values remaining out of the 
set e. By Theorem 1.2, y(6) approaches a limit with probability 1, say y(0+), 
and we can integrate term by term, so that 


(3.5.13) L.U.B. | x(s’) — x(s’”)| > < (52) — y(0 +) | dP, 
€ 


If now 6.—0 along the same sequence of values, the integral goes to 0. This 
means that the oscillation of x(¢) at ¢=u(w) on the right (only considering the 
function x(#) defined on S) is not greater than 2¢, with probability 1. Since 
is arbitrary, the lemma follows at once from this fact. 


THEOREM 3.6. Suppose that the chance variables {x,} have the property E. 
Let D, be the (at most denumerable) set of t-values for which x(t), x,(t) are not 
identical with probability 1. There is a space Q of a quasi-separable measurable 
stochastic process whose elements x(t) have the following properiies: each element 
x(t) is continuous except possibly at a denumerable set of t-values (which may 
vary with the element x(t)); limy,o x(t+h) exists for all t, and the limit is x(t) 
if t¢ Dy; lima) o x(¢-+h) =x,(8), lim, to x(¢-+h) =x,(t) with probability 1, at each 
t-value.t 


The results obtained in this theorem are less strong than those obtained 
in the case of a differential process, discussed above, in which the increments 
of «(¢) in nonoverlapping intervals are independent chance variables. In the 
differential case, the only discontinuities are jumps, whereas here the ele- 
ments x(#) can apparently have complicated discontinuities on the left (of 
probability 0 at any fixed ¢-value, however, except where x,(#), x(¢) are not 


{ The exceptional 2-set depends on ¢. It will be remembered that except for a denumerable ¢-set, 
with probability 1 (¢ fixed). 
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equal with probability 1, and there the discontinuity is a jump, with proba- 
bility 1). Some such difference might have been suspected, since the property 
E is essentially unsymmetric in ¢. 

Proof of Theorem 3.6. Let S be any everywhere dense denumerable set, 
and let ¢ be any positive number. Consider the ¢-set E[x(t) ] where the oscilla- 
tion of x(t) (¢ e S) is not less than e. This is a closed set. The w-set 


(3.6.1) [J { | x(s’) — x(s”) | De—1/r}, 5’, 8S, 
vel 

is the set of elements x(¢) for which E has at least one point in a<t<b. This 
set is evidently P*-measurable. Let k be any positive integer. For each x(#) 
define u[x(t)] as the first value of t with —k<t<k in E[x(é)] at which the 
discontinuity on the right is greater than 0;7 if there is no such point, let 
u=k. The points s of E[x(t)] with —k<s<u[x(t)] define a set F[x(é)] with 
the following properties: there is no sequence 51, s2,--- in F[x(¢)] with 
5:>52> --- ; F[x(é)] is at most denumerable. Then if F[x(t)] is not empty, 
and is ordered from left to right, it is a well-ordered set, whose ordinal num- 
ber is in the first or second class. If a is any ordinal number in the first or 
second class, define u,[x(t) ] as the ath point of F[x(t) ] (or u. =u, if there is no 
ath point). Then if B>a, unless 
= ---+ =u[x(t)], and for each function x(#) there will be an a such that the 
above equalities are true. Concluding this preliminary discussion, we come to 
the proof of the theorem, which we shall divide into three parts. 

I. Let ki, ke be any numbers with k; <ke. Let v[x(é)] be the first point of 
E|x(t)] in the interval k;<t< ke, or if there is no such point Ict v[x(é) ] =e. 
Then we prove that 

(i) v[x(t)] is a measurable function of w, 
(ii) the w-set v=c, for any number c, depends only on ¢ for ¢<c, and 

(iii) the oscillation of x() (¢ e S) on the right at v[-x(é) | is 0. 

To prove (i) it is sufficient to note that ki <v<. and that the (measura- 
ble) w-set (3.6.1) with a=hi, ki<b<ks, is the set {v<b}. To prove (ii) we 
note first (from (3.6.1) with a=hk,, b=c—n) that the w-set {v<c—n} 
(ki <¢<ke) depends only on ¢-values less than c—7/2, for any n>0. Letting 
n—0, we find that the w-set {v<c} and therefore also {v=c} depends only 
on #-values less than c. It then follows that (ii) holds for all c. Lemma 3.5 
can now be applied to show that lim, ;, x(s) (s e S) exists with probability 1, 
that is, that (iii) is true. 


The discontinuity on the right at is defined as lims.o L.U.B.t,¢ | x(s’)—x(s’’)| 
(s’,s’’e S). 
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II. We next prove that for each a 
(i) «_[x(é)] is a measurable function of w and 

(ii) {u.[x(t)]=c}, for any number c, depends only on ¢-values for t<c. 

The proof will be given by transfinite induction. Consider the case a=1. 
Let v[x(é)] be the first point of E[x(#)] in the interval —k<i<k, or let v=k 
if there is no such point. Then I shows that v= with probability 1, and 
that ~, has the properties (i) and (ii) since v has. Suppose that (i) and (ii) 
are true for some a. We shall show that they are then true for a+1. Let 
w|x(t)] be the first point of E[x(t)] in the interval u.[x(¢)]<t<k; let w=k, 
if there is no such point or if w2=k. We can obtain w as follows: for each 
rational number r <k determine the w-set {u.<r}; on this set w is the first 
point of E[x(é)] beyond r, and not greater than k, or w= if there is no such 
point; if #.=k, w=k also. This makes it obvious, using I, that w=w.+4; with 
probability 1. Properties (i), (ii) are true for w.,; since they are true for w 
(as can be seen using I and the fact that (i), (ii) are known to be true for w,). 
To finish the induction proof of (i), (ii), we must show that if ai<a,<---, 
and if a@ is the first ordinal beyond the a;, then (i), (ii) are true for u, if they 
are supposed true for Let w=lim;... Then w is a P*-measur- 
able function, w <u, and if w[x(t)]<k, w[x(é) ] is certainly a point of E[x(é)]. 
Moreover, since (ii) is true for , it follows easily that (ii) is true 
for w[x(t)]. Lemma 3.5 now shows that x(t) has 0 oscillation on the right 
(¢ e S) at w, with probability 1, so that w[x(¢) ]|=.[x(é)], with probability 1. 
Therefore u, has the properties (i) and (ii), since w has. We have thus proved 
that (i), (ii) hold for alla. 

III. The functions {u.(w) } satisfy the hypotheses of Lemma 3.2, so there 
is an index v such that u,=L.U.B., «=u except possibly on an w-set of meas- 
ure 0. It is impossible that u,=u<k on an w-set of positive measure, because 
u, is a point with 0 oscillation of x(¢) (¢ e S) on the right, with probability 1 
(Lemma 3.5), whereas u is by hypothesis a point where the oscillation on the 
right is positive, if «<k. Then u,=u=k almost everywhere on *. The in- 
dices a<v are denumerable, at most, so we have proved that if an w-set of 
measure 0 is excluded, lim, , x(t’) (¢’ e S) exists for all ¢, with |¢| <%, where 
the oscillation of x(#) (¢ e S) is at least e. If we apply this result letting ¢ run 
through the values 1, 1/2, 1/3, - - - and & through the values 1, 2, - - - , we 
find that neglecting some w-set of measure 0, lim,  ; «(¢’) (¢’ e S) exists for all ¢. 
Theorem 2.8 can now be applied to give the conclusion of the present theo- 
rem, except that part involving lim,; 9 x(¢+h), limato x(¢+h) (¢ fixed), 
lim,... «(¢), lim:._.. x(#). We have seen above, in our preliminary discussion 
of continuous stochastic processes whose chance variables {x,(w)} have the 
property €, that if t, | ¢, x(t.) —>«,(t) with probability 1. This implies that if S 
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is any denumerable set, lim, ; ; x(t’) =,(¢) (t’ e S), with probability 17;so if the 
process is quasi-separable, lim, | 9 x(¢-+/) =«,(é), with probability 1. The other 
cases are treated similarly. 


THEOREM 3.7. Let P*-measure be arbitrary, and let x be any chance variable 
depending on the x, (that is, a P*-measurable function) whose expectation exists. 
Let Q be the space of a stochastic process with this P*-measure. Then if y(t) 
= E[x,, s <t;x],t these conditional expectations can be defined so that for w fixed, 
in 2, not in some set of probability 0, y(t) is continuous except possibly on a 
denumerable set, and even on this set lim, | y(t+h) exists; moreover lim,._.. y(t) 
exists, and lim;.,. y(t) =x. 


The chance variables y(¢) have the property ©. This theorem follows read- 
ily from Theorem 3.6, using the discussion of families of P*-measurable func- 
tions at the end of §2. The fact that the limit as t+ © is x follows from 
Theorem 1.4. 
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ON THE ARITHMETIC OF QUATERNIONS* 


BY 
GORDON PALL 


1. Some fifteen references, beginning with Euler, abstracted in Dickson’s 
History,f use a connection between the congruence and equation 


1) =O0(modm), 


in the case where m is a prime, to prove that every positive integer is a sum of 
four squares. This connection is made precise, for arbitrary odd m, in Theo- 
rem 4. Among our theorems will be found conditions for quaternions to have 
the same right or left divisors of given norms. An easy derivation of known 
relations concerning binary quadratic class-numbers and representation in 
xi concludes the article. 

Most of these results were discovered during an investigation of the “ra- 
tional automorphs of x{-+3+23,” and many of them are used in an associated 
article of that name. Since these automorphs are connected more simply with 
Lipschitz quaternions than with those of Hurwitz in which the coordinates 
may be halves of odds, our results are stated for the former type of integral 
quaternion, although there is no difficulty in extending them to the latter. 
No further mention is made in this article of automorphs.{ 

Notations. The letters a, b, c,t, u, - - - , 2 denote integral quaternions of the 
type t=to+4iti +-iele+ists, with rational integer coordinates ¢;. Conjugate and 
norm are defined as usual: —)-iatz, Nt=it=)_f?. Except for the quater- 
nion units z,, letters with subscripts, and d, e, - - - , s denote rational integers; 
p denotes an odd prime, m an odd positive integer. Subscripts a or B range over 
1, 2, 3; 7, 7, f, or g over 0, 1, 2, 3. 

We call ¢ pure (mod m) if m| to; proper (mod m) if the g.c.d. of fo, - - - , ts, 
and m is 1; proper if the g.c.d. of t, --- , és is 1. 

German capitals represent the sets defined as follows: 


* Presented to the Society in part April 15, 1933, under the title On the relations between sums of 
three and four squares, and in part April 13, 1940; received by the editors January 31, 1940. This paper 
was received by the editors of the Annals of Mathematics July 5, 1939, accepted by them, and later 
transferred to these Transactions. 

1 L. E. Dickson, History of the Theory of Numbers, vol. 2, chap. 8. 

t The complications of Lipschitz’s article are partly due to their use. (R. Lipschitz, Journal de 
Mathématique, (4), vol. 2 (1886), pp. 373-439.) Several papers by the writer, now published, owe 
their inception to the study of the rational automorphs, and some of their proofs now stated in terms 
of quaternions were originally obtained by automorphs. The associated article mentioned above 
will appear soon in the Annals of Mathematics. 
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eight left-associate proper quaternions +iat; 

€: the set obtained from a given proper quaternion ¢ by an even number 
of sign-changes or interchanges of the coordinates ¢;; 

Mt: m pure quaternions of norm zero, and proportional, (mod m); that is 
0, 2, 2v, - - - , (m—1)v (mod m), where 2 is pure and proper (mod m), m| No. 

2. If tis a right divisor of x, that is, x = w/in integral quaternions, then the 
left-associates +/, +7.¢ are right divisors of x with the same norm. 


THEOREM 1, If v=09+4:10; +i2v2+7303 is proper (mod m), m| Nv, m odd and 
positive, then v has precisely one set Q of right divisors of norm m. 


This theorem, fundamental in the arithmetic of quaternions, was proved 
by Lipschitz* in the case of a prime m by a modification of Euler’s method of 
proof that every prime is a sum of four squares. Hermitef had an elegant 
device for proving the four square theorem, based on the fact that there is 
only one class of positive quaternary quadratic forms of determinant 1. The 
following proof of Theorem 1 is an adaptation of Hermite’s method. An ex- 
tension of this proof to generalized quaternions has already been published.f{ 


Lemma 1. Jf x«=y (mod m), x and y have the same right divisors of norm m. 
For if v=ut and Nt=m, 


Lemma 2. If Nx is prime to m, v and xv have the same right divisors of 
norm m. 


For if v=ut, xv=(xu)t. Conversely if xv=ut, choose k so that kNx=1 
(mod m); then v=(kiu)t (mod m), and we apply Lemma 1. 


Lemma 3. If Theorem 1 holds for every product m of r—1 primes or less 
(r>1), it holds for products m of r primes. 


See the top ten lines on page 702 of the reference just cited. 


Lemma 4. If v is proper (mod p), we can choose a pure quaternion x of norm 
prime to p, such that xv is pure (mod p). 


We assume as we may that p/2:, and must choose x to satisfy 


Solving (2;) in the form x, =ex.+/x3, we reduce (22) to 


(1+ e + 2efxexs + (1 + # 0 (mod 


* Loc. cit., pp. 416-420. 

¢ C. Hermite, Journal fiir die reine und angewandte Mathematik, vol. 47 (1854), pp. 343-345; 
Oeuvres, vol. 1, pp. 234-237. 
¢ G. Pall, Duke Mathematical Journal, vol. 4 (1938), pp. 696-704. 
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Since these three coefficients are not all zero (mod p), Lemma 4 follows. 
By these lemmas the proof of Theorem 1 reduces to the case where m is a 

prime /, and v is a pure quaternion such that 

(3) = 11 — — igds, i+ + v3 = pq, an integer. 

How many quaternions ¢ satisfy »=ut, Nt=p, or what is equivalent: 

(4) Nt=p? 


Condition (4) expands into four linear congruences in the #;. In view of 
1+22-+23 =0 these reduce to the two congruences 


(5) to = — Vols, ty = Vote + (mod 

We therefore substitute in the condition }-# =p the expressions 

(6) to = pXo+ 3X2 — th = v2X2+ te = Xo, = Xz, 
where the X; are integers, and, on dividing through by #, obtain 


(7) p(Xo-+ Xx) + 203(XoX1 + X2Xs) — 202(XoXs —XiX2) + g(X2+ Xs) = 1. 


This form is positive, being derived from >°#, and is of determinant 
(p?)2/p4=1, hence equivalent to >>x?. Hence (7) has eight solutions 
(Xo, --- , Xs). If ¢ is any of the corresponding values (6), its leit-associates 
exhaust the eight possibilities. Theorem 1 follows. 


Corotiary 1. Theorem 1 holds with m even [change of notation momen- 
tary], provided v is actually proper and Nv/m is odd. 


For, if v=wut and u is determined up to a right unit factor, then ¢ is de- 
termined up to a left unit factor. 


Corotiary 1’. If z and xz are both proper (mod m), and m| Nz, then z and 
xz have the same right divisors of norm m. 


3. We now consider the left-multiples of a proper quaternion ¢. 


Lemna 5. Let t be proper, pli, +2 for some a. No two of the following p?* 
quaternions are congruent (mod p*): 


(8) (e + fiat, e,f =0,1,---,9* —1. 
From (r+si,.)t=0 (mod p*) follows r=s=0, for 
rtp — = 0, tla + sto = 0, 4 =0= s(to + t.). 


THEOREM 2. Let t be proper, p*| Nt. Then ut represents precisely p?* residues 
(mod p*), each residue for p** residues u (mod p*). 


| 
1 
a 
q 


490 GORDON PALL [May 


We cannot have p| 2+22 for a=1, 2, and 3; for then p| >> =28+Nt, 
p|t; (i=0, 1, 2, 3). Let « denote the number of solutions « of xt=0, and p the 
number of residues ut (mod p*). The number of solutions x of xt=wt, for a 
given w, is the same as that of («—w)t=0, hence equals x; that is, every 
residue vi is represented for x residues u, whence xp=p**. By Lemma 5, 
p=p*; since x =(e+/fi.)? obviously satisfies xt=0, «= Hence kx=p=p**. 

Corottary 2. If p*| Nt the residues (8) in Lemma § represent a complete 
set of left-multi ples of t, (mod p*). 

Corotiary 3. In Theorem 2 precisely p* of the p** left-multiples of t 
(mod p*) are pure (mod p*). 

THEOREM 3. Let t be proper, m| Nt. Then all left-multiples ut (mod m) which 
are pure (mod m) form an unique set IN; that is, all pure left-multi ples of t are 
proportional (mod m). 


For, by Corollary 3 and the Chinese remainder theorem applied with 
m=]]p’, there are precisely m pure left-multiple residues ut (mod m). At 
least one, say 2, is proper, by Lemma 4. Then 0, 2, 22, - - - , (m—1)v exhaust 
the m possibilities. 


THEOREM 4. To every set 2 of norm m corresponds one and only one set MN 
(mod m), and conversely, such that It contains the pure left-multiples (mod m) 
of the quaternions in Q, and Q contains the right divisors of norm m of the 
proper elements of MN. 

By taking conjugates we have a similar result for pure right-multiples and 
left divisors. Since the various left-multiple sets Jt (mod p”) of x and y are 
the same and combine, by the C.r.t., into an unique I (mod m) we have 


Coro.iary 4. Let x and y be proper (mod m), Nx=Ny=0. If x and y have 
the same right divisors of norm p’, for every p* dividing m, then x and y have the 
same right divisors of norm m. 


Coro.iary 5. Let v be proper and pure (mod m), m| No, and let wv be pure 
(mod m). Then there exists an integer such that wv =v. 


4. Conditions for quaternions to have the same divisors will be discussed. 

Lemma 6. The largest rational integer factor of m dividing z is not changed 
if zis replaced by uz, or zu, where Nuis prime to m. 

For let k| m. If k| 2, k| wz. If k| uz, k| auz, 

Lemna 7. [f t’, i'’,---,t® are quaternions of odd prime norm p, then 
t=t't’’---1t is proper if and only if 
(9) proper for g=1,2,---,f—1. 
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The lemma is trivial if f=2. The necessity of (9) is obvious for every f. 
Assume for a given f that (9) holds and ¢ is proper. Consider x =#4+. If x 
is not proper, x=yp, y integral; and since Hence 
t = 64+», since both are right divisors of ¢ of norm p, 6 denoting a unit +1 

By a similar argument we obtain 

Lemna 8. Let u’, u’’,--- , u™ be of norm p. If any uu e+» is improper; 
it is of the form 0p, 0 a unit; we can remove the factor p from u=u'u"’---u™, 
absorb the unit 0 into u‘*-» or u‘9+®, and proceed with the remaining product of 
h—2 factors. We obtain finally u=p't'---t%,t’---t proper asin Lemma 7, 
f=h-—2r. 

Lema 9. If x and y are proper (mod p), and xy=0 (mod 9’), then p*| Nx 
and Ny, and x and § have the same right divisors of norm p’. 


For, if p"|xy, p"| xy and «ys, whence p*| Vx and Ny. Hence we can write 
x=uu't, where Nt=Nt'’=p", Nu’=p*, Nv’=p' (e, f20), and 
p{NuNov. Then xy=uu'it’v'0=0 (mod u’t and being proper. By 
Lemmas 6 and 8, tt’=0 (mod 9’), that is, ¢ and 7’ are left-associates. 


THEOREM 5. Let x and y be proper (mod m). Then x and y have the same right 
divisors of norm m, if and only if xj=0 (mod m). 

For if x=ut, y=vt, and Ni=m, then xj=utit=mus=0. Conversely, if 
xy =0, we apply Lemma 9 and Corollary 4. 


THEOREM 6. Let x and y be proper (mod m), m| Nx and Ny. Then there 
exists a factorization m=mymz in odd positive integers, such that x and y have 
the same left divisors of norm m, and the same right divisors of norm m2, if and 
only if 
(10) m| + + + 


Necessity. If t’ and t’’ are left and right divisors of x, of norms m, and mz 
respectively, then x =wt’’ where m| Nu, and the left divisor of norm m of u 
must be ¢’ (by the uniqueness feature of Theorem 1). Hence we can set 
x =t'at'’, y=t'bt’’, Nt'=m,, Nt’' The expression in (10) is 

+ = + al’) 
= + tbat’) = [t'(ab + ba)?’ 
= + ba)Nt! = mymz >, 


and ab+6d being scalars. 
Sufficiency. From and follow 
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+ =0, = 0 (mod m). 


Let p” be any prime-power dividing m. Then p*|xsx. Let p* be the highest 
power of p for which p*|xj. By Theorem 5, x and y have the same right di- 
visor of norm *. If s2r this result suffices as regards p. If r>s, we can set 
x=ut, y=vt, Nt=p", whence is proper and p’-*| Nv. Then p’-*| Hence 
by Theorem 5, v# and x have the same left divisors of norm p’-*. These must 
coincide with the left divisors of v with norm p*~*, and hence with those of y. 
Corollary 4 now gives us Theorem 6. 
The expansion of xj =0 (mod 9’) is as follows: 


(11) XoYo + + + = (mod 9p’), 
(xoy1 — X1Yo) + (%2¥3 — = O (mod 9’), 
(12) (xove — + — X1y3) = 0 (mod 9’), 
(xovs — X3¥o) + — = (mod 9’). 

THEOREM 5’. Let m| Ny, y proper (mod m). Then the right divisors of y with 
norm m are right divisors of x, if and only if, for each prime-power p* dividing m, 
(11) holds along with (12.), where a (=1, 2, or 3) is such that ply+y2. Simi- 
larly for left divisors with the +’s in (12) changed to —’s. 


Note that p/y2+y2 for a=1, 2, or 3, since p| Ny but ply. 
We may assume a=1. Since p’| Ny we readily verify that 


(— yoye + yrys)(11) — (yoys + yuy2)(121) + (yo + y1)(122) = 0, 
(yovs + yrya)(11) + (yoye — yrys)(121) + (yo + = 0. 


Hence (11)—(12.) imply (12), and the four congruences (11)—(12) have p? 
solutions x (mod p”), m? solutions x (mod m). But by Theorem 2, if y=dt, 
Nt=m, then «=ut has m? residyes (mod m). Every such residue satisfies 
x9 =0. Incidentally, this gives an alternative proof of Theorem 5. 


CoroLiary 6. Let x be pure and proper (mod m), d?+Nx=0=e?+WNx, 
Then d+<x and e+x have the same right divisors of norm m if and only if d=e, 


Corotiary 7. If x is pure, and v is pure and proper (mod m), m| Nv and 
m| > xada, then there exists an integer xo such that xo+x and v have the same right 
divisors of norm m. 


For we have only to choose x» to satisfy any one of 
XoV1 + — =O, Xove + — = 0, Xov3 + — = 0 (p"), 


in which p/v., for each prime-power dividing m. 
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Corotiary 8. If y is proper (mod m), and m| Ny, then x has the right di- 
visors of norm m of y, and the left divisors of norm m of y, if and only if x=ky 
(mod m) for some integer k. 


For then x;y,—x,y;=0 (mod p”), f, g=0, 1, 2, 3. 
The value of k may sometimes be obtained from the identity 


tat = 2(aolo — >> data)t — aNt. 
Corotiary 9. If m| Nx, Ny, and >°x:y;i, and x and y are proper (mod m), 
then there is a factorization m = mymz such that 
(xoy1 — = + — (xoy2 — X2¥o) = + (xsy1 — 
(xoys — X3¥o) = + — X24), 


with all the signs + taken as + for modulus m,, and — for modulus mz. 


Coro.iary 10. Jf m has no square factor greater than 1, x and y are pure and 
proper, m| Nx, Ny, and >°xaVa, then x and y are proportional (mod m). 


The most interesting special case of Theorem 6 is 


THEOREM 7. Let x and y be proper (mod p), p an odd prime dividing Nx 
and Ny. Then x and y have either the same right divisors or the same left divisors, 
or both, of norm p, if and only if 


(13) + x1¥1 + + = 0 (mod 
An independent proof involves interesting lemmas: 
Lemma 10. If Nt= , p cannot divide two of (a=1, 2, 3). 
For if p|&+2<p, then £+2=p. 


Lemma 11. Jf Nt=p=Nvt', then exactly p of the p? left-multiples of t, (mod 
p), are also right-multiples of t’. 


For by Lemma 10 we can assume p/+é and p/i/? +4/?. By Theorem 5’, 
t’ and (e+/fi;)¢ (cf. Lemma 5) have the same left divisors of norm # if and 
only if, to modulus #, 
e(totd + tity + tated + tits) + f(toti — + tats — tat?) = 0, 
e(toty — titd — tots + tstd) + f(— totd — titi + tet? + tet?) = 0. 
The determinant is easily seen to be zero (mod ) while not all the coefficients 
are zero. Hence there are solutions e, f. 


Lemma 12. For a given y such that py but p| Ny, there are precisely 2p? —p 
solutions Xo, %1, X2, of 


| 

| 
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(14) YoXo + Viti + + = 0, xo + x1 + + x3 = 0 (mod p). 


Although a direct proof is not difficult, we deduce this from a general in- 
vestigation of such congruences.* 

The solutions x of (14) must coincide with the 2p?— p residues having the 
same right or left divisors of norm p as y, since those residues satisfy (14). 

5. Including the original ¢, there are twenty-four (not necessarily dis- 
tinct) values fo +t:ta tiets +ist, in a set €, obtained by an even number of 
interchanges and sign-changes of 4, f2, #;. In this way we find a value ¢ in 
every subset © of ©. We can easily verify 


Lemma 13. The twenty-four notationally distinct elements in a set ©, with 
fixed to, can be expressed by 
nln , 
(15) 1, fa, (1 + (1 (ia (ia + ta41)/2"/?, 
4(1 + 73) = dD, Dla, 


where a=1, 2, 3, and i4=i1. 

Consider the relation between divisors of elements x and x’ in the same 
set ©. We choose the left-associate of x’ having the same real part as x. This 
left-associate has the same right divisors as x’, and is of the form xq, as in 
(15). From « = ut follows 


(16) nxn = nly. 


This is also evident from the fact that an even number of interchanges and 
sign-changes of 7;, i2, 73 produces a simply isomorphic system of quaternions. 

The factorization of the quaternions obtained from x by an odd number 
of permutations and sign-changes of the x; reduces similarly to that of #. 
Trivially, « =ut implies ¢=i#. But the right divisors of x and & are not re- 
lated in any obvious way. Some light on this question is exhibited by 


THEorEM 8. Let x be proper (mod m), m| Nx. Then x and & have their right 
divisors of norm m in the same set € if and only if 


(17) m divides one of xs, x7 + (f g), Xo + + + 


Set 0=em, n asin (15), with e=1, 2!/*, or 2in the respective cases, so that 6 
is integral, proper, and of norm e*. Consider 


(i8) 2s9 = x6 + 02, So the scalar part of x0. 


* R. E. O’Connor, Quadratic and linear congruence, Bulletin of the American Mathematical So- 
ciety, vol. 45 (1939), pp. 792-798. 
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The values of so are precisely the expressions in (17), or their negatives. Let 
x=ut, Nt=m. We shall see that 


(19) # has the right divisor ¢’ = nf, if and only if m| so. 

From (18) we obtain 
(20) e2% = 2059 — 0x0 = 2059 — Oubnth = 2059 — u't’. 
If =vt’, then hence m|s,. Conversely, if m| so, 
t’ = nig is a right divisor of 2459, hence by (20) of e?#, hence of # (e? being prime 
to m). 


THEOREM 9. Let t be proper, Nt=m. Let M, and Me denote, respectively, the 
set of pure left- and right-multiples of t (mod m). Then IN, and Ms can be ob- 
tained from each other by interchanges or sign-changes of 1, i2, 13, if and only if 


(21) two of to, h, te, be, 0 are equal. 


Necessity. Let v =at, v’ =ib, where v and v’ are pure (mod m), and v’ is ob- 
tained from v by permuting or changing signs of 2, v2, v3. Then +0’ =n09 
= naj: nth, while —v’ = Since v’ is pure, (17) holds trivially with 
so that # and nfq are in the same ©, whence (21). 

Sufficiency. If (21) holds, # and ¢ are in the same &. By (16), the left-multi- 
ples of ¢ are obtained from those of ¢ by permuting and changing signs of 
71, 42, i3. The pure left-multiples of é are right-multiples of ¢. 

6. Let h(—m) denote the number of classes of primitive, positive, binary 
quadratic forms ¢ = [k, 2x0, /] of determinant — =22 — kl, and r’(n) the num- 
ber of proper pure quaternions x of norm m. Gauss showed that, if »>1, 
n#Af or 8f+7, 

r'(n) = 12h(—n), if nm =1 or 2 (mod 4), 


(22) 
= 8h(—n), if m= 3 (mod 8). 


Assuming that r’(n) >0 we demonstrate (22) by means of quaternions. 
Let [x] denote the set of four quaternions 


(23) x, => 14% om 13%3, 12X10, 13X13, 


obtained by changing signs of two x,; four, that is, except for Nx=1, when 
only two of them are distinct. With @ we associate the following process 
whereby: (a) every proper [x| of norm n is carried into a certain proper |y]| 
of norm n; (b) no two distinct proper [x|’s are carried into the same [y]. 

Set 4» +2=ut, Nu=1, Nt=k, which confines ¢ to a set O (Corollary 1). 
Define y = (txt)/k =tu—4%». If t is replaced by a left-associate igt, y is replaced 
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by —igyis, in [y]. If ¢ is changed to —4#, y is unaltered. If x is replaced by 
= —igXta, = —i,ulig, and we again obtain y. 

Further, y is proper. For if |, then p|n=Ny; and p|k, since kx =iyt 
and x is proper. Since a2-++n=kl, p|ao. Hence p|tu=y+. Since ¢ is proper, 
p|tNu, p| Nu=l, contradicting the primitivity of [k, 2x0, 7]. 

Reciprocally, since —y, —%0+y= — ai, whence iyt = kx, and the proc- 
ess associated with [k, —2xo, /] carries [y] back into [x]; hence (b). 

Lemma 14. The process associated with the primitive form ¢= |k, 2x0, 1] is 
the same as that for the following forms equivalent to ¢: 

(24) [k, 2(ao-+ hk),---], — 2a, 


For, if xo+x=ut, then %+hk+x=(ut+hi)t; and —x%+x=—id, (axu)/I 
=y=tu—Xo, since j= —y. 

CoroLiary 11. Any two equivalent forms determine the same process. 

Lema 15. Let C, D denote primitive, positive classes of determinant —n, 
CD the product-class under composition. If C carries the proper |x| into [y], 
and D carries |y| into |z], then CD carries |x| into [z]. 


We can choose representative forms in the classes C and D of the types 
[k, 2x0, hl], [h, 2xo, kl]. By assumption, 
x= ut, Nit=k, (txt)/k = y = tu — xo, 
xo + y = vt’, Ni =h, (t’yt’)/h = 2 = tv — x. 
Hence tu =vt'; since Nu=hl, u=wt'’, 
xotx = wi(t't), Ni(t't) = hk, (t'txtt’)/(hk) = z. 
By ® =8(y) we mean the set of pure quaternions obtained from a pure y 
by permuting and changing signs of 1, ye, ys. 
Lemma 16. If Nv=2’, then (ayv)/No is in R(y). 


For v is a product of factors +i, 1+is. Now —iayia is in [y]; and 
(1+%)y(1 =2(isy1 — +isye). 

Lemna 17. If x and y are pure and proper, and Nx=Ny, there exists a 
proper quaternion t of odd norm m such that, for some y’ in &(y), 


(25) txt! = my’. 


For, (x+y)x=y(x+y), =yN (x+y). If y= the 
theorem is trivial: y’=x, Hence we can suppose x+y #0, x+y=vt, Nva 
power of 2, Nt odd; txt=m/(dyv/ No). 

If a proper [x] can be carried into [y] by the process associated with a 
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primitive classC, then ¢éxi=(N?)y must be solvable with ¢ proper and Ni prime 
to any assignable number. For C contains such forms [N#, 2x0, /]. 


Lemna 18. If x is pure, t proper, and Nt=m odd, and if txt=my, then we 
can find an integer x such that x»+x =ut (whence y=tu—%»). 


For tx = yt has the right and left divisors of norm m of ¢t. By Corollary 8, 
tx =xot (mod m) for some integer x». Hence 


(xo + x)i = — = — = 0, + = mu, + x = Ut. 
Lema 19. There is at most one primitive class of determinant —n carrying 
any given proper |x| of norm n into any given proper |y| of norm n. 


For if C and D carry [x] into [y], then both F=CD- and the principal 
class E carry [x] into [x]. From txi=mx, Nt=m, follows tx =xt, or 


= Xsle, = Xyl3, = 

Since x is proper, t2 =gxa for some integer g, (a=1i, 2, 3). The condition 
Nt=m becomes é+ng?=m. Thus E represents every integer represented 
properly by F, E~F. 

Lemma 20. Let x’ be obtained from x by r sign-changes and s interchanges of 
%1, %2, %3. Then a proper quaternion t of odd norm such that 
(26) txt = (Nt)x’ 
exists if and only if: (a) x’=x (2), (8) r is even if Nx =3 (8). 


On expanding txi we find txt=(Nt)x (mod 2), whence (a) is necessary. To 
__ prove the necessity of (8) we have to prove the impossiblity of txt = — mx with 
Nt odd, that is, of tx = —xt, Nt odd, x1, x2, x3 odd. Expanded, these imply 


Xiti + + = 0, Xito = = = O, 


whence =0, ti: is even, Nt is even. 
Conversely it suffices to exhibit a solution ¢ of (26) in the cases 


(y) = — x, Nx =1 or 2 (mod 4); (6) x’ = + + igx3, 41 = x2 (2). 


For (7), — = (x3 +23) (—-x) suffices, since one of 
x2+2? is odd. For (6), t= (x1 +22) (i; is effective, and is of odd 
norm unless n=2 (mod 4), in which case 0+" = —(i:+%2)t, where 
(and hence ¢ by Lemma 14) carries x into 1:42 +-i2%; —i3%3, and the sign-change 
is seen to in (vy). By (a) and (8) we have 

Coroiiary 12. Jf Nx=1 or 2 (mod 4), x can be transformed into precisely 
one-third of the vectors in R(x). If Nx=3 (mod 8), x can be transformed into 
precisely half the vectors in R(x). 
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Hence the number of primitive classes C is, respectively, one-third and 
one-half of the number of proper sets [x], and (22) follows. 

7. The relations between the representations of m and pn as a sum of 
three squares are easily derived by quaternions. 

Lemma 21. Every proper, pure y of norm p*n is of the form ixt, where Nt=p 
and Nx=n. Here t and x are unique except that they may be replaced by 6t and 
6x6, where 0= +1 or +i,. If yis changed to —igyig, we still obtain the same val- 
ues x. In this way every proper |y] of norm pn is derived from an unique proper 
[x] of norm n. 

For, by Theorem 1, y=vt with N¢=p and ¢ in an unique Q. Here p| Nz, 
whence v has the same left divisors of norm p as y= —j=#%. Hence v=ix, 
and so on. That «x is proper follows from y=#ixt, y proper. 

However, a given proper [x] of norm » gives rise to p—(—n| p) proper 
sets [y] of norm pm, since there are p+1 sets Q of norm p and 1+(—n| p) 
of them make ixt=0 (mod p). The latter values ¢ (by Lemma 18) are the left 
divisors of x»+2, where x3-++-n=0 (mod p). If ¢ and ¢’ are not in the same O, 
ixt and ?’xt’ are not in the same [y], by the uniqueness feature of Lemma 21. 
Hence we have 


(27) r'(p°n) = {p — (— n| p)}r(n). 
Using “proper (mod /)” in place of “proper,” we obtain 

= {p — (— n| p)}r'"(n), 
where r’’(m) denotes the number of representations of m as a sum of three 
squares not all divisible by p. Let r(m) denote the total number of representa- 
tions of m as a sum of three squares. Then 

= r(n) + = r(n) + {p — (— p)}r"(n) 
r(n) + {p — (— p)} {r(n) — r(n/p)}, 

that is, 
(28) r(p*n) = [p +1 — (— p)|r(n) — [p — (— p) 


for any positive integer m. From this we readily deduce by induction that if h 
is quadratfrei and m=] [* in powers of distinct primes, 

r(m*h) = r(h)- ai; h), 
(29) pati — 


Also, r’(m?h) =r'(h) ai; 2), where $(p, a; h)=p*—(—h| 
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8. Let hk have no square factor greater than 1, m odd and positive. We 
shall prove that the general solution of 


(30) hm? = yi + +95 

in integers Yq such that, if p| y=ivy:+ivye+isys, then 

(31) (—h|p)=1, or plh and p'ty, 
is given by y =txi, where 

(32) tis proper and Nt = m, x is pure and Nx = h. 


If y=txi, Ny = Nx(N2)*, whence if (32) holds, y satisfies (30). To see that y 
also satisfies (31), set y=p*s=éxi. Then p*|Ny=m?h, p*|m=p*m’. Hence 
txm = p*st, tem’ =2t =\t (mod m) for some integer \ by Corollary 8, m’|\=xom' 
since is proper, tx (mod p*), p*| t(xo—x) (xo +x), (—h| p) =1, or 
p| hand e=1. 

Conversely we have only to see that every solution y of (30) and (31) is 
of the required form xi. To do this we write m= p'm’, r>0, p/m’, and show 
that y=?'si’, t’ proper of norm #’, z pure and of norm hm’*; then no prime p 
dividing z can satisfy (—h|p)=—1, or p|h and p|z, since such a prime di- 
vides y =#'z#’ and contradicts (31). Eliminating in turn each prime-power in m 
we finally obtain y =éx?, witht=?’ - - - ¢ proper since the norms of t’, t’’, - - 
are coprime in pairs. The proof of Lemma 21 extends to 


Lemma 22. Let u be pure, p?*| Nu, u proper (mod p). Then u=tvl, t proper, 
Nt=p', Nu=(Nu)/p*. 


Case p|y, p|h. By (31), p?}y. Set y= pu, m=pmo, Nu=kmi. Since u is 
proper (mod p) and p?*-"| Nu, u=tvi, t proper, Nt=p"-!, Since 
p| Nv, v=t'w, Nt’=p, and hence pv=t'v'i’, where v’=wt’. Hence y=pu 
= (#’)v' (#2). Here tt’ must be proper, since (a factor of u) is proper (mod 

Case p| y, (—h| p) =1. Set y= peu, u proper (mod p), m=p*m, Nu=hm?. 
Then u=i, Nt=p*-*, Nu=hm’*. There are two solutions +% of %=—hm’? 
(mod p*). Since p}v, the left divisors of norm p of %-+v and —%+2 cannot be 
the same. Hence we can set »+v=t'w, Ni’ = p*, t’ proper, and choose the sign 
of v% to make #’ proper (Lemma 7). Then v’=wt’—v=(#'vt’)/p*, and 
po=t'r't’, y=(tt’)v' (FB). 

Case p}y. Then Lemma 22 applies at once. 

The restriction that # be quadratfrei can be removed, if the troublesome 
case where p2|h and p?| y is avoided by reducing to h/p? and y/p. 

9. As an addition to §6 we record the following results which depend only 
on # and not on the particular x of norm n: 

(a) [1, 0, 2] carries x into x; 
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(b) [2, 2, (w+1)/2] carries x into (x1, x3, —x2) if n=1 (mod 4), x=; (2); 

(c) [2,0, 2/2] carries x into (x1, x3, —x2) if m=2 (mod 4), x2=; (2); 

(d) [4, 2, (w+1)/4] carries x into (x2, x3, x1) or (x3, X41, x2) if m=3 (8), de- 
pending on the residue of x;+%2+4;3 (mod 4), while for the same case, 

(e) [4, —2, (n+1)/4] carries x into the other of (x2, x3, x1), (%3, *1, %2). 
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1. Principal result. Let P(z), Q,(z), - - - , O-(z) be quadratic forms in the 
real variables 2, ---, 2m with real coefficients having the following prop- 
erties: the form P(z) is positive at each point (z)~(0) at which the forms 
Q,(z), - - -,Q,(z) vanish simultaneously; for every set of constants Si, - - -, S;, 
not all zero, the quadratic form S;Q;(z)t is indefinite; for every linear sub- 
space L on which the quadratic forms Q,, - - - , Q, do not vanish simultane- 
ously, save at (z) =(0), there is a linear combination S,Q,(z) of these forms 
which is positive definite on L. The principal result given in the present note 
is given in the following: 


THEOREM 1. Under the above hypotheses there exists a set of constants 
Si, ,S, such that the quadratic form 


P(z, S) = P(z) + SQ;(z) (¢=1,---,7r) 


is positive definite in the variables 2, +--+: , 2m. The last two hypotheses may be 
dropped when r =1. 


This theorem was proposed in a somewhat different form by Bliss in 1937 
in a seminar on the calculus of variations. It is useful in sufficiency proofs for 
multiple integral problems. Proofs of the theorem for the case r = 1 were given 
in the seminar by Albert,{ Reid,§ McShane and Hestenes, each using a differ- 
ent method. The last two of these proofs have not been published. The proof 
of Theorem 1 here given is due to McShane and is an immediate extension of 
the one given by McShane for the case r=1. In the next section Theorem 1 
will be applied to the case in which (z)=(%1, Xn, Yn) and the 
forms Q;, -- - ,Q, are the two-rowed minors of the m X 2-dimensional matrix 
(x4 y.). If m=2 then r=1 and Theorem 2 below is an immediate consequence 
of Theorem 1. If ~>2 the further result described in Theorem 3 below is 


* Presented separately to the Society, by McShane on April 8, 1939, and by M. R. Hestenes 
on December 29, 1939; received by the editors November 29, 1939. 

ft A repeated index denotes summation. 

tA. A. Albert, A quadratic form problem in the calculus of variations, Bulletin of the American 
Mathematical Society, vol. 44 (1938), pp. 250-252. 

§ W. T. Reid, A theorem on quadratic forms, Bulletin of the American Mathematical Society, 
vol. 44 (1938), pp. 437-440. 
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needed. This further result for the case »=3 has been established by Mc- 
Shane.* The proofs of Theorems 3, 4 and 5 here given are due to Hestenes.f 

The proof of Theorem 1 is based on two lemmas, the first of which is the 
following: 

Lemna A. Let m(S) be the minimum of the quadratic form P(z, S) on the 
unit (m—1)-s phere 2.2 =1. There exists a set of constants (So) which maximizes 
the function m(S). 

For a set of constants S;, --- , S, let M(S) be the maximum of the quad- 
ratic form —S,Q; on the unit sphere 2,2, =1. We have M(S) >0 if (S) ¥ (0) 
since the quadratic form —5S,Q; is indefinite by hypothesis. Moreover 
M(hS)=hM(S) for every positive number hk. Let My be the minimum of 
M(S) on the set S;S;=1. Since this minimum is attained, we have My>9. 
Finally let V be the maximum of P(z) on the set 2,2, =1. Then for every set 
of constants (S) there is a point (z) such that 2.2, =1, —S:0;(z) =M(S)=hMo, 
S,S; =/? and 

m(S) P(z,S) N — M(S) N ~ 


It follows that there is a positive constant 4» such that when 4>/ho we have 
m(S) <m/(0) for every set (S) with S;S;=y?. There is accordingly a set (So) 
such that the relation m(S)<m/(S)) holds for every set (S), as was to be 
proved. 


Lemma B. Let (So) be a set of constants which maximizes the function m(S) 
and set my =m(So). The set of points (z) satisfying the equation P(z, So) =mo22% 
forms a linear space L. There is no quadratic form SQ; which is positive definite 
on L. 

The set L consists of all points z at which the function P(z, So) —moz.2% 
attains its minimum value 0. Hence the partial derivatives of that function 
vanish on L, and therefore the equations 


(1) P,, (2, So) = 


hold for all z in L. Conversely, if we multiply equations (1) by = and sum 
on k we see that every point z which satisfies (1) lies in Z. Thus Z is the set of 
solutions of the linear equations (1), and is therefore linear. Suppose now that 
there exists a quadratic form Q =S,Q; that is positive definite on L. Let K be 
the unit sphere 2,2, =1 and L, the set of points in Z on K. Choose 6>0 such 


* E. J. McShane, The condition of Legendre for double integrai problems of the calculus of varia- 
tions, Bulletin of the American Mathematical Society, abstract 45-5-209. 

+t M. R. Hestenes, A theorem on quadratic forms and its application in the calculus of variations, 
Bulletin of the American Mathematical Society, abstract 46-1-83. 
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that Q(z) >b on Ly, and let NW be a neighborhood of Z; relative to K on which 
Q(z) >b. Let m, be the minimum of P(z, So) on the closed set K —N. Then 
m,>mo. It follows that for a sufficiently small positive constant / one will 
have 


P(z, So + hS) = P(z, So) + hQ > Mo 


on K—N. But P(z, SothS)>mo+hb on N, and hence >m(So), 
contrary to our choice of the set (So). This proves Lemma B. 

In order to prove Theorem 1 we note that there is a point (z) ~ (0) on the 
set L described above at which the forms Q,, - - - , Q, vanish simultaneously. 
Otherwise by virtue of the last hypothesis made in Theorem 1 there would 
exist a quadratic form S,Q;(z) which is positive definite on L, contrary to 
Lemma B. At this point (z) we have accordingly moz,2, = P(z, So) =P(z) >0 
in view of the first hypothesis of the theorem. It follows that m,)>0 and hence 
that P(z, So) is positive definite. This proves the first statement in the theo- 
rem. The second statement is readily verified. It should be observed that the 
hypotheses of Theorem 1 imply that there is a point (z) (0) at which the 
forms Q:,--- , Q, vanish simultaneously. Otherwise the last hypothesis 
would imply the existence of a positive definite form S;Q;, contrary to the 
second hypothesis. 

The last sentence in Theorem 1 remains to be established. It is easy to 
see that if r=1 the last hypothesis in $1 is automatically satisfied. Suppose 
then that r=1 and that Q is not indefinite. Let K be the sphere 2,2, =1. If 
Q; is positive definite, the sum P(z, S) is positive on K, hence is a positive 
definite form, provided that S; is large. If Q, is negative definite, P(z, S) is 
positive definite provided that —S; is large. If Q; is semi-definite, say positive, 
let L be the set on which Q; vanishes. As in Lemma B, this is linear. On LK 
the form P(z) is positive; it then remains positive on a neighborhood N of 
LK relative to K. On K—N the form Q, is positive. Choose S; large enough 
so that P(z, S) is positive on K—N. On N we have P(z, S) = P(z) >0, so that 
P(z, S) is positive on K, and is therefore a positive definite form. 

In the proof of the first part of Theorem 1 made above we have established 
essentially the following more general result: 


CoroLiary. Suppose the last two of the hypotheses made in Theorem 1 hold, 
and let m be ihe minimum of the form P(z) on the set of points (z) satisfying the 
conditions Qi(z)= --- =Q,(z) =0, 212,=1. There exists a set of constants S; 
such that the inequality P(z, S) =mz,%, holds for all points (2). 


2. A further result. Consider now the case in which the space of points (z) 
described in the last section is of dimension 2”. For the purposes of this sec- 
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tion it will be convenient to denote the ith (i<m) and the (w+7)th coordi- 
nates of (z) by x; and y; respectively. Thus the points of our space will be 
denoted by the symbol (x, y). To each point (x, y) there is associated a ” X 2- 
dimensional matrix (x; y;) whose ith row is composed of the coordinates x;, ; 
of the point («, y). This matrix will be used below to classify the points (x, y) 
of our space. By a quadratic form in the variables (x, y) will be meant an ex- 
pression of the form 


In particular the expression Sj, ;y, is a quadratic form in the variables (x, y). 
Finally by a linear space L of points (x, y) is meant a subspace such that if 
(x, y) and («’, y’) belong to L so also does the point (ax+bx’, ay+by’), where 
a and 6b are arbitrary real constants. 

The results described in the last section will be used to prove the follow- 
ing: 

THEOREM 2. Let P(x, y) be a quadratic form in the 2n real variables 
Xn, Yn with real coefficients. Suppose that the inequality 
P(x, y)>0 holds whenever the nX2-dimensional matrix (x; yi) has rank 1. 
Then there exists an n-rowed skew-symmetric matrix S = (Six) such that the quad- 
ratic form P(x, y) +Sixxvy, (i, R=1,-- , is positive definite. 

To prove this result let Qi. (¢<k) be the quadratic form x;y.—x,yi. A 
linear combination SQ. (summed with i<k) is easily seen to be equal to 
Sixxiy, (summed for all 7, k) if we set S;;=0, Sii= —Six (i<k). Thus we see 
that the theorem will be established if we show that the hypotheses of Theo- 
rem 1 with Q; replaced by Qj, are satisfied. The first hypothesis holds since 
the matrix (x; y;)#(0 0) has rank 1 if and only if the forms 0, vanish simul- 
taneously. Moreover a linear combination SQ; with S+0 is indefinite. 
Finally the last hypothesis of Theorem 1 holds by virtue of the following: 


THEOREM 3. Let L be a linear set of points (x, y) such that the n X2-dimen- 
sional matrix (x; y;) has rank 2 at each point (x, y) #(0, 0) on L. There exists a 
skew-symmetric matrix S =(Si,) such that the quadratic form Sixxiyx is positive 
definite on L. 

Let m be the dimension of L and let (Xie,---, Xna, Vie,***, Vna) 
(a=1,---,m) bea basis for L, that is, a set of m points (X., Y.) in L such 
that the coordinates of each point (x, y) in L are expressible uniquely in the 
form 


(2) = Xiate, ¥i = Viata (a =1,---,m). 


Since the matrix (x; y;) has rank 2 at each point («, y) ¥ (0, 0) on L, the matrix 
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AX+ulY, where X =(X;.) and Y=(Yi.), has rank m for every pair of real 
numbers \, uw, not both zero. Conversely for every pair of matrices X, Y, 
having AX + pV of rank m when (A, nu) ¥ (0, 0), the corresponding linear space 
L defined by equations (2) is such that the matrix (x; y;) has rank 2 at each 
point (x, y) ~(0, 0) on L. Moreover by the use of equations (2) it is seen that 
SiXiYe = Ragtats, where R= X’SY and X’ is the transpose of X. Here and 
elsewhere it is understood that the symbol for an element of a matrix is ob- 
tained by adding a pair of subscripts to the symbol for the matrix. Theorem 3 
is accordingly equivalent to the following theorem on matrices: 


THEOREM 4. Let X, Y be two n X m-dimensional matrices such that the matrix 
AX+yuY has rank m for every pair of real numbers i, wu, not both zero. There 
exists an n-rowed skew-symmetric matrix S such that the matrix R=X'SY is 
positive definite, that is, the quadratic form Rastats (a, 8=1, - - - , m) is positive 
definite. Here X’ is the transpose of X. The matrix R in general will not be sym- 
metric. 


In order to prove Theorem 4 we first observe that in the proof of the 
theorem we may replace the matrices X, Y by X:=AXB, Y1=AYB, where A 
and B are arbitrary nonsingular matrices of dimensions and m respectively. 
For, the matrix has rank m when (A, 0). Moreover, suppose 
there exists a skew-symmetric matrix S; such that the matrix X/ S:V; is posi- 
tive definite. Let S be the skew-symmetric matrix A’S,A, and set R= X’'SY. 
Then the matrix B’RB = X/ S,V; is positive definite. It follows readily that R 
is positive definite and hence that the matrices X, Y can be replaced by 
X;, VY; respectively. In fact X, Y can be replaced by matrices of the form 


where J is the m-rowed identity matrix, C is an m-rowed matrix and O is the 
zero matrix. Suppose that X, Y are of this form. Then the condition that the 
matrix AX +yY be of rank m for all real numbers X, yu, not both zero, is equiv- 
alent to the condition that the matrix 


(4) 
—D 
be of rank m for all real values of \. Moreover the equation AX B=X holds 
for two nonsingular matrices A and B if and only if A is of the form 


(5) B- 
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When A is of this form we have 
B-(C + 


(6) AYB = ( 
FDB 


In the sequel we shall assume that the matrices X, Y, A are of the forms (3) 
and (5). It will be understood that if =m the matrices O, D, E, F do not 
appear in these matrices. Theorem 4 will be established by replacing Y by a 
matrix AYB having special properties. This will be done with the help of 
three lemmas, the first of which is the following: 


Lemma 1. Let ¢:(A), --- , be the elementary divisors of the matrix 
AI —C and let € be an arbitrary constant different from zero. With an elementary 
divisor of the form :(d) = [(A—ax)? +87 ]"* (8:0) associate the 2m;-rowed ma- 
trix 


N; O O-::-+ O} 
ed N; O 
(7) M;=|0 O|,7 (* r= ( ). 
B; 0 1 
O O-::- N; 


a; 0 O---- O 
1 a; O- 0 
(8) M;={|0 1. a;- 0 


0 0 O---1 aj 


There exists a nonsingular m-rowed matrix B such that B-'CB =C,, where 


M,O O .::-O 

O :---O 
(9) C.=|0 O 

O O O 


For it is clear from the special forms (7) and (8) that ¢:(A) =|A7—M,]. 
If M; is of the form (8), the (m;—1)-rowed minor obtained by deleting the 
first row and last column has determinant unity. Hence ¢;(A) is the only non- 
trivial invariant factor of \J —M; in this case. Suppose next that M; is of the 


With an elementary divisor of the form $;(X) =(A—a;)"' associate the matrix 


1940] QUADRATIC FORMS AND THE CALCULUS OF VARIATIONS 507 


form (7) and let @(A) be the determinant of the minor of \J — M; obtained 
by deleting the first row and the last column. The values ¢(a;+78;) ,¢(a:i—i8;) 
are different from zero since e~0, as one readily verifies. It follows that $(A) 
and ¢;(A) have no common factors and hence that ¢;(A) is the only non-trivial 
invariant factor of \J —M; when M; is of the form (7). The matrices \J —C; 
and AJ —C accordingly have the same elementary divisors and hence the same 
invariant factors. The matrix C; is therefore similar to C, that is, C; is of the 
form B-CB, where B is nonsingular.t 


Lemna 2. If the equation |\I —C| =0 has no real roots, there exists a matrix 
C* similar to C and a skew-symmetric matrix S such that the matrix SC* is 
positive definite. The matrix SC* is not in general symmetric. 


For in this case the diagonal blocks in (9) are of the form (7). Consider C; 
as a function C;(a, B, €) of the values a;, B:, € described in Lemma 1. Let 
R(e) =C,(0, B, €), S=—R(O) and T=C,(a, 0, 0). Then S and ST are skew- 
symmetric, S is nonsingular and C;=R(e)+T7. Since ST is skew-symmetric 
one has =0 (a, B, y=1, , m) and 


UaS Rey + = aS 


for arbitrary values of (uw). Since R(O)=—S and S is nonsingular, the last 
quadratic form is positive definite when e=0 and hence for a value e’ #0. 
The matrices S and C*=R(e’)+T have the properties described in the 
lemma. 


Lemna 3. Let C, D be the matrices appearing in the matrix (4) and suppose 
the matrix (4) has rank m for all real values of . There exists an mX(n—m)- 
dimensional matrix E such that the equation 


(10) —C — ED| =0 
has no real roots if the dimension m of C is even and a single real root if m is odd. 


Let us begin by disposing of the case m=n. If m=n, the conclusion of 
Lemma 3 is that |AJ —C| #0 for all real \. This is an immediate consequence 
of the hypothesis that matrix (4) has rank m =n for all real X. Incidentally, 
if m=n, both m and n must be even; otherwise the equation |\J—C| =0 
would be of odd degree, and would therefore have a real root. 

Suppose then that m<n. We shall consider first the case in which m =2 
and C, D are of the form 


(11) c=(° 2 or D= (de). 


7 A. A. Albert, Modern Higher Algebra, University of Chicago Press, 1937, pp. 84-85. 
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If D is the two-rowed identity matrix, let 


0-1 
c= ( ), E=G-C. 
1 0 


Then the equation (10) takes the form \?+1=0 and has no real roots. Sup- 
pose next that D=(de). We may suppose that b =0 since this can be brought 
about by replacing \ by \+0. Since the matrix (4) has rank 2 for \=0 and 
\=a, we have e#0 and ad+ec+0. Choose numbers a, 8 such that 


ace — Bae = — 1, ad+Be+ta=0. 


Then equation (10) with EZ’ = (a8) as the transpose of E reduces to \?+1=0. 
The lemma is accordingly true for the matrices (11). 

To prove the lemma as stated, let # be the number of real roots of the 
equation |AJ —C| =0, each root counted a number of times equal to its multi- 
plicity. We may suppose that h2= 2. It is sufficient to show that the matrix E 
can be chosen so that the equation (10) has exactly #—2 real roots. In view 
of equation (6) it is sufficient to prove this result when C, D are replaced re- 
spectively by matrices of the form C; = B-'CB, D, = "DB, where B and F are 
nonsingular. By virtue of Lemma 1 we may select B so that C; is given by (9). 
In fact B may be chosen so that the matrices (8) corresponding to real roots 
of |\J—C| =0 have higher subscripts than the matrices (7) corresponding to 
roots that are not real. It follows that, after a suitable choice of the matrix F 


in D,, one has 
M O U O 
( ), ( ): 
N Ce V Dz 


where the matrices C2, Dz are the matrices C, D in (11). The matrix (4) with 
C=C:, D=D, has rank 2, since otherwise the corresponding matrix with 
C=C,, D=D, could not have rank m. It follows that there exists a matrix 
E, such that the equation (10) with C=C:, D=D:2, E=E, has no real roots. 


Choosing 
(0 
O 


the equation (10) with C=C,, D=D, reduces to the product 
| — M|-| — C2 — ExD2| = 0, 


where the subscript on J denotes its dimension. This equation has 4—2 real 
roots and the proof of Lemma 3 is complete. 

We are now in position to prove Theorem 4. As was seen above we can 
assume that the matrices X, Y are of the form (3). Since we can replace Y 


5 
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by the matrix (6) we can suppose, by virtue of Lemma 3, that the equation 
|AZ—C| =0 has no real roots if the dimension m of C is even and one real 
root if mis odd. Consider first the case in which m is even. Then by Lemma 2 
there is a nonsingular matrix B and a skew-symmetric matrix S such that 
the matrix SC* with C*=B-'CB is positive definite. Replace Y by AYB, 
where A is defined by equation (5) with E=0 and F=/. Then C is replaced 
by C* so that the matrix SC is now positive definite. Let S, be the n-rowed 
skew-symmetric matrix 
S O 
0): 


The product X’SiY is then equal to SC and is accordingly positive definite. 
This proves Theorem 4 for the case in which m is even. 

The case in which m is odd will be reduced to the case in which m is even. 
As was seen above we can assume that the equation |@7/—C | =0 has only 
one real root \ =a. Choose nonsingular matrices B, F such that the matrices 
C,=B’CB, D,=FDB are of the form 


M O U 0b 
( ), = ( ) (b #0). 
O a V 


This choice is possible by virtue of Lemma 1 with M;=(a) and the fact that 
the matrix (4) has rank m when \=a. We can suppose that C=C,, D=D,, 
since this result can be brought about by replacing Y by AYB, where A is 
given by (5) with E =O. Clearly m <n since D has at least one row. Let Xi, V1 
be the matrices 


I oo M O O 

0 O a —b 
X, = Y,= 

OO 1 U b a 

V O O 


obtained by adding a suitable column to each of the matrices X and Y. Since 
the equations |\J—M| =0, (A—a)?+b?=0 have no real roots, the matrix 
\X,—YV; corresponding to (4) has rank m+1 for all real values of A. As was 
seen in the last paragraph, there exists, since m+1 is even, a skew-symmetric 
matrix S such that the matrix X/ SY; is positive definite. The matrix X’SY, 
being a principal minor of Xj SY,, is also positive definite. This completes 
the proof of Theorem 4 and hence also of Theorem 3. 

Incidentally, by an argument similar to that just made, it can be shown 
that if Z is a maximal linear space having the properties described in Theorem 
3 then its dimension is m if m is even and m—1 if mis odd. 
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3. Application to the calculus of variations. Consider the problem of mini- 
mizing the double integral 


I -ff f(x, 21,°°* Buy °° » Pay ° Qn)dxdy, 
A 


where p;=02;/0x, g; =02;/0y, in a class of subspaces 
(12) 2i(x, 9) (x, y) on A+ B;i=1,---,n) 


having a common boundary, where B is the boundary of A. The integrand 
f(x, y, 2, p, g) is assumed to be continuous and to have continuous first and 
second partial derivatives on a region R of points (x, y, z, p, g). The subspaces 
(12) are assumed to be continuous, to have continuous second partial deriva- 
tives and to have their elements (x, y, 2, p, g) in R. The boundary B of A 
is supposed to be a simply closed continuous curve having a piecewise con- 
tinuously turning tangent. Weaker differentiability assumptions could be 
made. 


Lemna 4. Let Six(x, y) = —Syi(x, y) (i, R=1, - - - , m) be arbitrary continu- 
ous functions having continuous first and second derivatives in a neighborhood of 
the set A+B. Then the integral 


J -ff g(x, ¥, 2, p, g)dxdy 
A 


has the same value for all subspaces (12) here considered. 


(13) 


For by virtue of Green’s theorem the value of 2/ is given by the formula 


0 0 
2J -ff — (Sagas) = f 
A oy Ox B 


and hence is completely determined by the common boundary of the sub- 
spaces (12). 

Let Z be a minimizing subspace. Then E must satisfy the condition of 
Legendre,* that is, at each element (x, y, z, p, g) on E the inequality 


(14) n) = + 2f + Saianink 20 


must hold for every set (¢, 7) whose » X 2-dimensional matrix has rank 1. If 


* Graves, The Weierstrass condition for multiple integral variation problems, Duke Mathematical 
Journal, vol. 5 (1939), pp. 656-660. Graves proves only the Weierstrass condition. The condition of 
Legendre is a well known consequence of that of Weierstrass. 


q 
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the condition (14) with the equality excluded holds on E for every set (é, 7) 
whose matrix (£; 7;) has rank 1, then E will be said to satisfy the strengthened 
condition of Legendre. It should be emphasized that in this strengthened con- 
dition of Legendre we require that the inequality P(, 7) >0 hold only for 
sets (£, ») whose »X2-dimensional matrix (£; 7;) has rank 1 and not for all 
sets (£, 7) ~(0, 0). We have the following: 


THEOREM 5. Let E be a subspace (12) satisfying the strengthened condition 
of Legendre. There exists an invariant integral of the form (13) such that for the 
function F =f +g the inequality 


(15) + OF + > 0 
holds at each element (x, y, z, p, g) on E for every set (E, n) ~(0, 0). 


For by Theorem 2 there exists for each point on E a skew-symmetric 
matrix (S;,) such that the quadratic form P(é, 7) +Sixéin, is positive definite 
at this point and hence in a neighborhood of this point. It follows readily 
that the set A+B can be covered bv a finite number of circles Ci, --- , Cm 
having a common radius ¢ such that to the circle C/ of radius 2r concentric 
with the circle C, there is associated a skew-symmetric matrix (Sj) of con- 
stant elements such that the forrn P.(é, 7) = P(é, is positive defi- 
nite at each point on E whose projection in the xy-plane is in C/ . We propose 
now to construct a set of functions S;,(x, y) = —Si:(x, y) having continuous 
second derivatives on a neighborhood of A+B and such that the form 
P(é, n) +Six(x, y)Eim, is positive definite on EZ. To this end let h(t) be a func- 
tion having continuous second derivatives and such that h(t) =0 when ‘<r, 
h(t) =1 when ¢= 2r, and 0<h(#) <1 when r <i <2r. Let (x2, ya) be the center 
of the circle C,, and let d.(x, y) be the distance between the points (x, y) 
and (a, Ya). Set ha(x, y) =h[d.(x, y) |. It should be observed that the product 
Iyhz - - - hm is identically zero on the set A+B. This follows because 4, =0 
on C, and the circles Ci, - - - , Cn cover A+B. Denote by S,(x, y) the func- 
tion 


where Si (a=1,---, m) are the constants described above. The quadratic 
form P(é, ») +Six(*, y)E:m determined by these functions is easily seen to be 
identical with the sum 


where P,(é, 7) is the quadratic form associated with the circle C’. Each term 
in this sum is positive or zero, since for each integer a the product 


| 
i 
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(1—h.)P.(&, n) is positive definite at points on E corresponding to points 
in Cj and identically zero elsewhere. Moreover the terms do not vanish simul- 
taneously when (£, 7) 0). The quadratic form P(£, 7) is accord- 
ingly positive definite on E. 

We now use these functions S;, to define the function g of equation (13). 
From the definition of g we at once obtain 


g(x, 2, p,q) = (1/2) [(ASix/Oy) + + Sinpign- 


This shows that the Legendre quadratic form (15) for g is Si,éin,. Hence if 
F =f+g the Legendre form (15) for F is exactly the positive definite form 
P(E, This establishes Theorem 5. 
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